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PREFACE 


Calculus is one of the greatest achievements of the human intellect. Inspired by problems in astronomy, 
Newton and Leibniz developed the ideas of calculus 300 years ago. Since then, each century has demonstrated 
the power of calculus to illuminate questions in mathematics, the physical sciences, engineering, and the 
social and biological sciences. 

Calculus has been so successful because of its extraordinary power to reduce complicated problems to 
simple rules and procedures. Therein lies the danger in teaching calculus: it is possible to teach the subject as 
nothing but the rules and procedures — thereby losing sight of both the mathematics and of its practical value. 
This edition of Applied Calculus continues our effort to promote courses in which understanding reinforces 


computation. 


Origin of the Text: A Community of Instructors 

This text, like others we write, draws on the experience of a diverse group of authors and users. We have 
benefitted enormously from input from a broad spectrum of instructors — at research universities, four-year 
colleges, community colleges, and secondary schools. For Applied Calculus ，the contributions of colleagues 
in biology, economics, medicine, business, and other life and social sciences have been equally central to the 
development of the text. It is the collective wisdom of this community of mathematicians, teachers, natural 
and social scientists that forms the basis for the new edition. 


A Balance Between Skills and Concepts 

The first edition of our text struck a new balance between concepts and skills. As instructors ourselves, 
we know that the balance we choose depends on the students we have: sometimes a focus on conceptual 
understanding is best; sometimes more drill is appropriate. The flexibility of this new fourth edition allows 
instructors to tailor the course to their students. 

Since 1992, we have continued to find new ways to help students learn. Under our approach, which 
we call the “Rule of Four,” ideas are presented graphically, numerically, symbolically, and verbally, thereby 
encouraging students with a variety of learning styles to expand their knowledge. Our problems probe student 
understanding in areas often taken for granted. The influence of these problems, praised for their creativity 
and variety, has extended far beyond the users of our textbook. 


Mathematical Thinking: A Balance Between Theory and Modeling 

The first stage in the development of mathematical thinking is the acquisition of a clear intuitive picture of the 
central ideas. In the next stage, the student learns to reason with the intuitive ideas and explain the reasoning 
clearly in plain English. After this foundation has been laid, there is a choice of direction. All students 
benefit from both theory and modeling, but the balance may differ for different groups. In our experience as 
instructors, students of this book are motivated both by understanding the concepts and by seeing the power 
of mathematics applied to their fields of interest~be it the spread of a disease or the analysis of a company. 
Some instructors may choose a more theoretical approach; others may choose to ground the mathematics in 
applied examples. This text is flexible enough to support both approaches. 


Mathematical Skills: A Balance Between Symbolic Manipulation and Technology 

To use calculus effectively, students need skill in both symbolic manipulation and the use of technology. The 
balance between them may vary, depending on the needs of the students and the wishes of the instructor. The 
book is adaptable to many different combinations. 
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The book does not require any specific software or technology. It has been used with graphing calcula¬ 
tors, graphing software, and computer algebra systems. Any technology with the ability to graph functions 
and perform numerical integration will suffice. Students are expected to use their own judgment to determine 
where technology is useful. 

What Student Background is Expected? 

This book is intended for students in business, the social sciences, and the life sciences. We have found 
the material to be thought-provoking for well-prepared students while still accessible to students with weak 
algebra backgrounds. Providing numerical and graphical approaches as well as the algebraic gives students 
several ways of mastering the material. This approach encourages students to persist, thereby lowering failure 
rate; a pre-test over background material is available in the appendix to the book; An algebra refresher is 
avalable at the student book companion site at www.wiley.com/college/hughes-hallett. 

The Fourth Edition: Expanded Options 

Because different users often choose very different topics to cover in a one-semester applied calculus course, 
we have designed this book for either a one-semester course (with much flexibility in choosing topics) or a 
two-semester course. Sample syllabi are provided in the Instructor’s Manual. 

The fourth edition has the same vision as the first three editions. In preparing this edition, we solicited 
comments from a large number of mathematicians who had used the text. We continued to discuss with our 
colleagues in client disciplines the mathematical needs of their students. We were offered many valuable 
suggestions, which we have tried to incorporate, while maintaining our original commitment to a focused 
treatment of a limited number of topics. The changes we have made include: 

• Updated data and fresh applications throughout the book. 

• Many new problems have been added. These have been designed to build student confidence with basic 
concepts and to reinforce skills. 

• Chapter 1 has been shortened; the material on polynomials has been streamlined to focus on quadrat¬ 
ics. Focus sections have been moved to the appendix or removed. 

• Material on relative change and relative rates of change has been added in Sections 1.3, 2.3, and 3.3, 
thereby allowing instructors to reinforce the distinction between rates of change and relative rates of 
change. 

• A new project on relative growth rates in economics has been added in Chapter 3. 

• A new section on integration by parts has been added to Chapter 7. 

• True-False Check Your Understanding questions have been added at the end of every chapter, enabling 
students to check their progress. 

• As in the previous edition, a Pre-test is included for students whose skills may need a refresher prior to 
taking the course. 

• Pointers have been inserted in chapters referring students to Appendices or Focus sections. 


Content 

This content represents our vision of how applied calculus can be taught. It is flexible enough to accommodate 
individual course needs and requirements. Topics can easily be added or deleted, or the order changed. 

Chapter 1 : Functions and Change 

Chapter 1 introduces the concept of a function and the idea of change, including the distinction between 
total change, rate of change, and relative change. All elementary functions are introduced here. Although the 
functions are probably familiar, the graphical, numerical, verbal, and modeling approach to them is likely 
to be new. We introduce exponential functions early, since they are fundamental to the understanding of 
real-world processes. 



Chapter 2: Rate of Change: The Derivative 

Chapter 2 presents the key concept of the derivative according to the Rule of Four. The purpose of this 
chapter is to give the student a practical understanding of the meaning of the derivative and its interpretation 
as an instantaneous rate of change. Students will learn how the derivative can be used to represent relative 
rates of change. After finishing this chapter, a student will be able to approximate derivatives numerically 
by taking difference quotients, visualize derivatives graphically as the slope of the graph, and interpret the 
meaning of first and second derivatives in various applications. The student will also understand the concept 
of marginality and recognize the derivative as a function in its own right. 

Focus on Theory: This section discusses limits and continuity and presents the symbolic definition of 
the derivative. 

Chapter 3: Short-Cuts to Differentiation 

The derivatives of all the functions in Chapter 1 are introduced, as well as the rules for differentiating prod¬ 
ucts, quotients, and composite functions. Students learn howto find relative rates of change using logarithms. 

Focus on Theory: This section uses the definition of the derivative to obtain the differentiation rules. 
Focus on Practice: This section provides a collection of differentiation problems for skill-building. 

Chapter 4: Using the Derivative 

The aim of this chapter is to enable the student to use the derivative in solving problems, including optimiza¬ 
tion and graphing. It is not necessary to cover all the sections. 

Chapter 5: Accumulated Change: The Definite Integral 

Chapter 5 presents the key concept of the definite integral, in the same spirit as Chapter 2. 

The purpose of this chapter is to give the student a practical understanding of the definite integral as a 
limit of Riemann sums, and to bring out the connection between the derivative and the definite integral in the 
Fundamental Theorem of Calculus. We use the same method as in Chapter 2, introducing the fundamental 
concept in depth without going into technique. The student will finish the chapter with a good grasp of the 
definite integral as a limit of Riemann sums, and the ability to approximate a definite integral numerically 
and interpret it graphically. The chapter includes applications of definite iintegrals in a variety of contexts. 
Chapter 5 can be covered immediately after Chapter 2 without difficulty. 

Focus on Theory: This section presents the Second Fundamental Theorem of Calculus and the properties 
of the definite integral. 

Chapter 6: Using the Definite Integral 

This chapter presents applications of the definite integral. It is not meant to be comprehensive and it is not 
necessary to cover all the sections. 

Chapter 7: Antiderivatives 

This chapter covers antiderivatives from a graphical, numerical, and algebraic point of view. Sections on 
integration by substitution and integration by parts are included. The Fundamental Theorem of Calculus is 
used to evaluate definite integrals and to analyze antiderivatives. 

Focus on Practice: This section provides a collection of integration problems for skill-building. 

Chapter 8: Probability 

This chapter covers probability density functions, cumulative distribution functions, the median, and the 
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Chapter 9: Functions of Several Variables 

Chapter 9 introduces functions of two variables from several points of view, using contour diagrams, formu¬ 
las, and tables. It gives students the skills to read contour diagrams and think graphically, to read tables and 
think numerically, and to apply these skills, along with their algebraic skills, to modeling. The idea of the 
partial derivative is introduced from graphical, numerical, and symbolic viewpoints. Partial derivatives are 
then applied to optimization problems, ending with a discussion of constrained optimization using Lagrange 
multipliers. 

Focus on Theory: This section uses optimization to derive the formula for the regression line. 

Chapter 10: Mathematical Modeling Using Differential Equations 

This chapter introduces differential equations. The emphasis is on modeling, qualitative solutions, and inter¬ 
pretation. This chapter includes applications of systems of differential equations to population models, the 
spread of disease, and predator-prey interactions. 

Focus on Theory: This section explains the technique of separation of variables. 

Chapter 11: Geometric Series 

This chapter covers geometric series and their applications to business, economics, and the life sciences. 

Appendices 

The first appendix introduces the student to fitting formulas to data; the second appendix provides further 
discussion of compound interest and the definition of the number e. The third appendix contains a selection 
of spreadsheet projects. 


Supplementary Materials 

Supplements for the instructor can be obtained by sending a request on your institutional letterhead to Math¬ 
ematics Marketing Manager, John Wiley & Sons Inc., Ill River Street, Hoboken, NJ 07030-5774, or by 
contacting your local Wiley representative. The following supplementary materials are available. 

• Instructor’s Manual (ISBN 978-0-470-60189-1) containing teaching tips, sample syllabii, calculator 
programs, and overhead transparency masters. 

• Instructor’s Solution Manual (ISBN 978-0-470-60190-7) with complete solutions to all problems. 

• Student’s Solution Manual (ISBN 978-0-470-17053-3) with complete solutions to half the odd-numbered 
problems. 

• Student Study Guide (ISBN 978-0-470-45820-4) with additional study aids for students that are tied 
directly to the book. 

• Additional Material for Instructors, elaborating specially marked points in the text, as well as pass¬ 
word protected electronic versions of the instructor ancillaries, can be found on the web at 
www.wiley.com/college/hughes-hallett. 

• Additional Material for Students, at the student book companion site at 
www.wiley.com/college/hughes-hallett, includes an algebra refresher and web quizzes. 

Getting Started Technology Manual Series: 

• Getting Started with Mathematica, 3 rd edn, by C-K. Cheung, G.E. Keough, Robert H. Gross, and 
Charles Landraitis of Boston College (ISBN 978-0-470-45687-3) 

• Getting Started with Maple, 3 rd edn, by C-K. Cheung, G.E. Keough, both of Boston College, and 
Michael May of St. Louis University (ISBN 978-0-470-45554-8) 
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ConcepTests 

ConcepTests, (ISBN 978-0-470-60191-4) modeled on the pioneering work of Harvard physicist Eric Mazur, 
are questions designed to promote active learning during class, particularly (but not exclusively) in large 
lectures. Evaluation data shows that students taught with ConcepTests outperformed students taught by tra¬ 
ditional lecture methods 73% versus 17% on conceptual questions, and 63% versus 54% on computational 
problems. 1 A new supplement to Applied Calculus, 4 th edn, containing ConcepTests by section, is available 
from your Wiley representative. 

Wiley Faculty Network 

The Wiley Faculty Network is a peer-to-peer network of academic faculty dedicated to the effective use of 
technology in the classroom. This group can help you apply innovative classroom techniques and implement 
specific software packages. Visit www.wherefacultyconnect.com or ask your Wiley representative for details. 

WileyPLUS 

Wiley PLUS, Wiley’s digital learning environment, is loaded with all of the supplements above, and also 
features: 

• E-book, which is an exact version of the print text, but also features hyperlinks to questions, definitions, 
and supplements for quicker and easier support. 

• Homework management tools, which easily enable the instructor to assign and automatically grade ques¬ 
tions, using a rich set of options and controls. 

• QuickStart pre-designed reading and homework assignments. Use them as-is or customize them to fit 
the needs of your classroom. 

• Guided Online (GO) Exercises, which prompt students to build solutions step-by-step. Rather than sim¬ 
ply grading an exercise answer as wrong, GO problems show students precisely where they are making 
a mistake. 

• Student Study Guide, providing key ideas, additional worked examples with corresponding exercises, 
and study skills. 

• Algebra & Trigonometry Refresher quizzes, which provide students with an opportunity to brush-up on 
material necessary to master calculus, as well as to determine areas that require further review. 

• Graphing Calculator Manual, to help students get the most out of their graphing calculator, and to show 
how they can apply the numerical and graphing functions of their calculators to their study of calculus. 
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To Students: How to Learn from this Book 
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• This book may be different from other math textbooks that you have used, so it may be helpful to know 
about some of the differences in advance. At every stage, this book emphasizes the meaning (in practical, 
graphical or numerical terms) of the symbols you are using. There is much less emphasis on “plug_and_ 
chug” and using formulas, and much more emphasis on the interpretation of these formulas than you 
may expect. You will often be asked to explain your ideas in words or to explain an answer using graphs. 

• The book contains the main ideas of calculus in plain English. Success in using this book will depend 
on reading, questioning, and thinking hard about the ideas presented. It will be helpful to read the text in 
detail, not just the worked examples. 

• There are few examples in the text that are exactly like the homework problems, so homework problems 
can’t be done by searching for similar-looking “worked out” examples. Success with the homework will 
come by grappling with the ideas of calculus. 

• For many problems in the book, there is more than one correct approach and more than one correct 
solution. Sometimes, solving a problem relies on common sense ideas that are not stated in the problem 
explicitly but which you know from everyday life. 

• Some problems in this book assume that you have access to a graphing calculator or computer. There 
are many situations where you may not be able to find an exact solution to a problem, but you can use a 
calculator or computer to get a reasonable approximation. 

• This book attempts to give equal weight to four methods for describing functions: graphical (a picture), 
numerical (a table of values), algebraic (a formula), and verbal (words). Sometimes it’s easier to translate 
a problem given in one form into another. For example, you might replace the graph of a parabola with 
its equation, or plot a table of values to see its behavior. It is important to be flexible about your approach: 
if one way of looking at a problem doesn’t work, try another. 

• Students using this book have found discussing these problems in small groups helpful. There are a great 
many problems which are not cut-and-dried; it can help to attack them with the other perspectives your 
colleagues can provide. If group work is not feasible, see if your instructor can organize a discussion 
session in which additional problems can be worked on. 

• You are probably wondering what you’ll get from the book. The answer is, if you put in a solid effort, 
you will get a real understanding of one of the crowning achievements of human creativity ― calculus_ 
as well as a real sense of the power of mathematics in the age of technology. 
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2 Chapter One FUNCTIONS AND CHANGE 


1.1 WHAT IS A FUNCTION? 

In mathematics, a function is used to represent the dependence of one quantity upon another. 

Let’s look at an example. In December 2008, International Falls, Minnesota, was very cold over 
winter vacation. The daily low temperatures for December 17-26 are given in Table l.l. 1 


Table 1.1 Daily low temperature in International Falls, Minnesota, December 17—26, 2008 


Date 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

Low temperature ( 0 F) 

14 

15 

12 

4 

15 

18 

1 

9 

10 

16 


Although you may not have thought of something so unpredictable as temperature as being a 
function, the temperature is a function of date, because each day gives rise to one and only one 
low temperature. There is no formula for temperature (otherwise we would not need the weather 
bureau), but nevertheless the temperature does satisfy the definition of a function: Each date, t, has 
a unique low temperature, L, associated with it. 

We define a function as follows: 


A function is a rule that takes certain numbers as inputs and assigns to each a definite output 
number. The set of all input numbers is called the domain of the function and the set of 
resulting output numbers is called the range of the function. 


The input is called the independent variable and the output is called the dependent variable. 
In the temperature example, the set of dates {17,18,19,20,21,22,23,24,25,26} is the domain 
and the set of temperatures {—18, —15, —14, —12, —10, —9, —4,1,16} is the range. We call the 
function / and write L = f(t). Notice that a function may have identical outputs for different 
inputs (December 18 and 21, for example). 

Some quantities, such as date, are discrete, meaning they take only certain isolated values (dates 
must be integers). Other quantities, such as time, are as they can be any number. For a 

continuous variable, domains and ranges are often written using interval notation: 

The set of numbers t such that a <t <b is written [a,b]. 

The set of numbers t such that a <t <b is written (a, b). 


The Rule of Four: Tables, Graphs, Formulas, and Words 

Functions can be represented by tables, graphs, formulas, and descriptions in words. For example, 
the function giving the daily low temperatures in International Falls can be represented by the graph 
in Figure 1.1, as well as by Table 1.1. 

L( 0 F) 

20 


18 20 22 24 26 


t (date) 


Figure 1.1 : Daily low temperatures, 
International Falls, December 2008 


wunderground.com. 




















Other functions arise naturally as graphs. Figure 1.2 contains electrocardiogram (EKG) pictures 
showing the heartbeat patterns of two patients, one normal and one not. Although it is possible to 
construct a formula to approximate an EKG function, this is seldom done. The pattern of repetitions 
is what a doctor needs to know, and these are more easily seen from a graph than from a formula. 
However, each EKG gives electrical activity as a function of time. 



Figure 1.2: EKG readings on two patients 

Consider the snow tree cricket. Surprisingly enough, all such crickets chirp at essentially the 
same rate if they are at the same temperature. That means that the chirp rate is a function of tem¬ 
perature. In other words, if we know the temperature, we can determine the chirp rate. Even more 
surprisingly, the chirp rate, C, in chirps per minute, increases steadily with the temperature, T, in 
degrees Fahrenheit, and can be computed, to a fair degree of accuracy, using the formula 

C = f(T) = 4T- 160. 

The graph of this function is in Figure 1.3. 


C (chirps per minute) 



Mathematical Modeling 

A mathematical model is a mathematical description of a real situation. In this book we consider 
models that are functions. 

Modeling almost always involves some simplification of reality. We choose which variables to 
include and which to ignore — for example, we consider the dependence of chirp rate on temperature, 
but not on other variables. The choice of variables is based on knowledge of the context (the biology 
of crickets, for example), not on mathematics. To test the model, we compare its predictions with 
observations. 

In this book, we often model a situation that has a discrete domain with a continuous function 
whose domain is an interval of numbers. For example, the annual US gross domestic product (GDP) 
has a value for each year, t = 0 ， l,2,3,... etc. We may model it by a function of the form G = f(t), 
with values for t in a continuous interval. In doing this, we expect that the values of f(t) match the 
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values of the GDP at the points t = 0,1,2,3,... etc., and that information obtained from f(t) 
closely matches observed values. 

Used judiciously, a mathematical model captures trends in the data to enable us to analyze and 
make predictions. A common way of finding a model is described in Appendix A. 

Function Notation and Intercepts 

We write y = f(t) to express the fact that y is a function of t. The independent variable is t, the 
dependent variable is y, and / is the name of the function. The graph of a function has an intercept 
where it crosses the horizontal or vertical axis. Horizontal intercepts are also called the zeros of the 
function. 


Example 1 


Solution 


The value of a car, V, is a function of the age of the car, a,soV = g(a), where g is the name we 

are giving to this function. 

(a) Interpret the statement p(5) = 9 in terms of the value of a car if V is in thousands of dollars 
and a is in years. 

(b) In the same units, the value of a Honda 2 is approximated by g{a) = 13.78 — 0.8a. Find and 
interpret the vertical and horizontal intercepts of the graph of this depreciation function g. 

(a) Since V = g(a), the statement ^(5) = 9 means V = 9 when a = 5. This tells us that the car is 
worth $9000 when it is 5 years old. 

(b) Since V = g(a), a graph of the function g has the value of the car on the vertical axis and the 
age of the car on the horizontal axis. The vertical intercept is the value of V when a = 0. It is 
V = g(0) = 13.78, so the Honda was valued at $13,780 when new. The horizontal intercept is 
the value of a such that g{a) = 0, so 


13.78 - 0.8a = 0 
13.78 ” 

a — —— = 17 

0.8 

At age 17 years, the Honda has no value. 


Increasing and Decreasing Functions 

In the previous examples, the chirp rate increases with temperature, while the value of the Honda 
decreases with age. We express these facts saying that / is an increasing function, while g is de¬ 
creasing. In general: 


A function / is increasing if the values of f(x) increase as x increases. 

A function / is decreasing if the values of f(x) decrease as x increases. 

The graph of an increasing function climbs as we move from left to right. 
The graph of a decreasing function descends as we move from left to right. 



Figure 1.4: Increasing and decreasing functions 
2 From data obtained from the Kelley Blue Book, www.kbb.com. 






Problems for Section 1.1 


1. Which graph in Figure 1.5 best matches each of the fol¬ 
lowing stories? 3 Write a story for the remaining graph. 

(a) I had just left home when I realized I had forgotten 
my books, and so I went back to pick them up. 

(b) Things went fine until I had a flat tire. 

(c) I started out calmly but sped up when I realized I 
was going to be late. 




2. The population of a city, P, in millions, is a function of 
t, the number of years since 1970, so P = f(t). Explain 
the meaning of the statement / (35) = 12 in terms of the 
population of this city. 

3. Let W = f(t) represent wheat production in Argentina, 4 
in millions of metric tons, where t is years since 1990. 
Interpret the statement /(12) = 9 in terms of wheat pro¬ 
duction. 


For the functions in Problems 7-11, find /(5). 

7. f(x) = 2® + 3 8. fixfmlOx-x 2 



4. The concentration of carbon dioxide, C = f(t), in the 
atmosphere, in parts per million (ppm), is a function of 
years, t, since 1960. 

(a) Interpret /(40) = 370 in terms of carbon dioxide. 5 

(b) What is the meaning of /(50)? 


12. Let y = f(x) = x 2 + 2. 

(a) Find the value of y when x is zero. 

(b) What is /(3)? 

(c) What values of x give y a value of 11? 

(d) Are there any values of x that give y a value of 1? 


5. The population of Washington DC grew from 1900 to 
1950, stayed approximately constant during the 1950s, 
and decreased from about 1960 to 2005. Graph the pop¬ 
ulation as a function of years since 1900. 

6. (a) The graph of r = /(p) is in Figure 1.6. What is the 

value of r when p is 0? When p is 3? 

(b) What is /(2)? 


13. The use of CFCs (chlorofluorocarbons) has declined 
since the 1987 Montreal Protocol came into force to re¬ 
duce the use of substances that deplete the ozone layer. 
World annual CFC consumption, C = f(t)，in million 
tons，is a function of time, t, in years since 1987. (CFCs 
are measured by the weight of ozone that they could de¬ 
stroy.) 

(a) Interpret /(10) = 0.2 in terms of CFCs. 6 


3 Adapted from Jan Terwel, “Real Math in Cooperative Groups in Secondary Education.” Cooperative Learning in Math¬ 
ematics, ed. Neal Davidson, p. 234 (Reading: Addison Wesley, 1990). 

4 www.usda.gov.oce/weather/pubs/Other/MWCACP/Graphs/Argentina/ArgentinaWheat.pdf. 


5 Vital Signs 2007-2008, The Worldwatch Institute, W.W. Norton & Company, 2007, p. 43. 

6 Vital Signs 2007-2008, The Worldwatch Institute, W.W. Norton & Company, 2007, p. 47. 
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(b) Interpret the vertical intercept of the graph of this 
function in terms of CFCs. 

(c) Interpret the horizontal intercept of the graph of this 
function in terms of CFCs. 


17 . When a patient with a rapid heart rate takes a drug, 
the heart rate plunges dramatically and then slowly rises 
again as the drug wears off. Sketch the heart rate against 
time from the moment the drug is administered. 


14 . Figure 1.7 shows the amount of nicotine, N = f(t), in 
mg, in a person’s bloodstream as a function of the time, 
t, in hours, since the person finished smoking a cigarette. 

(a) Estimate /(3) and interpret it in terms of nicotine. 

(b) About how many hours have passed before the nico¬ 
tine level is down to 0.1 mg? 

(c) What is the vertical intercept? What does it represent 
in terms of nicotine? 

(d) If this function had a horizontal intercept, what 
would it represent? 


N {mg) 



15. The number of sales per month, S, is a function of the 
amount, a (in dollars), spent on advertising that month, 
so S = f(a). 

(a) Interpret the statement /(1000) = 3500. 

(b) Which of the graphs in Figure 1.8 is more likely to 
represent this function? 

(c) What does the vertical intercept of the graph of this 
function represent, in terms of sales and advertising? 



16 . A deposit is made into an interest-bearing account. Fig¬ 
ure 1.9 shows the balance, B, in the account t years later. 

(a) What was the original deposit? 

(b) Estimate /(10) and interpret it. 

(c) When does the balance reach $5000? 

B($) 


6000 

4000 

2000 


10 15 20 25 


18 . In the Andes mountains in Peru, the number, AT, of 
species of bats is a function of the elevation, h, in feet 
above sea level, so N = f(h). 

(a) Interpret the statement /(500) = 100 in terms of 
bat species. 

(b) What are the meanings of the vertical intercept, k, 
and horizontal intercept, c, in Figure 1.10? 

N (number of species of bats) 



Figure 1.10 


19 . After an injection, the concentration of a drug in a pa- 
tient’s body increases rapidly to a peak and then slowly 
decreases. Graph the concentration of the drug in the 
body as a function of the time since the injection was 
given. Assume that the patient has none of the drug in 
the body before the injection. Label the peak concentra¬ 
tion and the time it takes to reach that concentration. 

20. An object is put outside on a cold day at time t = 0. Its 
temperature, H = /⑷， in °C, is graphed in Figure 1.11. 

(a) What does the statement /(30) = 10 mean in terms 
of temperature? Include units for 30 and for 10 in 
your answer. 

(b) Explain what the vertical intercept, a, and the hori¬ 
zontal intercept, 6, represent in terms of temperature 
of the object and time outside. 


H(°C) 



Figure 1.11 


21. Financial investors know that, in general, the higher the 
expected rate of return on an investment, the higher the 
corresponding risk. 

(a) Graph this relationship, showing expected return as 
a function of risk. 

(b) On the figure from part (a), mark a point with high 
expected return and low risk. (Investors hope to find 
such opportunities.) 


Figure 1.9 


























In tide pools on the New England coast, snails eat algae. 
Describe what Figure 1.12 tells you about the effect of 
snails on the diversity of algae. 7 8 Does the graph support 
the statement that diversity peaks at intermediate preda¬ 
tion levels? 



Figure 1.12 


(a) A potato is put in an oven to bake at time t = 0. 
Which of the graphs in Figure 1.13 could represent 
the potato’s temperature as a function of time? 

(b) What does the vertical intercept represent in terms 
of the potato’s temperature? 



Figure 1.14 shows fifty years of fertilizer use in the US, 

India, and the former Soviet Union. 8 

(a) Estimate fertilizer use in 1970 in the US, India, and 
the former Soviet Union. 

(b) Write a sentence for each of the three graphs de¬ 
scribing how fertilizer use has changed in each re¬ 
gion over this 50-year period. 


The gas mileage of a car (in miles per gallon) is high¬ 
est when the car is going about 45 miles per hour and is 
lower when the car is going faster or slower than 45 mph. 
Graph gas mileage as a function of speed of the car. 

The six graphs in Figure 1.15 show frequently observed 
patterns of age-specific cancer incidence rates, in num¬ 
ber of cases per 1000 people, as a function of age. 9 The 
scales on the vertical axes are equal. 

(a) For each of the six graphs, write a sentence explain¬ 
ing the effect of age on the cancer rate. 

(b) Which graph shows a relatively high incidence rate 
for children? Suggest a type of cancer that behaves 
this way. 

(c) Which graph shows a brief decrease in the incidence 
rate at around age 50? Suggest a type of cancer that 
might behave this way. 

(d) Which graph or graphs might represent a cancer that 
is caused by toxins which build up in the body over 
time? (For example, lung cancer.) Explain. 


(I) incidence (II) incidence 



■BM 1 ~~ ^ .e —— 1 —— 1 —— 1 —— ^娜 

20 40 60 80 20 40 60 80 

(III) incidence (IV) incidence 



- 1 - 1 - L age - 1 - 1 - 1 - L age 

20 40 60 80 20 40 60 80 



7 Rosenzweig, M.L” Species Diversity in Space and Time, p. 343 (Cambridge: Cambridge University Press, 1995). 

8 The Worldwatch Institute, Vital Signs 2001, p. 32 (New York: W.W. Norton, 2001). 

9 Abraham M. Lilienfeld, Foundations of Epidemiology, p. 155 (New York: Oxford University Press, 1976). 
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LINEAR FUNCTIONS 


Probably the most commonly used functions are the linear functions, whose graphs are straight 
lines. The chirp-rate and the Honda depreciation functions in the previous section are both linear. 
We now look at more examples of linear functions. 

Olympic and World Records 

During the early years of the Olympics, the height of the men’s winning pole vault increased ap¬ 
proximately 8 inches every four years. Table 1.2 shows that the height started at 130 inches in 1900, 
and increased by the equivalent of 2 inches a year between 1900 and 1912. So the height was a 
linear function of time. 

Table 1.2 Winning height (approximate)for Men's Olympic pole vault 


Year 

1900 

1904 

1908 

1912 

Height (inches) 

130 

138 

146 

154 


If y is the winning height in inches and t is the number of years since 1900, we can write 
2/ = /(t) = 130 + 2t. 

Since y = f{t) increases with t, we see that / is an increasing function. The coefficient 2 tells us the 
rate, in inches per year, at which the height increases. This rate is the slope of the line in Figure 1.16. 
The slope is given by the ratio 


Calculating the slope (rise/run) using any other two points on the line gives the same value. 

What about the constant 130? This represents the initial height in 1900, when t = 0. Geomet¬ 
rically, 130 is the intercept on the vertical axis. 



You may wonder whether the linear trend continues beyond 1912. Not surprisingly, it does 
not exactly. The formula y = 130 + predicts that the height in the 2008 Olympics would be 
346 inches or 28 feet 10 inches, which is considerably higher than the actual value of 19 feet 4.25 
inches. 10 There is clearly a danger in extrapolating too far from the given data. You should also 
observe that the data in Table 1.2 is discrete, because it is given only at specific points (every four 
years). However, we have treated the variable t as though it were continuous, because the function 
y = 130 + 2t makes sense for all values of t. The graph in Figure 1.16 is of the continuous 
function because it is a solid line, rather than four separate points representing the years in which 
the Olympics were held. 

10 http://sports. espn. go .com/olympics/summei08. 















Example 1 If y is the world record time to run the mile, in seconds, and t is the number of years since 1900, 
then records show that, approximately, 

y = g(t) = 260 — OAt. 

Explain the meaning of the intercept, 260, and the slope, —0.4, in terms of the world record time to 
run the mile and sketch the graph. 

Solution The intercept, 260, tells us that the world record was 260 seconds in 1900 (at t = 0). The slope, 
—0.4, tells us that the world record decreased at a rate of about 0.4 seconds per year. See Figure 1.17. 


y (time in seconds) 


260 


220 



50 100 


t (years since 1900) 


Figure 1.17: World record time to run the mile 


Slope and Rate of Change 

We use the symbol A (the Greek letter capital delta) to mean “change in，’’ so Ax means change in 
x and Ay means change in y. 

The slope of a linear function y = f(x) can be calculated from values of the function at two 
points, given by x\ and X 2 , using the formula 


Slope 


Rise = Ay = f{x 2 ) - fjxx) 
Run Ax X 2 — x\ 


The quantity (f(x 2 ) — f(x\))/{x 2 — Xi) is called a difference quotient because it is the quotient of 
two differences. (See Figure 1.18.) Since slope = Ay/Ax, the slope represents the rate of change 
of y with respect to x. The units of the slope are y-units over x-units. 



Figure 1.18: Difference quotient = ’( X2 ) —— ’( Xl ) 


X2 — xi 
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Linear Functions in General 


Example 2 


Solution 


A linear function has the form 

y = f(x) = 6 + mx. 

Its graph is a line such that 

• m is the slope, or rate of change of y with respect to x. 

• bis the vertical intercept or value of y when x is zero. 


If the slope, m, is positive, then / is an increasing function. If m is negative, then / is decreasing. 

Notice that if the slope, m, is zero, we have y = b, sl horizontal line. For a line of slope m 
through the point (xq, yo)> we have 


Slope = m = 


Therefore we can write the equation of the line in the point-slope form.. 


The equation of a line of slope m through the point (xo, yo) is 
y-yo =m(x-x 0 ). 


The solid waste generated each year in the cities of the US is increasing. The solid waste generated, 11 
in millions of tons, was 238.3 in 2000 and 251.3 in 2006. 

(a) Assuming that the amount of solid waste generated by US cities is a linear function of time, find 
a formula for this function by finding the equation of the line through these two points. 

(b) Use this formula to predict the amount of solid waste generated in the year 2020. 

(a) We think of the amount of solid waste, W, as a function of year, t, and the two points are 
(2000,238.3) and (2006,251.3). The slope of the line is 

AW 251.3 - 238.3 13 0 1 _ + , 

At 2006 - 2000 6 J 

We use the point-slope form to find the equation of the line. We substitute the point (2000,238.3) 
and the slope m = 2.167 into the equation: 

W -W 0 = m(t-1 0 ) 

238.3 = 2.167(^-2000) 

238.3 = 2.167^-4334 
W = 2.167^-4095.7. 

The equation of the line isW = 2.167^—4095.7. Alternatively, we could use the slope-intercept 
form of a line to find the vertical intercept. 

(b) To calculate solid waste predicted for the year 2020, we substitute t = 2020 into the equation 
of the line, W = —4095.7+ 2.167t, and calculate W: 

W = -4095.7 + 2.167(2020) = 281.64. 

The formula predicts that in the year 2020, there will be 281.64 million tons of solid waste. 

11 Statistical Abstracts of the US, 2009, Table 361. 








1.2 LINEAR FUNCTIONS 


Recognizing Data from a Linear Function: Values of x and y in a table could come from a 
linear function y = b-\- mx if differences in values are constant for equal differences in x. 


Example 3 Which of the following tables of values could represent a linear function? 


X 

0 

1 

2 

3 

/ ㈤ 

25 

30 

35 

40 


X 

0 

2 

4 

6 

g(x) 

10 

16 

26 

40 


t 

20 

30 

40 

50 


2.4 

2.2 

2.0 

1.8 


Solution Since f(x) increases by 5 for every increase of 1 in x, the values of f(x) could be from a linear 
function with slope = 5/1 = 5. 

Between x = 0 and x = 2, the value of g{x) increases by 6 as a: increases by 2. Between x = 2 
and x = 4, the value of y increases by 10 as x increases by 2. Since the slope is not constant, g(x) 
could not be a linear function. 

Since h(t) decreases by 0.2 for every increase of 10 in t, the values of h(t) could be from a 
linear function with slope = —0.2/10 = —0.02. 


Example 4 The data in the following table lie on a line. Find formulas for each of the following functions, and 
give units for the slope in each case: 


(a) g as a function of p 

p(dollars) 

5 

10 

15 

20 

(b) p as a function of q 

g (tons) 

100 

90 

80 

70 


Solution 


(a) If we think of g as a linear function of p, then q is the dependent variable and pis the independent 
variable. We can use any two points to find the slope. The first two points give 


Slope = m = 


Ap 



-10 


= — 2 . 


The units are the units of q over the units of p, or tons per dollar. 

To write g as a linear function of p，we use the equation q = b-\-mp. We know that m = —2, 
and we can use any of the points in the table to find b. Substituting p = 10, g = 90 gives 

q = b-h mp 
90 = 6+(-2)(10) 

90 = 6 - 20 

110 = 6 . 


Thus, the equation of the line is 

q = 110 — 2p. 

(b) If we now consider p as a linear function of q, then p is the dependent variable and q is the 
independent variable. We have 


… Ap 10-J 

Slope = m = - = 
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The units of the slope are dollars per ton. 

Since p is a linear function of q, we have p = b mq and m = —0.5. To find b, we 
substitute any point from the table, such as p = 10, g = 90, into this equation: 

p = b-\- mq 
10 = 6+(-0.5)(90) 

10 = 6 - 45 
55 = 6. 

Thus, the equation of the line is 

p = 55 — 0.5 殳 . 

Alternatively, we could take our answer to part (a), that is q = 110 — 2p, and solve for p. 
Appendix A shows how to fit a linear function to data that is not exactly linear. 


Families of Linear Functions 

Formulas such as f(x) = b + mx, in which the constants m and b can take on various values, 
represent a family of functions. All the functions in a family share certain properties — in this case, 
the graphs are lines. The constants m and b are called parameters. Figures 1.19 and 1.20 show 
graphs with several values of m and b. Notice the greater the magnitude of m, the steeper the line. 




Problems for Section 1.2 


For Problems 1-4, determine the slope and the y-intercept of 
the line whose equation is given. 

1. 7y + 12a; — 2 = 0 2. Sx -\-2y = 8 

3. 12x = 6y + 4 4 _ —4y + 2x + 8 = 0 


9. Figure 1.21 shows four lines given by equation y = 
b + mx. Match the lines to the conditions on the param¬ 
eters m and b. 

⑻ m > 0, 6 > 0 (b) m < 0, 6 > 0 

(c) m > 0, 6 < 0 (d) m < 0, 6 < 0 


For Problems 5-8, find an equation for the line that passes 
through the given points. 

5. (0,2) and (2,3) 6. (0,0) and (1,1) 

7. (-2,1) and (2,3) 8. (4, 5) and (2, -1) 



Figure 1.21 
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10. (a) Which two lines in Figure 1.22 have the same slope? 
Of these two lines, which has the larger ^-intercept? 
(b) Which two lines have the same y-intercept? Of these 
two lines, which has the larger slope? 



11. A city’s population was 30,700 in the year 2000 and is 
growing by 850 people a year. 

(a) Give a formula for the city’s population, P, as a 
function of the number of years, t, since 2000. 

(b) What is the population predicted to be in 2010? 

(c) When is the population expected to reach 45,000? 

12. A cell phone company charges a monthly fee of $25 plus 
$0.05 per minute. Find a formula for the monthly charge, 
C, in dollars, as a function of the number of minutes, m ， 
the phone is used during the month. 

13. A company rents cars at $40 a day and 15 cents a mile. 
Its competitor’s cars are $50 a day and 10 cents a mile. 

(a) For each company, give a formula for the cost of 
renting a car for a day as a function of the distance 
traveled. 

(b) On the same axes, graph both functions. 

(c) How should you decide which company is cheaper? 

14. World milk production rose at an approximately constant 
rate between 1997 and 2003. 12 See Figure 1.23. 

(a) Estimate the vertical intercept and interpret it in 
terms of milk production. 

(b) Estimate the slope and interpret it in terms of milk 



(c) Give an approximate formula for milk production, 
M, as a function of t. 


M (million tons) 



Figure 1.23 


15. Annual revenue R from McDonald’s restaurants world¬ 
wide can be estimated by R = 19.1 + 1.8t, where R is in 
billion dollars and t is in years since January 1, 2005. 13 

(a) What is the slope of this function? Include units. In¬ 
terpret the slope in terms of McDonald’s revenue. 

(b) What is the vertical intercept of this function? In¬ 
clude units. Interpret the vertical intercept in terms 
of McDonald’s revenue. 

(c) What annual revenue does the function predict for 
2010 ? 

(d) When is annual revenue predicted to hit 30 billion 
dollars? 


16. Let y be the percent increase in annual US national 
production during a year when the unemployment rate 
changes by u percent. (For example, u = 2if unemploy¬ 
ment increases from 4% to 6%.) Okun’s law states that 

y = 3.5 — 2u. 

(a) What is the meaning of the number 3.5 in Okun’s 
law? 

(b) What is the effect on national production of a year 
when unemployment rises from 5% to 8%? 

(c) What change in the unemployment rate corresponds 
to a year when production is the same as the year 
before? 

(d) What is the meaning of the coefficient —2 in Okun’s 
law? 


17. Which of the following tables could represent linear 



⑻ 


(b) 


(c) 


y 


0 _ 1 _ 2 _ 3 

27 25 23 21 


15 20 

62 72 


25 

82 


30 

92 


w 


10 


18 


4 

28 


18. For each table in Problem 17 that could represent a linear 
function, find a formula for that function. 

19. A company’s pricing schedule in Table 1.3 is designed 
to encourage large orders. (A gross is 12 dozen.) Find a 
formula for: 

(a) ^ as a linear function of p. 

(b) p as a linear function of q. 


Table 1.3 


q (order size, gross) 

3 

4 

5 

6 

p (price/dozen) 

15 

12 

9 

6 


12 Statistical Abstracts of the US 2004-2005, Table 1355. 

13 Based on McDonald’s Annual Report 2007, accessed at www.mcdonalds.com. 
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20. Figure 1.24 shows the distance from home, in miles, of a 

person on a 5-hour trip. 

(a) Estimate the vertical intercept. Give units and inter- 
pret it in terms of distance from home. 

(b) Estimate the slope of this linear function. Give units, 
and interpret it in terms of distance from home. 

(c) Give a formula for distance, D ，from home as a func¬ 
tion of time, t in hours. 


D (miles) 



Figure 1.24 


21. The percentage of people, P, below the poverty level in 

the US 14 is given in Table 1.4. 

(a) Find a formula for the percentage in poverty as a lin¬ 
ear function of time in years since 2000. 

(b) Use the formula to predict the percentage in poverty 
in 2006. 

(c) What is the difference between the prediction and 
the actual percentage, 12.3%? 


Table 1.4 


Year (since 2000) 

0 

1 

2 

3 

P (percentage) 

11.3 

11.7 

12.1 

12.5 


22. World grain production was 1241 million tons in 1975 
and 2048 million tons in 2005, and has been increasing 
at an approximately constant rate. 15 

(a) Find a linear function for world grain production, 
P, in million tons, as a function of t, the number 
of years since 1975. 

(b) Using units, interpret the slope in terms of grain pro¬ 
duction. 

(c) Using units, interpret the vertical intercept in terms 



(d) According to the linear model, what is the predicted 
world grain production in 2015? 

(e) According to the linear model, when is grain pro¬ 
duction predicted to reach 2500 million tons? 


23. Search and rescue teams work to find lost hikers. Mem¬ 
bers of the search team separate and walk parallel to one 
another through the area to be searched. Table 1.5 shows 
the percent, P, of lost individuals found for various sep¬ 
aration distances, d, of the searchers. 16 


Table 1.5 


Separation distance d (ft) 

20 40 60 80 100 

Approximate percent found, P 

90 80 70 60 50 


(a) Explain how you know that the percent found, P, 
could be a linear function of separation distance, d. 

(b) Find P as a linear function of d. 

(c) What is the slope of the function? Give units and in¬ 
terpret the answer. 

(d) What are the vertical and horizontal intercepts of the 
function? Give units and interpret the answers. 

24. Annual sales of music compact discs (CDs) have de¬ 
clined since 2000. Sales were 942.5 million in 2000 and 
384.7 million in 2008. 17 

(a) Find a formula for annual sales, S, in millions of mu¬ 
sic CDs, as a linear function of the number of years, 
t ， since 2000. 

(b) Give units for and interpret the slope and the vertical 
intercept of this function. 

(c) Use the formula to predict music CD sales in 2012. 

25. In a California town, the monthly charge for waste col¬ 
lection is $8 for 32 gallons of waste and $12.32 for 68 
gallons of waste. 

(a) Find a linear formula for the cost, C, of waste collec¬ 
tion as a function of the number of gallons of waste, 
w. 

(b) What is the slope of the line found in part (a)? Give 
units and interpret your answer in terms of the cost 
of waste collection. 

(c) What is the vertical intercept of the line found in 
part (a)? Give units and interpret your answer in 
terms of the cost of waste collection. 

26. The number of species of coastal dune plants in Australia 
decreases as the latitude, in °S, increases. There are 34 
species at 11°S and 26 species at 44°S. 18 

(a) Find a formula for the number, N, of species of 
coastal dune plants in Australia as a linear function 
of the latitude, Z, in °S. 

(b) Give units for and interpret the slope and the vertical 
intercept of this function. 

(c) Graph this function between l = 11°S and l = 
44° S. (Australia lies entirely within these latitudes.) 


14 www.census.gov/hhes/www/poverty/histpov/hstpov2.html 

15 Vital Signs 2007-2008, The Worldwatch Institute, W.W. Norton & Company, 2007, p. 21 

16 From An Experimental Analysis of Grid Sweep Searching, by J. Wartes (Explorer Search and Rescue, Western Region, 
1974). 

17 The World Almanac and Book of Facts 2008, (New York). 

18 Rosenzweig, M.L., Species Diversity in Space and Time, p. 292, (Cambridge: Cambridge University Press, 1995). 
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27. Table 1.6 gives the average weight, w, in pounds, of 
American men in tiieir sixties for height, h, in inches. 19 

(a) How do you know that the data in this table could 
represent a linear function? 

(b) Find weight, w, as a linear function of height, h. 
What is the slope of the line? What are the units for 
the slope? 

(c) Find height, h, as a linear function of weight, w. 
What is the slope of the line? What are the units for 
the slope? 


Table 1.6 


h (inches) 

68 

69 

70 

71 

72 

73 

74 

75 

w (pounds) 

166 

171 

176 

181 

186 

191 

196 

201 


Problems 28-33 concern the maximum heart rate (MHR), 
which is the maximum number of times a person’s heart can 
safely beat in one minute. If MHR is in beats per minute and 
a is age in years, the formulas used to estimate MHR, are 

For females: MHR = 226 — a, 

For males: MHR = 220 — a. 

28. Which of the following is the correct statement? 

(a) As you age, your maximum heart rate decreases by 
one beat per year. 

(b) As you age, your maximum heart rate decreases by 
one beat per minute. 

(c) As you age, your maximum heart rate decreases by 
one beat per minute per year. 

29. Which of the following is the correct statement for a male 

and female of the same age? 

(a) Their maximum heart rates are the same. 

(b) The male’s maximum heart rate exceeds the fe¬ 
male^. 

(c) The female’s maximum heart rate exceeds the 
male’s. 

30. What can be said about the ages of a male and a female 

with the same maximum heart rate? 

31. Recently 20 it has been suggested that a more accurate pre¬ 
dictor of MHR for both males and females is given by 

MHR = 208 - 0.7a. 

(a) At what age do the old and new formulas give the 
same MHR for females? For males? 


(b) Which of the following is true? 

(i) The new formula predicts a higher MHR for 
young people and a lower MHR for older peo¬ 
ple than the old formula. 

(ii) The new formula predicts a lower MHR for 
young people and a higher MHR for older peo¬ 
ple than the old formula. 

(c) When testing for heart disease, doctors ask patients 
to walk on a treadmill while the speed and incline are 
gradually increased until their heart rates reach 85 
percent of the MHR. For a 65-year-old male, what is 
the difference in beats per minute between the heart 
rate reached if the old formula is used and the heart 
rate reached if the new formula is used? 

32. Experiments 21 suggest that the female MHR decreases 
by 12 beats per minute by age 21, and by 19 beats per 
minute by age 33. Is this consistent with MHR being ap¬ 
proximately linear with age? 

33. Experiments 22 suggest that the male MHR decreases by 
9 beats per minute by age 21, and by 26 beats per minute 
by age 33. Is this consistent with MHR being approxi¬ 
mately linear with age? 

34. An Australian 23 study found that, if other factors are con¬ 
stant (education, experience, etc.), taller people receive 
higher wages for the same work. The study reported a 
“height premium” for men of 3% of the hourly wage for 
a 10 cm increase in height; for women the height pre¬ 
mium reported was 2%. We assume that hourly wages 
are a linear function of height, with slope given by the 
height premium at the average hourly wage for that gen¬ 
der. 

(a) The average hourly wage 24 for a 178 cm Australian 
man is AU$29.40. Express the average hourly wage 
of an Australian man as a function of his height, x 
cm. 

(b) The average hourly wage for a 164 cm Australian 
woman is AU$24.78. Express the average hourly 
wage of an Australian woman as a function of her 
height, y cm. 

(c) What is the difference in average hourly wages be¬ 
tween men and women of height 178 cm? 

(d) Is there a height for which men and women are pre¬ 
dicted to have the same wage? If so, what is it? 


19 Adapted from “Average Weight of Americans by Height and Age,” The World Almanac (New Jersey: Funk and Wagnalls, 
1992), p. 956. 

20 www.physsportsmed.com/issues/2001/07.01/julO 1 news.htm, accessed January 4, 2005. 

21 www.css.edu/users/tboone2/asep/May2002JEPonline.html, accessed January 4, 2005. 

22 www.css.edu/users/tboone2/asep/May2002JEPonline.html, accessed January 4, 2005. 

23 “Study finds tall people at top of wages ladder”，Yahoo News, May 17, 2009. 

24 Australian Fair Pay Commission, August 2007. 
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1.3 AVERAGE RATE OF CHANGE AND RELATIVE CHANGE 

Average Rate of Change 

In the previous section, we saw that the height of the winning Olympic pole vault increased at an 
approximately constant rate of 2 inches/year between 1900 and 1912. Similarly, the world record 
for the mile decreased at an approximately constant rate of 0.4 seconds/year. We now see how to 
calculate rates of change when they are not constant. 


Example 1 Table 1.7 shows the height of the winning pole vault at the Olympics 25 during the 1960s and 1990s. 

Find the rate of change of the winning height between 1960 and 1968, and between 1992 and 2000. 
In which of these two periods did the height increase faster than during the period 1900-1912? 


Table 1.7 Winning height in men’s Olympic pole vault (approximate) 


Year 

1960 

1964 

1968 


1992 

1996 

2000 

Height (inches) 

185 

201 

213 


228 

233 

232 


Solution 


From 1900 to 1912, the height increased by 2 inches/year. To compare the 1960s and 1990s, we 
calculate 


Average rate of change of height 
1960 to 1968 


Change in height 
Change in time 


= 3.5 inches/year. 


Average rate of change of height 
1992 to 2000 


Change in height 
Change in time 


0.5 inches/year. 


Thus, on average, the height was increasing more quickly during the 1960s than from 1900 to 1912. 
During the 1990s, the height was increasing more slowly than from 1900 to 1912. 


In Example 1， the function does not have a constant rate of change (it is not linear). However, 
we can compute an average rate of change over any interval. The word average is used because the 
rate of change may vary within the interval. We have the following general formula. 


If 2 / is a function of t,soy = f(t), then 



Average rate of change of y 

_ Ay _ 

m-m 

between t = a and t = b 

= ~At = 

b — a 

The units of average rate of change of a function are units of y per unit of t. 


The average rate of change of a linear function is the slope, and a function is linear if the average 
rate of change is the same on all intervals. 

25 The World Almanac and Book of Facts, 2005, p. 866 (New York). 
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Example 2 Using Figure 1.25, estimate the average rate of change of the number of farms 26 in the US between 

1950 and 1970. 

number of farms (millions) 



Figure 1.25: Number of farms in the US (in millions) 


Solution Figure 1.25 shows that the number, N, of farms in the US was approximately 5.4 million in 1950 
and approximately 2.8 million in 1970. If time, t, is in years, we have 

Average rate of change = —— = —0.13 million farms per year. 

The average rate of change is negative because the number of farms is decreasing. During this 
period, the number of farms decreased at an average rate of 0.13 million, or 130,000, per year. 


We have looked at how an Olympic record and the number of farms change over time. In the 
next example, we look at average rate of change with respect to a quantity other than time. 


Example 3 High levels of PCB (polychlorinated biphenyl, an industrial pollutant) in the environment affect 
pelicans’ eggs. Table 1.8 shows that as the concentration of PCB in the eggshells increases, the 
thickness of the eggshell decreases, making the eggs more likely to break. 27 

Find the average rate of change in the thickness of the shell as the PCB concentration changes 
from 87 ppm to 452 ppm. Give units and explain why your answer is negative. 


Table 1.8 Thickness of pelican eggshells and PCB concentration in the eggshells 


Concentration, c, in parts per million (ppm) 

87 

147 

204 

289 

356 

452 

Thickness, h, in millimeters (mm) 

0.44 

0.39 

0.28 

0.23 

0.22 

0.14 


Solution 


Since we are looking for the average rate of change of thickness with respect to change in PCB 
concentration, we have 

Change in the thickness Ah 0.14 — 0.44 
Averagerateofchangeofth 1 ckness= change in thg pcB leyel = ^= 4 52 - 87 

=-0.00082^-. 

ppm 

The units are thickness units (mm) over PCB concentration units (ppm) ， or millimeters over parts per 
million. The average rate of change is negative because the thickness of the eggshell decreases as the 
PCB concentration increases. The thickness of pelican eggs decreases by an average of 0.00082 mm 
for every additional part per million of PCB in the eggshell. 


26 The World Almanac and Book of Facts, 2005, p. 136 (New York). 

27 Risebrough, R. W., “Effects of environmental pollutants upon animals other than man.” Proceedings of the 6th Berkeley 
Symposium on Mathematics and Statistics, VI, p. 443-463 (Berkeley: University of California Press, 1972). 
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Visualizing Rate of Change 

For a function y = f(x), the change in the value of the function between x = a and x = c is 
Ay = /(c) — /(a). Since Ay is a difference of two y-values, it is represented by the vertical 
distance in Figure 1.26. The average rate of change of f between x = a and x = cis represented 
by the slope of the line joining the points A and C in Figure 1.27. This line is called the secant line 
between x = a and x = c. 


y 



Figure 1.26: The change in a function is represented 
by a vertical distance 


y 



Figure 1.27: The average rate of change is 
represented by the slope of the line 


Example 4 (a) Find the average rate of change of y = f(x) = y/x between x = 1 and x = A. 

(b) Graph f{x) and represent this average rate of change as the slope of a line. 

(c) Which is larger, the average rate of change of the function between x — 1 and x = 4 or the 
average rate of change between x = 4 ： and x = 5? What does this tell us about the graph of the 
function? 


Solution 


(a) Since /(l) = ^/l = 1 and /(4) = Vi = 2, between x = 1 and ar = 4, we have 


Average rate of change = 


m-m 


(b) A graph of f{x) = \fx is given in Figure 1.28. The average rate of change of / between 1 and 
4 is the slope of the secant line between x = 1 and x = 4. 

(c) Since the secant line between x = 1 and ;r = 4 is steeper than the secant line between x = 4 
and x = 5, the average rate of change between x = 1 and a: = 4 is larger than it is between 
x = A and x = The rate of change is decreasing. This tells us that the graph of this function 
is bending downward. 













1.3 AVERAGE RATE OF CHANGE AND RELATIVE CHANGE 19 


y 


3 

2 


f(x) = y/x 


X 



Figure 1.28: Average rate of change = Slope of secant line 


Concavity 

We now look at the graphs of functions whose rates of change are increasing throughout an interval 
or decreasing throughout an interval. 

Figure 1.28 shows a graph that is bending downward because the rate of change is decreasing. 
The graph in Figure 1.26 bends upward because the rate of change of the function is increasing. We 
make the following definitions. 


The graph of a function is concave up if it bends upward as we move left to right; the graph 
is concave down if it bends downward. (See Figure 1.29.) A line is neither concave up nor 
concave down. 



Example 5 Using Figure 1.30, estimate the intervals over which: 

(a) The function is increasing; decreasing. (b) The graph is concave up; concave down. 



Solution (a) The graph suggests that the function is increasing for a: < 2 and for a: > 6. It appears to be 

decreasing for 2 < x < 6. 

(b) The graph is concave down on the left and concave up on the right. It is difficult to tell exactly 
where the graph changes concavity, although it appears to be about x = 4. Approximately, the 
graph is concave down for x < 4 and concave up for x > 4：. 
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Example 6 From the following values of f(t), does / appear to be increasing or decreasing? Do you think its 
graph is concave up or concave down? 


t 

0 

5 

10 

15 

20 

25 

30 

m 

12.6 

13.1 

14.1 

16.2 

20.0 

29.6 

42.7 


Solution Since the given values of f{t) increase as t increases, / appears to be increasing. As we read from 

left to right, the change in f(t) starts small and gets larger (for constant change in t), so the graph is 
climbing faster. Thus, the graph appears to be concave up. Alternatively, plot the points and notice 
that a curve through these points bends up. 


Distance, Velocity, and Speed 

A grapefruit is thrown up in the air. The height of the grapefruit above the ground first increases and 
then decreases. See Table 1.9. 

Table 1.9 Height，y, of the grapefruit above the ground t seconds after it is thrown 


t (sec) 

0 

1 

2 

3 

4 

5 

6 

y (feet) 

6 

90 

142 

162 

150 

106 

30 


Example 7 Find the change and average rate of change of the height of the grapefruit during the first 3 seconds. 

Give units and interpret your answers. 

Solution The change in height during the first 3 seconds is Ay = 162 — 6 = 156 ft. This means that the 
grapefruit goes up a total of 156 meters during the first 3 seconds. The average rate of change 
during this 3 second interval is 156/3 = 52 ft/sec. During the first 3 seconds, the grapefruit is rising 
at an average rate of 52 ft/sec. 


The average rate of change of height with respect to time is velocity. You may recognize the 
units (feet per second) as units of velocity. 


Change in distance 

Average rate of change of distance 

Average velocity = Change in time = 

with respect to time 


There is a distinction between velocity and speed. Suppose an object moves along a line. If we 
pick one direction to be positive, the velocity is positive if the object is moving in that direction 
and negative if it is moving in the opposite direction. For the grapefruit, upward is positive and 
downward is negative. Speed is the magnitude of velocity, so it is always positive or zero. 


Example 8 

Solution 


Find the average velocity of the grapefruit over the interval t = 4 to t = 6. Explain the sign of your 
answer. 


Since the height is y = 150 feet at t = 4 and y = 30 feet at t = 6, we have 

A , • Change in distance Ay 30 — 150 〜 r , 

5 】 Change in time At 6-4 

The negative sign means the height is decreasing and the grapefruit is moving downward. 
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Example 9 


Solution 


A car travels away from home on a straight road. Its distance from home at time t is shown in 
Figure 1.31. Is the car’s average velocity greater during the first hour or during the second hour? 



Average velocity is represented by the slope of a secant line. Figure 1.32 shows that the secant line 
between t = 0 and t = lis steeper than the secant line between t = 1 and t = 2. Thus, the average 
velocity is greater during the first hour. 


Relative Change 

Is a population increase of 1000 a significant change? It depends on the original size of the com¬ 
munity. If the town of Coyote, NM, population 1559, increases by 1000 people, the townspeople 
would definitely notice. On the other hand, if New York City, population 8.25 million, increases by 
1000 people, almost no one will notice. To visualize the impact of the increase on the two different 
communities, we look at the change, 1000, as a fraction, or percentage, of the initial population. 
This percent change is called the relative change. 


Example 10 If the population increases by 1000 people, find the relative change in the population for 

(a) Coyote, NM (population 1559) 

(b) New York City (population 8,250,000) 


Solution (a) The population increases by 1000 from 1559 so 

,. , Change in population ] 

Relative change = — T . . ^ -- - :-=- 

Initial population ] 

The population has increased by 64.1%, a significant increase, 
(b) The population increases by 1000 from 8,250,000 so 


Relative change = 


Change in population 


Initial population 8,250,000 
The population has increased by 0.012%, or less than one-tenth of one percent. 


In general, when a quantity P changes from Pq to Pi ，we define 


Relative change in P = 


Change in P 
^ Po ^ 


Pi-Po 


The relative change is a number, without units. It is often expressed as a percentage. 
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Example 11 A price increase can be significant or inconsequential depending on the item. In each of the follow¬ 
ing cases, find the relative change in price of a $2 price increase; give your answer as a percent. 

(a) A gallon of gas costing $2.25 (b) A cell phone costing $180 

Solution (a) The change in the price is $2 so we have 

^ . . Change in price 2 

Relative change in price or gas = — T , ——:- =—= 0.889. 

Initial price 2.25 

The price of gas has gone up 88.9%. 

(b) We have 

Relative change in price of cell phone = Change in price _ 2^ = ◦ qii. 

Initial price 180 

The price of the cell phone has gone up only 1.1%. 


Relative change can be positive or negative, as we see in the following example. 


Example 12 Find the relative change in the price of a $75.99 pair of jeans if the sale price is $52.99. 


Solution 


The price has dropped from $75.99 to $52.99. We have 


Relative change = 


52.99 - 75.99 
75.99 


-23 

75.99 


-0.303. 


The price has been reduced by 30.3% for the sale. 


Problems for Section 1.3 


In Problems 1-4, decide whether the graph is concave up, con¬ 
cave down, or neither. 



In Problems 5-8, find the relative, or percent, change. 

5. S changes from 400 to 450 

6. B changes from 12,000 to 15,000 

7. R changes from 50 to 47 

8. W changes from 0.3 to 0.05 

9. Table 1.10 gives values of a function w = f(t). Is this 
function increasing or decreasing? Is the graph of this 
function concave up or concave down? 


Table 1.10 


t 0 4 _ 8 12 16 

w 100 58 32 24 20 


20 

18 


24 

17 
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10. For which pairs of consecutive points in Figure 1.33 is 
the function graphed: 


16. Table 1.12 gives the net sales of The Gap, Inc, which op¬ 
erates nearly 3000 clothing stores. 29 


(a) Increasing and concave up 

(b) Increasing and concave down 

(c) Decreasing and concave up 

(d) Decreasing and concave down 



11. Graph a function f(x) which is increasing everywhere 
and concave up for negative x and concave down for pos¬ 
itive x. 

12. Find the average rate of change of f(x) = 2x 2 between 
x = 1 and x = 3. 

13. Find the average rate of change of f(x) = 3x 2 + 4 be¬ 
tween x = —2 and x = 1. Illustrate your answer graphi- 



14. When a deposit of $1000 is made into an account paying 
8% interest, compounded annually, the balance, in 
the account after t years is given by B = 1000(1.08)*. 
Find the average rate of change in the balance over the 
interval t = 0 to t = 5. Give units and interpret your 
answer in terms of the balance in the account. 

15. Table 1.11 shows world bicycle production. 28 

(a) Find the change in bicycle production between 1950 
and 2000. Give units. 

(b) Find the average rate of change in bicycle produc¬ 
tion between 1950 and 2000. Give units and interpret 
your answer in terms of bicycle production. 


Table 1.11 World bicycle production, in millions 


Year 

1950 

1960 

1970 

1980 

1990 

2000 

Bicycles 

11 

20 

36 

62 

92 

101 


(a) Find the change in net sales between 2005 and 2008. 

(b) Find the average rate of change in net sales between 
2005 and 2008. Give units and interpret your answer. 

(c) From 2003 to 2008, were there any one-year inter¬ 
vals during which the average rate of change was 
positive? If so, when? 


Table 1.12 Gap net sales, in millions of dollars 


Year 

2003 

2004 

2005 

2006 

2007 

2008 

Sales 

15,854 

16,267 

16,019 

15,923 

15,763 

14,526 


17. Table 1.13 shows attendance at NFL football games. 30 

(a) Find the average rate of change in the attendance 
from 2003 to 2007. Give units. 

(b) Find the annual increase in the attendance for each 
year from 2003 to 2007. (Your answer should be 
four numbers.) 

(c) Show that the average rate of change found in 
part (a) is the average of the four yearly changes 
found in part (b). 


Table 1.13 Attendance at NFL football games, in 
millions of fans 


Year 

Attendance 


2003 

21.64 


2004 

21.71 


2005 2006 

21.79 22.20 


2007 

22.26 


18. Figure 1.34 shows the total value of US imports, in bil¬ 
lions of dollars. 31 

(a) Was the value of the imports higher in 1985 or in 
2003? Approximately how much higher? 

(b) Estimate the average rate of change of US imports 
between 1985 and 2003. Give units and interpret 
your answer in terms of imports. 

billion dollars 
1500 

1200 
900 
600 
300 

1985 1990 1995 2000 2005' 

Figure 1.34 


28 www.earth-policy.org/Indicators/indicatorl l.datal.htm, accessed April 19, 2005. 

29 www.gapinc.com/public/investors/inv_financials.shtml/ accessed May 24, 2009. 

30 Statistical Abstracts of the United States 2009, Table 1204. 

31 www.ita.doc.gov/td/industry/otea/usfth/aggregate/H03t26.pdf, accessed April 19, 2005. 
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19. Table 1.14 gives sales of Pepsico, which operates two 
major 
foods. 

(a) Find the change in sales between 2003 and 2008. 

(b) Find the average rate of change in sales between 
2003 and 2008. Give units and interpret your answer. 



Table 1.14 PepsiCo sales, in millions of dollars 


Year 

2003 

2004 

2005 

2006 

2007 

2008 

Sales 

26,971 

29,261 

32,562 

35,137 

39,474 

45,251 


distance (meters) s @) 



2 4 


t(sec) 


Figure 1.36 


20. Table 1.15 shows world population, P, in billions of peo¬ 
ple, world passenger automobile production, A, in mil¬ 
lions of cars, and world cell phone subscribers, (7, in mil¬ 
lions of subscribers. 33 

(a) Find the average rate of change, with units, for each 
of P, A, and C between 1995 and 2005. 

(b) Between 1995 and 2005, which increased faster: 

(i) Population or the number of automobiles? 

(ii) Population or the number of cell phone sub¬ 
scribers? 


Table 1.15 


Year 

1995 

2000 

2005 

P (billions) 

5.68 

6.07 

6.45 

A (millions) 

36.1 

41.3 

45.9 

C (millions) 

91 

740 

2168 


23. At time t in seconds, a particle’s distance s(t), in cm, 
from a point is given in the table. What is the average 
velocity of the particle from t = 3tot = 10? 


t 

0 

3 

6 

10 

13 

s(t) 

0 

72 

92 

144 

180 


24. Table 1.16 shows the production of tobacco in the US. 34 

(a) What is the average rate of change in tobacco pro¬ 
duction between 1996 and 2003? Give units and in¬ 
terpret your answer in terms of tobacco production. 

(b) During this seven-year period, is there any interval 
during which the average rate of change was posi¬ 
tive? If so, when? 


21 . 


Figure 1.35 shows a particle’s distance from a point. 
What is the particle’s average velocity from t = 0 to 


1 - 3 ? 



Table 1.16 Tobacco production, in millions of pounds 



1996 1997 

1517 1787 


1998 

1480 


1999 

1293 


2000 

1053 


2001 

991 


2002 2003 

879 831 


25. Do you expect the average rate of change (in units per 
year) of each of the following to be positive or negative? 
Explain your reasoning. 


Figure 1.35 


22. Figure 1.36 shows a particle’s distance from a point. 
What is the particle’s average velocity from t = 1 to 
t = 3? 


(a) Number of acres of rain forest in the world. 

(b) Population of the world. 

(c) Number of polio cases each year in the US, since 
1950. 

(d) Height of a sand dune that is being eroded. 

(e) Cost of living in the US. 


32 www.pepsico.com, accessed May 23, 2009. 

33 Vital Signs 2007-2008, The Worldwatch Institute, W.W. Norton & Company, 2007, p. 51 and 67. 

34 The World Almanac and Book of Facts 2005, pp. 138-139 (New York). 
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26. Figure 1.37 shows the length, L, in cm, of a sturgeon (a 
type of fish) as a function of the time, t, in years. 35 

(a) Is the function increasing or decreasing? Is the graph 
concave up or concave down? 

(b) Estimate the average rate of growth of the sturgeon 
between ^ = 5 and t = 15. Give units and interpret 
your answer in terms of the sturgeon. 


L 




27. Table 1.17 shows the total US labor force, L. Find the 
average rate of change between 1940 and 2000; between 
1940 and 1960; between 1980 and 2000. Give units and 
interpret your answers in terms of the labor force. 36 

Table 1.17 US labor force, in thousands of workers 


Year 

1940 

1960 

1980 

2000 

L 

47,520 

65,778 

99,303 

136,891 


30. The number of US households with cable television 39 
was 12,168,450 in 1977 and 73,365,880 in 2003. Es¬ 
timate the average rate of change in the number of US 
households with cable television during this 26-year pe¬ 
riod. Give units and interpret your answer. 

31. Figure 1.7 in Problem 14 of Section 1.1 shows the 
amount of nicotine N = f(t), in mg, in a person’s blood¬ 
stream as a function of the time, t, in hours, since the last 
cigarette. 

(a) Is the average rate of change in nicotine level posi¬ 
tive or negative? Explain. 

(b) Find the average rate of change in the nicotine level 
between t = 0 and t = 3. Give units and interpret 
your answer in terms of nicotine. 

32. Table 1.19 shows the concentration, c, of creatinine in the 
bloodstream of a dog. 40 

(a) Including units, find the average rate at which the 
concentration is changing between the 
(i) 6 th and 8 th minutes, (ii) 8 th and 10 th minutes. 


(b) Explain the sign and relative magnitudes of your 
suits in terms of creatinine. 

Table 1.19 


t (minutes) 

2 4 6 8 10 

c ( mg/ml) 

0.439 0.383 0.336 0.298 0.266 


28. The total world marine catch 37 of fish, in metric tons, was 
17 million in 1950 and 99 million in 2001. What was the 
average rate of change in the marine catch during this 
period? Give units and interpret your answer. 

29. Table 1.18 gives the revenues, R, of General Motors, for¬ 
merly the world’s largest auto manufacturer. 38 

(a) Find the change in revenues between 2003 and 2008. 

(b) Find the average rate of change in revenues between 
2003 and 2008. Give units and interpret your answer. 

(c) From 2003 to 2008, were there any one-year inter¬ 
vals during which the average rate of change was 
negative? If so, which? 


Table 1.18 GM revenues, billions of dollars 


33. The population of the world reached 1 billion in 1804, 
2 billion in 1927, 3 billion in 1960, 4 billion in 1974, 5 
billion in 1987 and 6 billion in 1999. Find the average 
rate of change of the population of the world, in people 
per minute, during each of these intervals (that is, from 
1804 to 1927, 1927 to 1960, etc.). 

Problems 34-35 refer to Figure 1.38 which shows the con¬ 
traction velocity of a muscle as a function of the load it pulls 



contraction 
velocity (cm/sec) 



Figure 1.38 


35 Data from von Bertalanffy, L., General System Theory, p. Ill (New York: Braziller, 1968). 

36 The World Almanac and Book of Facts 2005, p. 144 (New York). 

31 The World Almanac and Book of Facts 2005, p. 143 (New York). 

38 www.gm.com/company/investor_informatioii/eamings/hist_eamings/index.html, accessed May 23, 2009. 
39 The World Almanac and Book of Facts 2005, p. 310 (New York). 

40 From Cullen, M.R., Linear Models in Biology (Chichester: Ellis Horwood, 1985). 
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34. In terms of the muscle, interpret the 

(a) Vertical intercept (b) Horizontal intercept 


35. (a) Find the change in muscle contraction velocity when 
the load changes from 1 kg to 3 kg. Give units. 

(b) Find the average rate of change in the contraction 
velocity between 1 kg and 3 kg. Give units. 


36. Table 1.20 gives the sales, S, of Intel Corporation, a lead¬ 
ing manufacturer of integrated circuits. 41 


(a) Find the change in sales between 2003 and 2008. 

(b) Find the average rate of change in sales between 
2003 and 2008. Give units and interpret your answer. 


Table 1.20 Intel sales, in millions of dollars 


Year 

2003 

2004 

2005 

2006 

2007 

2008 

S 

30,100 

34,200 

38,800 

35,400 

38,300 

37,600 


39. Experiments suggest that the male maximum heart rate 
(the most times a male’s heart can safely beat in a minute) 
decreases by 9 beats per minute during the first 21 years 
of his life, and by 26 beats per minute during the first 33 
years. 43 If you model the maximum heart rate as a func¬ 
tion of age, should you use a function that is increasing 
or decreasing, concave up or concave down? 

40. A car starts slowly and then speeds up. Eventually the car 
slows down and stops. Graph the distance that the car has 
traveled against time. 

41. Figure 1.40 shows the position of an object at time t. 

(a) Draw a line on the graph whose slope represents the 
average velocity between t = 2 and t = 8. 

(b) Is average velocity greater between t = 0 and t = 3 
or between t = 3 and t = 6? 

(c) Is average velocity positive or negative between t = 
6 and t = 9? 


37. In an experiment, a lizard is encouraged to run as fast as 
possible. Figure 1.39 shows the distance run in meters as 
a function of the time in seconds. 42 

(a) If the lizard were running faster and faster, what 
would be the concavity of the graph? Does this 
match what you see? 

(b) Estimate the average velocity of the lizard during 
this 0.8 second experiment. 



0.2 0.4 0.6 0.8 

Figure 1.39 

38. Values of F(t), G(t), and 丑⑷ are in Table 1.21. Which 
graph is concave up and which is concave down? Which 
function is linear? 

Table 1.21 


s(ft) 



—^^^^^ t(sec) 
123456789 

Figure 1.40 

In Problems 42-45, which relative change is bigger in magni¬ 
tude? Justify your answer. 

42. The change in the Dow Jones average from 164.6 to 
77.9 in 1931; the change in the Dow Jones average from 
13261.8 to 8776.4 in 2008. 

43. The change in the US population from 5.2 million to 7.2 
million from 1800 to 1810; the change in the US popula¬ 
tion from 151.3 to 179.3 from 1950 to 1960. 


t 

m 

G(t) 

m 

10 

15 

15 

15 

20 

22 

18 

17 

30 

28 

21 

20 

40 

33 

24 

24 

50 

37 

27 

29 

60 

40 

30 

35 


44. An increase in class size from 5 to 10; an increase in class 
size from 30 to 50. 

45. An increase in sales from $100,000 to $500,000; an in¬ 
crease in sales from $20,000,000 to $20,500,000. 

46. Find the relative change of a population if it changes 

(a) From 1000 to 2000 (b) From 2000 to 1000 

(c) From 1,000,000 to 1,001,000 


41 Intel 2008 Annual Report, www.intel.com/intel/finance, accessed June 13, 2009. 

42 Data from Huey, R.B. and Hertz, P.E., “Effects of Body Size and Slope on the Acceleration of a Lizard,” /• Exp. Biol” 
Volume 110, 1984, p. 113-123. 

43 www. css.edu/users/tboone2 / asep/May2002JEPonline .html, accessed January 4, 2005. 
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47. On Black Monday, October 28, 1929, the stock market 
on Wall Street crashed. The Dow Jones average dropped 
from 298.94 to 260.64 in one day. What was the relative 
change in the index? 

48. On May 11, 2009, the cost to mail a letter in the US was 
raised from 42 cents to 44 cents. Find the relative change 
in the cost. 

49. The US Consumer Price Index (CPI) is a measure of the 
cost of living. The inflation rate is the annual relative rate 
of change of the CPI. Use the January data in Table 1 .22^ 
to estimate the inflation rate for each of years 2005-2008. 


50. During 2008 the US economy stopped growing and be¬ 
gan to shrink. Table 1.23 45 gives quarterly data on the US 
Gross Domestic Product (GDP) which measures the size 
of the economy. 

(a) Estimate the relative growth rate (percent per year) 
at the first four times in the table. 

(b) Economists often say an economy is in recession if 
the GDP decreases for two quarters in a row. Was 
the US in recession in 2008? 


Table 1.22 


Year 2005 2006 2007 2008 


CPI 190.7 198.3 202.416 211.08 


2009 

211.143 


Table 1.23 


t (years since 2008) 

0 

0.25 

0.5 

0.75 

1.0 

GDP (trillion dollars) 

14.15 

14.29 

14.41 

14.2 

14.09 


1.4 APPLICATIONS OF FUNCTIONS TO ECONOMICS 

In this section, we look at some of the functions of interest to decision-makers in a firm or industry. 

The Cost Function 


The cost function, C(q), gives the total cost of producing a quantity q of some good. 


What sort of function do you expect C to be? The more goods that are made, the higher the total 
cost, so C is an increasing function. Costs of production can be separated into two parts: the fixed 
costs, which are incurred even if nothing is produced, and the variable costs, which depend on how 
many units are produced. 

An Example: Manufacturing Costs 

Let’s consider a company that makes radios. The factory and machinery needed to begin production 
are fixed costs, which are incurred even if no radios are made. The costs of labor and raw materials 
are variable costs since these quantities depend on how many radios are made. The fixed costs for 
this company are $24,000 and the variable costs are $7 per radio. Then, 

Total costs for the company = Fixed costs 4 - Variable costs 

= 24,000 + 7 • Number of radios, 

so, if q is the number of radios produced, 

C ⑷ = 24,000 +7g. 

This is the equation of a line with slope 7 and vertical intercept 24,000. 

The variable cost for one additional unit is called the marginal cost. For a linear cost function, 
the marginal cost is the rate of change, or slope, of the cost function. 

44 www.bls.gov/cpi, accessed June 7, 2009. 

45 www.bea.gov/national/nipaweb, Table 1.1.5. 
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Example 1 Graph the cost function C(q) = 24,000 + 7q. Label the fixed costs and marginal cost. 

Solution The graph of C(q) is the line in Figure 1.41. The fixed costs are represented by the vertical in¬ 
tercept of 24,000. The marginal cost is represented by the slope of 7, which is the change in cost 
corresponding to a unit change in production. 

$ (cost) 



Figure 1.41 : Cost function for the radio manufacturer 


If C(q) is a linear cost function, 

• Fixed costs are represented by the vertical intercept. 

• Marginal cost is represented by the slope. 


Example 2 In each case, draw a graph of a linear cost function satisfying the given conditions: 

(a) Fixed costs are large but marginal cost is small. 

(b) There are no fixed costs but marginal cost is high. 


Solution 


(a) The graph is a line with a large vertical intercept and a small slope. See Figure 1.42. 

(b) The graph is a line with a vertical intercept of zero (so the line goes through the origin) and a 
large positive slope. See Figure 1.43. Figures 1.42 and 1.43 have the same scales. 
















The Revenue Function 
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Example 3 

Solution 


Example 4 

Solution 


The revenue function, R(q), gives the total revenue received by a firm from selling a quan¬ 
tity, q, of some good. 

If the good sells for a price of p per unit, and the quantity sold is q, then 
Revenue = Price - Quantity, so R = pq. 

If the price does not depend on the quantity sold, so p is a constant, the graph of revenue as a 
function of g is a line through the origin, with slope equal to the price p. 


If radios sell for $15 each, sketch the manufacturer’s revenue function. Show the price of a radio on 
the graph. 

Since R(q) = pq = 15q, the revenue graph is a line through the origin with a slope of 15. See 
Figure 1.44. The price is the slope of the line. 



Figure 1.44: Revenue function for the radio manufacturer 


Graph the cost function C(q) = 24,000 + 7q and the revenue function R(q) = 15q on the same 
axes. For what values of q does the company make money? 


The company makes money whenever revenues are greater than costs, so we find the values of q for 
which the graph of R(q) lies above the graph of C(q). See Figure 1.45. 

We find the point at which the graphs of R(q) and C(q) cross: 

Revenue = Cost 

15q = 24,000 + 7q 
8q = 24,000 
q ~ 3000. 


The company makes a profit if it produces and sells more than 3000 radios. The company loses 
money if it produces and sells fewer than 3000 radios. 


R(q) = 15 g 


70,000 



C(q) = 24,000 + 7q 


Break-even 7000 


Figure 1.45: Cost and revenue functions for the radio manufacturer: What values of q generate a profit? 
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The Profit Function 


Examples 

Solution 


Example 6 


Solution 


Decisions are often made by considering the profit, usually written 46 as tt to distinguish it from the 
price, p. We have 


Profit = Revenue — Cost so tt = R — C. 


The break-even point for a company is the point where the profit is zero and revenue equals cost. 
See Figure 1.45. 


Find a formula for the profit function of the radio manufacturer. Graph it, marking the break-even 
point. 


Since R(q) = lbq and C(q) = 24,000 + 7q, we have 

7r(g) = R{q)~ C{q) = 15q - (24,000+ 7g) = -24,000 + 8$. 

Notice that the negative of the fixed costs is the vertical intercept and the break-even point is the 
horizontal intercept. See Figure 1.46. 



(a) Using Table 1.24, estimate the break-even point for this company. 

(b) Find the company’s profit if 1000 units are produced. 

(c) What price do you think the company is charging for its product? 


Table 1.24 Company’s estimates of cost and revenue for a product 


Q 

500 

600 

700 

800 

900 

1000 

1100 

C(q), in $ 

5000 

5500 

6000 

6500 

7000 

7500 

8000 

R(q), in$ 

4000 

4800 

5600 

6400 

7200 

8000 

8800 


(a) The break-even point is the value of q for which revenue equals cost. Since revenue is below 
cost at g = 800 and revenue is greater than cost at q = 900, the break-even point is between 
800 and 900. The values in the table suggest that the break-even point is closer to 800, as the 
cost and revenue are closer there. A reasonable estimate for the break-even point isq = 830. 

(b) If the company produces 1000 units, the cost is $7500 and the revenue is $8000, so the profit is 
8000 - 7500 = 500 dollars. 

(c) From the table, it appears that R(q) = 8q. This indicates the company is selling the product for 
$8 each. 


46 This 7r has nothing to do with the area of a circle, and merely stands for the Greek equivalent of the letter “p.” 
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The Marginal Cost, Marginal Revenue, and Marginal Profit 

Just as we used the term marginal cost to mean the rate of change, or slope, of a linear cost function, 
we use the terms marginal revenue and marginal profit to mean the rate of change, or slope, of 
linear revenue and profit functions, respectively. The term marginal is used because we are looking 
at how the cost, revenue, or profit change “at the margin,” that is, by the addition of one more unit. 
For example, for the radio manufacturer, the marginal cost is 7 dollars/item (the additional cost of 
producing one more item is $7), the marginal revenue is 15 dollars/item (the additional revenue 
from selling one more item is $15), and the marginal profit is 8 dollars/item (the additional profit 
from selling one more item is $8). 


The Depreciation Function 


Suppose that the radio manufacturer has a machine that costs $20,000 and is sold ten years later 
for $3000. We say the value of the machine depreciates from $20,000 today to a resale value of 
$3000 in ten years. The depreciation formula gives the value, V{t), in dollars, of the machine as a 
function of the number of years, t, since the machine was purchased. We assume that the value of 
the machine depreciates linearly. 


The value of the machine when it is new (t = 0) is $20,000, so V(0) 
value at time t = 10 is $3000, so V(10) = 3000. We have 
3000 - 20,000 -17,000 


20,000. The resale 


Slope = m 


10-0 


10 


-1700 dollars per year. 


This slope tells us that the value of the machine is decreasing at a rate of $1700 per year. Since 
V(0) = 20,000, the vertical intercept is 20,000, so 

V(t) = 20,000 - 1700t dollars. 


Supply and Demand Curves 

The quantity, q, of an item that is manufactured and sold depends on its price, p. As the price 
increases, manufacturers are usually willing to supply more of the product, whereas the quantity 
demanded by consumers falls. 


The supply curve, for a given item, relates the quantity, q, of the item that manufacturers are 
willing to make per unit time to the price, p, for which the item can be sold. 

The demand curve relates the quantity, q, of an item demanded by consumers per unit time 
to the price, p, of the item. 


Economists often think of the quantities supplied and demanded as functions of price. However, 
for historical reasons, the economists put price (the independent variable) on the vertical axis and 
quantity (the dependent variable) on the horizontal axis. (The reason for this state of affairs is that 
economists originally took price to be the dependent variable and put it on the vertical axis. Later, 
when the point of view changed, the axes did not.) Thus, typical supply and demand curves look 
like those shown in Figure 1.47. 


p (price/unit) p (price/unit) 



qi 


Figure 1.47: Supply and demand curves 
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Example 7 

Solution 


Example 8 

Solution 


What is the economic meaning of the prices po and pi and the quantity qi in Figure 1.47? 

The vertical axis corresponds to a quantity of zero. Since the price po is the vertical intercept on the 
supply curve, po is the price at which the quantity supplied is zero. In other words, for prices below 
Po, the suppliers will not produce anything. The price pi is the vertical intercept on the demand 
curve, so it corresponds to the price at which the quantity demanded is zero. In other words, for 
prices above pi, consumers buy none of the product. 

The horizontal axis corresponds to a price of zero, so the quantity qi on the demand curve is 
the quantity demanded if the price were zero — the quantity that could be given away free. 


Equilibrium Price and Quantity 


If we plot the supply and demand curves on the same axes, as in Figure 1.48, the graphs cross at the 
equilibrium point. The values p* and q* at this point are called the equilibrium price and equilibrium 
quantity, respectively. It is assumed that the market naturally settles to this equilibrium point. (See 
Problem 23.) 


p (price/unit) 



q (quantity) 


Figure 1.48: The equilibrium price and quantity 


Find the equilibrium price and quantity if 

Quantity supplied = 3p — 50 and Quantity demanded = 100 — 2p. 

To find the equilibrium price and quantity, we find the point at which 
Supply = Demand 
3p — 50 = 100 — 2p 
bp = 150 
p = 30. 

The equilibrium price is $30. To find the equilibrium quantity, we use either the demand curve or the 
supply curve. At a price of $30, the quantity produced is 100 — 2.30 = 40 items. The equilibrium 
quantity is 40 items. In Figure 1.49, the demand and supply curves intersect atp* = 30 and g* = 40. 
p (price) 



Figure 1.49: Equilibrium: p* = 30, q* = 40 
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The Effect of Taxes on Equilibrium 

What effect do taxes have on the equilibrium price and quantity for a product? We distinguish 
between two types of taxes. 47 A specific tax is a fixed amount per unit of a product sold regardless 
of the selling price. This is the case with such items as gasoline, alcohol, and cigarettes. A specific 
tax is usually imposed on the producer. A sales tax is a fixed percentage of the selling price. Many 
cities and states collect sales tax on a wide variety of items. A sales tax is usually imposed on the 
consumer. We consider a specific tax now; a sales tax is considered in Problems 38 and 39. 


Example 9 A specific tax of $5 per unit is now imposed upon suppliers in Example 8. What are the new equi¬ 

librium price and quantity? 

Solution The consumers pay p dollars per unit, but the suppliers receive only p — 5 dollars per unit because 

$5 goes to the government as taxes. Since 

Quantity supplied = 3(Amount per unit received by suppliers) — 50, 

the new supply equation is 

Quantity supplied = 3(p - 5) - 50 = 3p - 65; 

the demand equation is unchanged: 

Quantity demanded = 100 — 2p. 

At the equilibrium price, we have 

Demand = Supply 
100 — 2p = 3p — 65 
165 = 5p 
p = 33. 

The equilibrium price is $33. The equilibrium quantity is 34 units, since the quantity demanded is 
g = 100 - 2 • 33 = 34. 


In Example 8, the equilibrium price was $30; with the imposition of a $5 tax in Example 9, the 
equilibrium price is $33. Thus the equilibrium price increases by $3 as a result of the tax. Notice 
that this is less than the amount of the tax. The consumer ends up paying $3 more than if the tax did 
not exist. However the government receives $5 per item. The producer pays the other $2 of the tax, 
retaining $28 of the price paid per item. Although the tax was imposed on the producer, some of 
the tax is passed on to the consumer in terms of higher prices. The tax has increased the price and 
reduced the number of items sold. See Figure 1.50. Notice that the taxes have the effect of moving 
the supply curve up by $5 because suppliers have to be paid $5 more to produce the same quantity. 


47 Adapted from Barry Bressler, A Unified Approach to Mathematical Economics, p. 81-88 (New York: Harper & Row, 
1975). 
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p (price paid by consumers) 



Supply: With tax 
Supply: Without tax 


q (quantity) 


34 40 


Figure 1.50: Specific tax shifts the supply curve, altering the equilibrium price and quantity 


A Budget Constraint 


An ongoing debate in the federal government concerns the allocation of money between defense 
and social programs. In general, the more that is spent on defense, the less that is available for 
social programs, and vice versa. Let’s simplify the example to guns and butter. Assuming a constant 
budget, we show that the relationship between the number of guns and the quantity of butter is 
linear. Suppose that there is $12,000 to be spent and that it is to be divided between guns, costing 
$400 each, and butter, costing $2000 a ton. Suppose the number of guns bought is g, and the number 
of tons of butter is b. Then the amount of money spent on guns is $400 夕 ， and the amount spent on 
butter is $20006. Assuming all the money is spent, 


Amount spent on guns + Amount spent on butter = $12,000 


400^ + 20006= 12,000. 


Thus, dividing both sides by 400, 


q -\- K>b = 30. 


This equation is the budget constraint. Since the budget constraint can be written as 


^ = 30 — 56, 


the graph of the budget constraint is a line. See Figure 1.51. 


g (number of guns) 



b (tons of butter) 


Figure 1.51: Budget constraint 









Problems for Section 1.4 
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1. Figure 1.52 shows cost and revenue for a company. 

(a) Approximately what quantity does this company 
have to produce to make a profit? 

(b) Estimate the profit generated by 600 units. 



100 300 500 700 900 

Figure 1.52 


C(q) 


q (quantity) 


2. In Figure 1.53, which shows the cost and revenue func¬ 
tions for a product, label each of the following: 

(a) Fixed costs (b) Break-even quantity 

(c) Quantities at which the company: 

(i) Makes a profit (ii) Loses money 



Figure 1.53 

3. (a) Estimate the fixed costs and the marginal cost for the 
cost function in Figure 1.54. 

(b) Estimate (7(10) and interpret it in terms of cost. 



5 10 15 20 25 30 

Figure 1.54 


5. Suppose that q = f(p) is the demand curve for a prod¬ 
uct, where p is the selling price in dollars and q is the 
quantity sold at that price. 

(a) What does the statement /(12) = 60 tell you about 
demand for this product? 

(b) Do you expect this function to be increasing or de¬ 
creasing? Why? 

6. The demand curve for a quantity g of a product is ^ = 
5500 — lOOp where p is price in dollars. Interpret the 
5500 and the 100 in terms of demand. Give units. 

7. A demand curve is given by 75p + 50g = 300, where p 
is the price of the product, in dollars, and q is the quan¬ 
tity demanded at that price. Find p- and ^-intercepts and 
interpret them in terms of consumer demand. 

8. An amusement park charges an admission fee of $7 per 
person as well as an additional $1.50 for each ride. 

(a) For one visitor, find the park’s total revenue R(n) as 
a function of the number of rides, n, taken. 

(b) Find R(2) and R{S) and interpret your answers in 
terms of amusement park fees. 

9. A company that makes Adirondack chairs has fixed costs 
of $5000 and variable costs of $30 per chair. The com¬ 
pany sells the chairs for $50 each. 

(a) Find formulas for the cost and revenue functions. 

(b) Find the marginal cost and marginal revenue. 

(c) Graph the cost and the revenue functions on the 
same axes. 

(d) Find the break-even point. 

10. A photocopying company has two different price lists. 
The first price list is $100 plus 3 cents per copy; the sec¬ 
ond price list is $200 plus 2 cents per copy. 

(a) For each price list, find the total cost as a function of 
the number of copies needed. 

(b) Determine which price list is cheaper for 5000 
copies. 

(c) For what number of copies do both price lists charge 
the same amount? 

11. A company has cost function C(q) = 4000 + 2q dollars 
and revenue function R{q) = 10g dollars. 


4. A company has cost and revenue functions, in dollars, 
given by C(q) = 6000 + lOq and R(q) = 12q. 

(a) Find the cost and revenue if the company produces 
500 units. Does the company make a profit? What 
about 5000 units? 

(b) Find the break-even point and illustrate it graphi¬ 
cally. 


(a) What are the fixed costs for the company? 

(b) What is the marginal cost? 

(c) What price is the company charging for its product? 

(d) Graph C(q) and R(q) on the same axes and label 
the break-even point, ^o- Explain how you know the 
company makes a profit if the quantity produced is 
greater than qo. 

(e) Find the break-even point qo. 
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19. A $15,000 robot depreciates linearly to zero in 10 years. 


12. Values of a linear cost function are in Table 1.25. What 
are the fixed costs and the marginal cost? Find a formula 
for the cost function. 

Table 1.25 


(a) Find a formula for its value as a function of time. 

(b) How much is the robot worth three years after it is 
purchased? 


Q 

0 

5 

10 

15 

20 

C ⑷ 

5000 

5020 

5040 

5060 

5080 


13. A movie theater has fixed costs of $5000 per day and 
variable costs averaging $2 per customer. The theater 



(a) How many customers per day does the theater need 
in order to make a profit? 

(b) Find the cost and revenue functions and graph them 
on the same axes. Mark the break-even point. 

14. A company producing jigsaw puzzles has fixed costs of 
$6000 and variable costs of $2 per puzzle. The company 
sells the puzzles for $5 each. 

(a) Find formulas for the cost function, the revenue 
function, and the profit function. 

(b) Sketch a graph of R(q) and C(q) on the same axes. 
What is the break-even point, qo, for the company? 

15. Production costs for manufacturing running shoes con¬ 
sist of a fixed overhead of $650,000 plus variable costs 
of $20 per pair of shoes. Each pair of shoes sells for $70. 

(a) Find the total cost, C(q), the total revenue, R(q), 
and the total profit, 7 t(q), as a function of the num¬ 
ber of pairs of shoes produced, q. 

(b) Find the marginal cost, marginal revenue, and 
marginal profit. 

(c) How many pairs of shoes must be produced and sold 
for the company to make a profit? 

16. The cost C, in millions of dollars, of producing q items 
is given by C = 5.7 4- 0.002^. Interpret the 5.7 and the 
0.002 in terms of production. Give units. 

17. The table shows the cost of manufacturing various quan¬ 
tities of an item and the revenue obtained from their sale. 


20. A new bus worth $100,000 in 2010 depreciates linearly 

to $20,000 in 2030. 

(a) Find a formula for the value of the bus, V, as a func¬ 
tion of time, t, in years since 2010. 

(b) What is the value of the bus in 2015? 

(c) Find and interpret the vertical and horizontal inter¬ 
cepts of the graph of the function. 

(d) What is the domain of the function? 

21. A $50,000 tractor has a resale value of $10,000 twenty 

years after it was purchased. Assume that the value of the 

tractor depreciates linearly from the time of purchase. 

(a) Find a formula for the value of the tractor as a func¬ 
tion of the time since it was purchased. 

(b) Graph the value of the tractor against time. 

(c) Find the horizontal and vertical intercepts, give 



22. A corporate office provides the demand curve in Fig¬ 
ure 1.55 to its ice cream shop franchises. At a price of 
$1.00 per scoop, 240 scoops per day can be sold. 

(a) Estimate how many scoops could be sold per day at 
a price of 50^ per scoop. Explain. 

(b) Estimate how many scoops per day could be sold at 
a price of $1.50 per scoop. Explain. 


p (price per scoop in dollars) 


Quantity 

0 

10 

20 

30 

40 

50 

60 

70 

80 

Cost ($) 

120 

400 

600 

780 

1000 

1320 

1800 

2500 

3400 

Revenue ($) 

0 

300 

600 

900 

1200 

1500 

1800 

2100 

2400 



(a) What range of production levels appears to be prof¬ 
itable? 

(b) Calculate the profit or loss for each of the quanti¬ 
ties shown. Estimate the most profitable production 
level. 

18. (a) Give an example of a possible company where the 
fixed costs are zero (or very small). 

(b) Give an example of a possible company where the 
marginal cost is zero (or very small). 


23. Figure 1.56 shows supply and demand for a product. 

(a) What is the equilibrium price for this product? At 
this price, what quantity is produced? 

(b) Choose a price above the equilibrium price — for ex¬ 
ample, p = 12. At this price, how many items are 
suppliers willing to produce? How many items do 
consumers want to buy? Use your answers to these 
questions to explain why, if prices are above the 
equilibrium price, the market tends to push prices 
lower (toward the equilibrium). 
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(c) Now choose a price below the equilibrium price — 
for example, p = 8. At this price, how many items 
are suppliers willing to produce? How many items 
do consumers want to buy? Use your answers to 
these questions to explain why, if prices are below 
the equilibrium price, the market tends to push prices 
higher (toward the equilibrium). 



1000 2000 3000 4000 5000 

Figure 1.56 


24. One of Tables 1.26 and 1.27 represents a supply curve; 

the other represents a demand curve. 

(a) Which table represents which curve? Why? 

(b) At a price of $155, approximately how many items 
would consumers purchase? 

(c) At a price of $155, approximately how many items 
would manufacturers supply? 

(d) Will the market push prices higher or lower than 
$155? 

(e) What would the price have to be if you wanted con¬ 
sumers to buy at least 20 items? 

(f) What would the price have to be if you wanted man¬ 
ufacturers to supply at least 20 items? 


Table 1.26 


p ($/unit) 

182 

167 

153 

143 

133 

125 

118 

q (quantity) 

5 

10 

15 

20 

25 

30 

35 


Table 1.27 


p ($/unit) 

6 

35 

66 

110 

166 

235 

316 

q (quantity) 

5 

10 

15 

20 

25 

30 

35 


25. A company produces and sells shirts. The fixed costs are 

$7000 and the variable costs are $5 per shirt. 

(a) Shirts are sold for $12 each. Find cost and revenue 
as functions of the quantity of shirts, q. 

(b) The company is considering changing the selling 
price of the shirts. Demand is q = 2000 — 40p, 
where p is price in dollars and q is the number of 
shirts. What quantity is sold at the current price of 
$12? What profit is realized at this price? 


(c) Use the demand equation to write cost and revenue 
as functions of the price, p. Then write profit as a 
function of price. 

(d) Graph profit against price. Find the price that maxi¬ 
mizes profits. What is this profit? 

26. When the price, p, charged for a boat tour was $25, the 
average number of passengers per week, AT, was 500. 
When the price was reduced to $20, the average number 
of passengers per week increased to 650. Find a formula 
for the demand curve, assuming that it is linear. 

27. Table 1.28 gives data for the linear demand curve for a 
product, where p is the price of the product and q is the 
quantity sold every month at that price. Find formulas for 
the following functions. Interpret their slopes in terms of 
demand. 

(a) g as a function of p. (b) p as a function of q. 


Table 1.28 


p (dollars) 

16 

18 

20 

22 

24 

q (tons) 

500 

460 

420 

380 

340 


28. The demand curve for a product is given by q = 
120,000 — 500p and the supply curve is given by q = 
lOOOp for 0 < ^ < 120,000, where price is in dollars. 

(a) At a price of $100, what quantity are consumers 
willing to buy and what quantity are producers will¬ 
ing to supply? Will the market push prices up or 
down? 

(b) Find the equilibrium price and quantity. Does your 
answer to part (a) support the observation that mar¬ 
ket forces tend to push prices closer to the equilib¬ 
rium price? 

29. World production, Q, of zinc in thousands of metric tons 
and the value, P, in dollars per metric ton are given 48 
in Table 1.29. Plot the value as a function of production. 
Sketch a possible supply curve. 


Table 1.29 World zinc production 


Year 

2003 

2004 

2005 

2006 

2007 

Q 

9520 

9590 

9930 

10,000 

10,900 

P 

896 

1160 

1480 

3500 

3400 


} http : //minerals.usgs.gov/ds/2005/140/, accessed May 24, 2009. 
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30. A taxi company has an annual budget of $720,000 
to spend on drivers and car replacement. Drivers cost 
the company $30,000 each and car replacements cost 
$20,000 each. 

(a) What is the company’s budget constraint equation? 
Let d be the number of drivers paid and c be the 
number of cars replaced. 

(b) Find and interpret both intercepts of the graph of the 
equation. 

31. You have a budget of $1000 for the year to cover your 
books and social outings. Books cost (on average) $40 
each and social outings cost (on average) $10 each. Let 
b denote the number of books purchased per year and s 
denote the number of social outings in a year. 

(a) What is the equation of your budget constraint? 

(b) Graph the budget constraint. (It does not matter 
which variable you put on which axis.) 

(c) Find the vertical and horizontal intercepts, and give 
a financial interpretation for each. 

32. A company has a total budget of $500,000 and spends 
this budget on raw materials and personnel. The com¬ 
pany uses m units of raw materials, at a cost of $100 per 
unit, and hires r employees, at a cost of $25,000 each. 

(a) What is the equation of the company’s budget con¬ 
straint? 

(b) Solve for m as a function of r. 

(c) Solve for r as a function of m. 

33. Linear supply and demand curves are shown in Fig¬ 
ure 1.57, with price on the vertical axis. 

(a) Label the equilibrium price po and the equilibrium 
quantity 如 on the axes. 

(b) Explain the effect on equilibrium price and quantity 
if the slope, Ap/Aq t of the supply curve increases. 
Illustrate your answer graphically. 

(c) Explain the effect on equilibrium price and quantity 
if the slope, Ap/Aq, of the demand curve becomes 
more negative. Illustrate your answer graphically. 



Figure 1.57 
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34. A demand curve has equation q = 100 — 5p, where p 
is price in dollars. A $2 tax is imposed on consumers. 
Find the equation of the new demand curve. Sketch both 
curves. 

35. A supply curve has equation q = 4p — 20, where p 
is price in dollars. A $2 tax is imposed on suppliers. 
Find the equation of the new supply curve. Sketch both 
curves. 

36. A tax of $8 per unit is imposed on the supplier of an item. 
The original supply curve is q = 0.5p — 25 and the de¬ 
mand curve is ^ = 165—0.5p, where p is price in dollars. 
Find the equilibrium price and quantity before and after 
the tax is imposed. 

37. The demand and supply curves for a product are given in 
terms of price, p, by 


q = 2500 — 20p and q = lOp — 500. 


(a) Find the equilibrium price and quantity. Represent 
your answers on a graph. 

(b) A specific tax of $6 per unit is imposed on suppliers. 
Find the new equilibrium price and quantity. Repre¬ 
sent your answers on the graph. 

(c) How much of the $6 tax is paid by consumers and 
how much by producers? 

(d) What is the total tax revenue received by the govern¬ 
ment? 

38. In Example 8, the demand and supply curves are given 
by q = 100 — 2p and q = 3p — 50, respectively; the 
equilibrium price is $30 and the equilibrium quantity is 
40 units. A sales tax of 5% is imposed on the consumer. 

(a) Find the equation of the new demand and supply 
curves. 

(b) Find the new equilibrium price and quantity. 

(c) How much is paid in taxes on each unit? How much 
of this is paid by the consumer and how much by the 
producer? 

(d) How much tax does the government collect? 

39. Answer the questions in Problem 38, assuming that the 
5% sales tax is imposed on the supplier instead of the 
consumer. 


The function f(x) = 2 X , where the power is variable, is an exponential function. The number 2 is 
called the base. Exponential functions of the form f(x) = k • a x , where a is a positive constant, are 
used to represent many phenomena in the natural and social sciences. 
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Population Growth 

The population of Nevada 49 from 2000 to 2006 is given in Table 1.30. To see how the population is 
growing, we look at the increase in population in the third column of Table 1.30. If the population 
had been growing linearly, all the numbers in the third column would be the same. But populations 
usually grow much faster as they get bigger, so it is not surprising that the numbers in the third 
column increase. 


Table 1.30 Population of Nevada (estimated), 
2000-2006 


Year 

Population 

(millions) 

Change in 

population (millions) 

2000 

2.020 

0.073 

2001 

2.093 

0.075 

2002 

2.168 

0.078 

2003 

2.246 

0.081 

2004 

2.327 

0.084 

2005 

2.411 

0.087 

2006 

2.498 



Suppose we divide each year’s population by the previous year’s population. We get, approxi¬ 
mately, 

Population in 2001 2.093 million 


Population in 2000 
Population in 2002 
Population in 2001 
Population in 2003 
Population in 2002 


2.020 million 
2.168 million 
2.093 million : 

2.246 million 
2.168 million 


=1.036. 


The fact that all calculations are near 1.036 shows the population grew by about 3.6% between 
2000 and 2001, between 2001 and 2002, and between 2002 and 2003. Whenever we have a constant 
percent increase (here 3.6%), we have exponential growth. If t is the number of years since 2000 
and population is in millions, 

When t = 0, population = 2.020 = 2.020(1.036)°. 

When t = 1 ， population = 2.093 = 2.020(1.036) 1 . 

When t = 2, population = 2.168 = 2.093(1.036) = 2.020(1.036) 2 . 

When t = 3, population = 2.246 = 2.168(1.036) = 2.020(1.036) 3 . 

So P, the population in millions t years after 2000, is given by 
P = 2.020(1.036/million. 


Since the variable t is in the exponent, this is an exponential function. The base, 1.036, represents 
the factor by which the population grows each year and is called the growth factor. Assuming that 
the formula holds for 50 years, the population graph has the shape in Figure 1.58. The population is 
growing, so the function is increasing. Since the population grows faster as time passes, the graph 
is concave up. This behavior is typical of an exponential function. Even exponential functions that 
climb slowly at first, such as this one, eventually climb extremely quickly. 

49 www.census.gov, accessed May 14, 2007. 
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P (population in millions) 


P = 2.020(1.036)^ 


t (years since 2000) 

-10 10 20 30 40 50 

Figure 1.58: Population of Nevada (estimated): Exponential growth 



Elimination of a Drug from the Body 

Now we look at a quantity that is decreasing instead of increasing. When a patient is given medi¬ 
cation, the drug enters the bloodstream. The rate at which the drug is metabolized and eliminated 
depends on the particular drug. For the antibiotic ampicillin, approximately 40% of the drug is 
eliminated every hour. A typical dose of ampicillin is 250 mg. Suppose Q = f(t), where Q is the 
quantity of ampicillin, in mg, in the bloodstream at time t hours since the drug was given. Att = 0, 
we have Q = 250. Since the quantity remaining at the end of each hour is 60% of the quantity 
remaining the hour before, we have 

/ ⑼ = 250 
/(l) = 250(0.6) 

/(2) = 250(0.6)(0.6) = 250(0.6) 2 
/(3) = 250(0.6) 2 (0.6) = 250(0.6) 3 . 

So, after t hours, 

Q = f(t) = 250(0.6)*. 

This function is called an exponential decay function. As t increases, the function values get arbi¬ 
trarily close to zero. The t-axis is a horizontal asymptote for this function. 

Notice the way the values in Table 1.31 are decreasing. Each additional hour a smaller quantity 
of drug is removed than the previous hour (100 mg the first hour, 60 mg the second, and so on). This 
is because as time passes, there is less of the drug in the body to be removed. Thus, the graph in 
Figure 1.59 bends upward. Compare this to the exponential growth in Figure 1.58, where each step 
upward is larger than the previous one. Notice that both graphs are concave up. 


Table 1.31 Value of 
decay function 


t (hours) 

Q(mg) 

0 

250 

1 

150 

2 

90 

3 

54 

4 

32.4 

5 

19.4 
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The General Exponential Function 

Exponential growth is often described in terms of percent growth rates. The population of Nevada 
is growing at 3.6% per year, so it increases by a factor of a = 1 + 0.036 = 1.036 every year. 
Similarly, 40% of the ampicillin is removed every hour, so the quantity remaining decays by a 
factor of a = 1 — 0.40 = 0.6 each hour. We have the following general formulas. 

We say that P is an exponential function of t with base a if 

P = Poa\ 

where Pq is the initial quantity (when t = 0) and a is the factor by which P changes when t 
increases by 1. If a > 1, we have exponential growth; if 0 < a < 1, we have exponential 
decay. The factor a is given by 

a = 1 + r 

where r is the decimal representation of the percent rate of change; r may be positive (for 
growth) or negative (for decay). 


The largest possible domain for the exponential function is all real numbers, 50 provided a > 0. 

Comparison Between Linear and Exponential Functions 

Every exponential function changes at a constant percent, or relative, rate. For example, the popula¬ 
tion of Nevada increased approximately 3.6% per year. Every linear function changes at a constant 
absolute rate. For example, the Olympic pole vault record increased by 2 inches per year. 


A linear function has a constant rate of change. 

An exponential function has a constant percent, or relative, rate of change. 


Example 1 The amount of adrenaline in the body can change rapidly. Suppose the initial amount is 15 mg. Find 

a formula for A, the amount in mg, at a time t minutes later if A is: 

(a) Increasing by 0.4 mg per minute. (b) Decreasing by 0.4 mg per minute. 

(c) Increasing by 3% per minute. (d) Decreasing by 3% per minute. 


Solution 


(a) This is a linear function with initial quantity 15 and slope 0.4, so 

A = 15 + OAt. 

(b) This is a linear function with initial quantity 15 and slope —0.4, so 

A =15 - OAt 

(c) This is an exponential function with initial quantity 15 and base 1 + 0.03 = 1.03, so 

A = 15(1.03)*. 

(d) This is an exponential function with initial quantity 15 and base 1 — 0.03 = 0.97, so 

A = 15(0.97 )、 


50 The reason we do not want a < 0 is that, for example, we cannot define a 1 / 2 if a < 0. Also, we do not usually have 
a = 1, since P = Pqo 1 = PqI* = Pq is then a constant function. 
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Example 2 


Solution 


Example 3 


Solution 


Sales 51 at Borders Books and Music stores increased from $2503 million in 1997 to $3699 million 
in 2003. Assuming that sales have been increasing exponentially, find an equation of the form P = 
Pod*, where P is Borders sales in millions of dollars and t is the number of years since 1997. What 
is the percent growth rate? 


We know thatP = 2503 when t = 0, so Pq = 2503. To find a, we use the fact that P = 3699 when 
t = 6. Substituting gives 

P = iW 
3699 = 2503a 6 . 

Dividing both sides by 2503, we get 

3699 6 

2503 _ 

1.478 = a 6 . 

Taking the sixth root of both sides gives 

a= (1.478) 1/6 = 1.07. 

Since a = 1.07, the equation for Borders sales as a function of the number of years since 1997 is 
P = 2503(1.07)^ 

During this period, sales increased by 7% per year. 


Recognizing Data from an Exponential Function: Values of t and Pina table could come 
from an exponential function P = if ratios of P values are constant for equally spaced 
t values. 


Which of the following tables of values could correspond to an exponential function, a linear func¬ 
tion, or neither? For those which could correspond to an exponential or linear function, find a for¬ 
mula for the function. 

⑻ _ — ~ ⑼ _ 个 I n(^\ _ ⑹ 


X 

f(x) ⑼ x 

s(*) 

0 

16 0 

14 

1 

24 1 

20 

2 

36 2 

24 

3 

54 3 

29 

4 

81 4 

35 


X 

h(x) 

0 

5.3 

1 

6.5 

2 

7.7 

3 

8.9 

4 

10.1 


(a) We see that / cannot be a linear function, since f(pc) increases by different amounts (24 — 16 = 8 
and 36 — 24 = 12) as x increases by one. Could / be an exponential function? We look at the 
ratios of successive f{pc) values: 


1.5 


1.5 


Since the ratios are all equal to 1.5, this table of values could correspond to an exponential 
function with a base of 1.5. Since /(0) = 16, a formula for f{x) is 

f(x) = 16(1.5)". 

Check by substituting x = 0, 1, 2, 3, 4 into this formula; you get the values given for f(x). 

(b) As x increases by one, g(x) increases by 6 (from 14 to 20), then 4 (from 20 to 24), so g is not 
linear. We check to see if g could be exponential: 


1 http://phx.corporate-ir.net/phoenix.zhtml?c=65380&p=irol-annualreports, accessed April 14, 2005. 




















1.5 EXPONENTIAL FUNCTIONS 43 


, 24 

^ 20 


Since these ratios (1.43 and 1.2) are different, g is not exponential. 

(c) For h, notice that as x increases by one, the value of h(x) increases by 1.2 each time. So h 
could be a linear function with a slope of 1.2. Since h(0) = 5.3, a formula for h{x) is 

h(x) = 5.3 + 1.2x. 


The Family of Exponential Functions and the Number e 

The formula P = P^a 1 gives a family of exponential functions with parameters Po (the initial 
quantity) and a (the base). The base tells us whether the function is increasing (a > 1) or decreasing 
(0 < a < 1). Since a is the factor by which P changes when t is increased by 1, large values of a 
mean fast growth; values of a near 0 mean fast decay. (See Figures 1.60 and 1.61.) All members of 
the family P = are concave up if Pq > 0. 




Figure 1.60: Exponential growth: P = a*, for a > 

In practice the most commonly used base is the number e = 2.71828 — The fact that most 
calculators have an e x button is an indication of how important e is. Since e is between 2 and 3, the 
graph ofy = e t in Figure 1.60 is between the graphs ofy = 2 t and y = 3*. 

The base e is used so often that it is called the natural base. At first glance, this is somewhat 
mysterious: What could be natural about using 2.71828... as a base? The fall answer to this question 
must wait until Chapter 3, where you will see that many calculus formulas come out more neatly 
when e is used as the base. (See Appendix B for the relation to compound interest.) 

Problems for Section 1.5 


1. The following functions give the populations of four 
towns with time t in years. 

(i) F » 600(1.12)* (ii) 1,000(1.03)* 

(iii) F= 200(1.08)* (iv) P = 900(0.90)* 

(a) Which town has the largest percent growth rate? 
What is the percent growth rate? 

(b) Which town has the largest initial population? What 
is that initial population? 

(c) Are any of the towns decreasing in size? If so, which 
one ⑻？ 


2. Each of the following functions gives the amount of a 
substance present at time t. In each case, give the amount 
present initially (at t = 0), state whether the function rep¬ 
resents exponential growth or decay, and give the percent 
growth or decay rate. 

(a) A = 100(1.07)* (b) A = 5.3(1.054)* 

(c) A = 3500(0.93)* (d) A = 12(0.88)* 
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3. Figure 1.62 shows graphs of several cities’ populations 
against time. Match each of the following descriptions 
to a graph and write a description to match each of the 
remaining graphs. 

(a) The population increased at 5% per year. 

(b) The population increased at 8% per year. 

(c) The population increased by 5000 people per year. 

(d) The population was stable. 



Figure 1.62 


4. A town has a population of 1000 people at time t = 0. 
In each of the following cases, write a formula for the 
population, P, of the town as a function of year t. 

(a) The population increases by 50 people a year. 

(b) The population increases by 5% a year. 

5. The gross domestic product, G, of Switzerland was 310 
billion dollars in 2007. Give a formula for G (in billions 
of dollars) t years after 2007 if G increases by 

(a) 3% per year (b) 8 billion dollars per year 

6. A product costs $80 today. How much will the product 
cost in t days if the price is reduced by 

(a) $4 a day (b) 5% a day 

7. An air-freshener starts with 30 grams and evaporates. In 
each of the following cases, write a formula for the quan¬ 
tity, Q grams, of air-freshener remaining t days after the 
start and sketch a graph of the function. The decrease is: 

(a) 2 grams a day (b) 12% a day 

8. World population is approximately P = 6.4(1.0126)*, 
with P in billions and t in years since 2004. 

(a) What is the yearly percent rate of growth of the 
world population? 

(b) What was the world population in 2004? What does 
this model predict for the world population in 2010? 

(c) Use part (b) to find the average rate of change of the 
world population between 2004 and 2010. 


9. A 50 mg dose of quinine is given to a patient to prevent 
malaria. Quinine leaves the body at a rate of 6% per hour. 

(a) Find a formula for the amount, A (in mg), of quinine 
in the body t hours after the dose is given. 

(b) How much quinine is in the body after 24 hours? 

(c) Graph A as a function of t. 

(d) Use the graph to estimate when 5 mg of quinine re¬ 
mains. 

10. The Hershey Company is the largest US producer of 
chocolate. In 2008, annual net sales were 5.1 billion dol¬ 
lars and were increasing at a continuous rate of 4.3% per 



(a) Write a formula for annual net sales, S, as a function 
of time, t, in years since 2008. 

(b) Estimate annual net sales in 2015. 

(c) Use a graph or trial and error to estimate the year in 
which annual net sales are expected to pass 8 billion 
dollars. 

11. The consumer price index (CPI) for a given year is the 
amount of money in that year that has the same purchas¬ 
ing power as $100 in 1983. At the start of 2009, the CPI 
was 211. Write a formula for the CPI as a function of 
t, years after 2009, assuming that the CPI increases by 
2.8% every year. 

12. During the 1980s, Costa Rica had the highest deforesta¬ 
tion rate in the world, at 2.9% per year. (This is the rate 
at which land covered by forests is shrinking.) Assuming 
the rate continues, what percent of the land in Costa Rica 
covered by forests in 1980 will be forested in 2015? 

13. (a) Make a table of values for y = e x using x = 

0,1,2,3. 

(b) Plot the points found in part (a). Does the graph look 
like an exponential growth or decay function? 

(c) Make a table of values for y = e~ x using x = 

0 , 1 , 2 , 3 . 

(d) Plot the points found in part (c). Does the graph look 
like an exponential growth or decay function? 

14. Graph y = lOOe— 0 4x . Describe what you see. 

For Problems 15-16, find a possible formula for the function 
represented by the data. 


15. 


X 

0 

1 

2 

3 

/ ⑻ 

4.30 

6.02 

8.43 

11.80 


16. 


t 

0 

1 

2 

3 

g(t) 

5.50 

4.40 

3.52 

2.82 


52 2008 Annual Report to Stockholders, accessed at www.thehersheycompany.com. 
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Give a possible formula for the functions in Problems 17-18. 

17. y 18. y 



1 2 3 4 10 20 30 


X 

/ ㈤ 

9(x) 

h (x) 

-2 

12 

16 

37 

—1 

17 

24 

34 

0 

20 

36 

31 

1 

21 

54 

28 

2 

18 

81 

25 


19. If the world’s population increased exponentially from 
4.453 billion in 1980 to 5.937 billion in 1998 and contin¬ 
ued to increase at the same percentage rate between 1998 
and 2008, calculate what the world’s population would 
have been in 2008. How does this compare to the actual 
population of 6.771 billion? 

20. The number of passengers using a railway fell from 
190,205 to 174,989 during a 5-year period. Find the an¬ 
nual percentage decrease over this period. 

21. The company that produces Cliffs Notes (abridged ver¬ 
sions of classic literature) was started in 1958 with $4000 
and sold in 1998 for $14,000,000. Find the annual per¬ 
cent increase in the value of this company over the 40 
years. 

22. Find a formula for the number of zebra mussels in a bay 
as a function of the number of years since 2003, given 
that there were 2700 at the start of 2003 and 3186 at the 
start of 2004. 


25. Determine whether each of the following tables of val¬ 
ues could correspond to a linear function, an exponential 
function, or neither. For each table of values that could 
correspond to a linear or an exponential function, find a 
formula for the function. 


X 

/㈤ W t 

s(t) 

(c) 

w u 

咖） 

0 

10.5 

—1 

50.2 

0 

27 

1 

12.7 

0 

30.12 

2 

24 

2 

18.9 

1 

18.072 

4 

21 

3 

36.7 

2 

10.8432 

6 

18 


26. (a) Could the data on annual world soybean produc¬ 
tion 54 in Table 1.32 correspond to a linear function 
or an exponential function? If so, which? 

(b) Find a formula for P，world soybean production in 
millions of tons, as a function of time, t, in years 
since 2000. 

(c) What is the annual percent increase in soybean pro¬ 
duction? 


(a) Assume that the number of zebra mussels is grow¬ 
ing linearly. Give units for the slope of the line and 
interpret it in terms of zebra mussels. 

(b) Assume that the number of zebra mussels is growing 
exponentially. What is the percent rate of growth of 
the zebra mussel population? 


Table 1.32 Soybean production，in millions of tons 


Year 2000 2001 2002 2003 2004 2005 


Production 161.0 170.3 180.2 190.7 201.8 213.5 


23. Worldwide, wind energy 53 generating capacity, W, was 
40,300 megawatts in 2003 and 121,188 megawatts in 
2008. 

(a) Use the values given to write W, in megawatts, as a 
linear function of t, the number of years since 2003. 

(b) Use the values given to write W as an exponential 
function of t. 

(c) Graph the functions found in parts (a) and (b) on the 
same axes. Label the given values. 

24. (a) Which (if any) of the functions in the following table 

could be linear? Find formulas for those functions, 
(b) Which (if any) of these functions could be exponen¬ 
tial? Find formulas for those functions. 


27. The 2004 US presidential debates questioned whether the 
minimum wage has kept pace with inflation. Decide the 
question using the following information: 55 In 1938, the 
minimum wage was 25 亡 in 2004, it was $5.15. During 
the same period, inflation averaged 4.3%. 

28. (a) Niki invested $10,000 in the stock market. The in¬ 

vestment was a loser, declining in value 10% per 
year each year for 10 years. How much was the in¬ 
vestment worth after 10 years? 

(b) After 10 years, the stock began to gain value at 10% 
per year. After how long will the investment regain 
its initial value ($10,000)? 


53 World Wind Energy Report 2008, WWEA. 

^Vital Signs 2007-2008, The Worldwatch Institute, W.W. Norton & Company, 2007, p. 23. 
55 http : //www.dol.gov/esa/minwage/chart.htm#5. 
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29. A photocopy machine can reduce copies to 80% of their 
original size. By copying an already reduced copy, fur¬ 
ther reductions can be made. 

(a) If a page is reduced to 80%, what percent enlarge¬ 
ment is needed to return it to its original size? 

(b) Estimate the number of times in succession that a 
page must be copied to make the final copy less than 
15% of the size of the original. 

30. Whooping cough was thought to have been almost wiped 
out by vaccinations. It is now known that the vaccination 
wears off, leading to an increase in the number of cases, 
w, from 1248 in 1981 to 18,957 in 2004. 

(a) With t in years since 1980, find an exponential func¬ 
tion that fits this data. 

(b) What does your answer to part (a) give as the av¬ 
erage annual percent growth rate of the number of 
cases? 


(c) On May 4, 2005, the Arizona Daily Star reported 
(correctly) that the number of cases had more than 
doubled between 2000 and 2004. Does your model 
confirm this report? Explain. 

31. Aircraft require longer takeoff distances, called takeoff 
rolls, at high altitude airports because of diminished air 
density. The table shows how the takeoff roll for a certain 
light airplane depends on the airport elevation. (Takeoff 
rolls are also strongly influenced by air temperature; the 
data shown assume a temperature of 0° C.) Determine a 
formula for this particular aircraft that gives the takeoff 
roll as an exponential function of airport elevation. 


Elevation (ft) 

Sea level 

1000 

2000 

3000 

4000 

Takeoff roll (ft) 

670 

734 

805 

882 

967 


1.6 THE NATURAL LOGARITHM 

In Section 1.5, we projected the population of Nevada (in millions) by the function 
P = f{t) = 2.020(1.036)*, 

where t is the number of years since 2000. Now suppose that instead of calculating the population 
at time t, we ask when the population will reach 4 million. We want to find the value of t for which 

4 = f(t) = 2.020(1.036)*. 

We use logarithms to solve for a variable in an exponent. 

Definition and Properties of the Natural Logarithm 

We define the natural logarithm of x, written In a;，as follows: 


The natural logarithm of x, written In x, is the power of e needed to get x. In other words, 
\nx = c means e c = x. 

The natural logarithm is sometimes written log e x. 


For example, lne 3 = 3 since 3 is the power of e needed to give e 3 . Similarly, ln(l/e) = In e— 1 = 
—1. A calculator gives In 5 = 1.6094, because e 1 . 6094 = 5. However if we try to find ln(—7) on a 
calculator, we get an error message because e to any power is never negative or 0. In general 


In a; is not defined if x is negative or 0. 


To work with logarithms, we use the following properties: 
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Properties of the Natural Logarithm 

1. ln(AB) =lnA + lnB 

2. ln (旬 = lnA-lnB 

3. In (A p ) = pin A 

4. lne x = x 

5. e lnx = x 

In addition, In 1 = 0 because e° = 1, and In e = 1 because e 1 = e. 


Using the |LN| button on a calculator, we get the graph of f(x) = In x in Figure 1.63. Observe 
that, for large x, the graph of y = In x climbs very slowly as x increases. The x-intercept is x = 1, 
since In 1 = 0. For x > 1, the value of In x is positive; for 0 < x < 1, the value of In x is negative. 



Figure 1.63: The natural logarithm function climbs very slowly 


Solving Equations Using Logarithms 

Natural logs can be used to solve for unknown exponents. 


Example 1 Find t such that 3* = 10. 

Solution First, notice that we expect t to be between 2 and 3, because 3 2 = 9 and 3 3 = 27. To find t exactly, 
we take the natural logarithm of both sides and solve for t: 

111(3*) = In 10. 


The third property of logarithms tells us that ln(3” = i In 3, so we have 


tin 3 = In 10 
In 10 
t= h[3' 


Using a calculator to find the natural logs gives 


t = 2.096. 






48 Chapter One FUNCTIONS AND CHANGE 


Example 2 We return to the question of when the population of Nevada reaches 4 million. To get an answer, we 
solve 4 = 2.020(1.036)* fort, using logs. 

Solution Dividing both sides of the equation by 2.020, we get 

4 


2.020 


=(1.036)' 


Now take natural logs of both sides: 


ln (5^) =ln(L036<) - 

Using the fact that ^(1.036*) = tin 1.036, we get 

： tln(1.036). 


ln (丄) =i 


Solving this equation using a calculator to find the logs, we get 

ln(4/2.020) …… 
t = . / a 一 = 19.317 years. 
ln(1.036) 】 

Since t = 0in 2000, this value of t corresponds to the year 2019. 


Example 3 Find t such that 12 = 5e 3t . 

Solution It is easiest to begin by isolating the exponential, so we divide both sides of the equation by 5: 

2.4 = e 3t . 

Now take the natural logarithm of both sides: 

Since ln(e x ) = x, we have 
so, using a calculator, we get 


Exponential Functions with Base e 

An exponential function with base a has formula 

P = PoaK 

For any positive number a, we can write a = e k where k = In a. Thus, the exponential function can 
be rewritten as 

P = Poa* = Po(e k Y = P 0 e kt . 

If a > 1, then k is positive, and if 0 < a < 1, then k is negative. We conclude: 


ln2.4 = ln(e 3t ). 


In2.4 = St, 
In 2.4 … 
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Writing a = e k ,so k = In a, any exponential function can be written in two forms 
P = P 0 a* or P = P 0 e kt . 

• If a > 1, we have exponential growth; if 0 < a < 1, we have exponential decay. 

• If fc > 0, we have exponential growth; if fc < 0, we have exponential decay. 

• A; is called the continuous growth or decay rate. 


The word continuous in continuous growth rate is used in the same way to describe continuous 
compounding of interest earned on money. (See Appendix A.) 

Example 4 (a) Convert the function P = 1000e O O5t to the form P = P^a 1 . 

(b) Convert the function P = 500(1.06)* to the form P = Poe kt . 

Solution (a) Since P = 1000e O O5t , we have Pq = 1000. We want to find a so that 
lOOOa* = lOOOe 005 * = 1000(e 0 . 05 )*. 

We take a = e 0,05 = 1.05 13, so the following two functions give the same values: 

P = lOOOe 0 05 * and P = 1000(1.0513)*. 

So a continuous growth rate of 5% is equivalent to a growth rate of 5.13% per unit time. 

(b) We have Po = 500 and we want to find k with 

500(1.06)* = 500(6 ”*， 

so we take 

1.06 = e k 

k = ln(1.06) = 0.0583. 

The following two functions give the same values: 

P = 500(1.06)* and P = 500e 0 . 0583 *. 

So a growth rate of 6% per unit time is equivalent to a continuous growth rate of 5.83%. 


Example 5 Sketch graphs of P = e 0-5t , a continuous growth rate of 50%, and Q = 5e _0-2t , a continuous decay 
rate of 20%. 


Solution 


The graph of P = e 0-5t is in Figure 1.64. Notice that the graph is the same shape as the previous 
exponential growth curves: increasing and concave up. The graph of Q = 5e 一 0 _ 2t is in Figure 1.65; 
it has the same shape as other exponential decay functions. 


P Q 



Figure 1.64: Continuous exponential growth 
function 


Figure 1.65: Continuous exponential decay 
function 
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Problems for Section 1.6 


For Problems 1-16, solve for t using natural logarithms. 


5* = 7 

2. 

10 = 2* 

(i.02)* 

4. 

130 = 10* 

50 ^ 10 • 3* 

6. 

100 = 25(1.5) 

10 = e* 

8. 

5 = 2e* 

e 3t = 100 

10. 

10 = 6e 0 - 54 

■4#fc 100e_ 0 . 03 * 

12. 

® = 

豫妄 Pe rt 

14. 

2P « Pe o m 

5e 3t = 8e 2t 

16. 

7 • 3 4 = 5 • 2* 


The functions in Problems 17-20 represent exponential 
growth or decay. What is the initial quantity? What is the 
growth rate? State if the growth rate is continuous. 

17. P = 5(1.07)* 18. P = 7.7(0.92)* 

19. P= 15e— 0 ' 06t 20. P = 3.2e 0 03i 

21. The following formulas give the populations of four dif¬ 
ferent towns, A, B, C, and D, with t in years from now. 

Pa = 600e°° 8t P B = lOOOe -0 02 * 

Pc = 1200e°° 3t P D = 900e° 12t 

(a) Which town is growing fastest (that is, has the 
largest percentage growth rate)? 

(b) Which town is the largest now? 

(c) Are any of the towns decreasing in size? If so, which 
one(s)? 

22. A city’s population is 1000 and growing at 5% a year. 

(a) Find a formula for the population at time t years 
from now assuming that the 5% per year is an: 

(i) Annual rate (ii) Continuous annual rate 

(b) In each case in part (a), estimate the population of 
the city in 10 years. 

Write the functions in Problems 23-26 in the form P = Poa*. 
Which represent exponential growth and which represent ex¬ 
ponential decay? 

23. P = 15e 0 25t 24. P^ 2e~ o m 

25. P = Poe 0 24 26. P = 7e~ vt 

In Problems 27-30, put the functions in the form P = Poe kt . 
27. P= 15(1.5)* 28. P= 10(1.7)* 

29. P = 174(0.9)* 30. F—4(0.55)* 

31. The population of the world can be represented by P = 
6.4(1.0126”，where P is in billions of people and t is 
years since 2004. Find a formula for the population of 
the world using a continuous growth rate. 


32. A fishery stocks a pond with 1000 young trout. The num¬ 
ber of trout t years later is given by P(t) = 1000e _0-5t . 

(a) How many trout are left after six months? After 1 
year? 

(b) Find P(3) and interpret it in terms of trout. 

(c) At what time are there 100 trout left? 

(d) Graph the number of trout against time, and de¬ 
scribe how the population is changing. What might 
be causing this? 

33. During a recession a firm’s revenue declines continu¬ 
ously so that the revenue, R (measured in millions of 
dollars), in t years 5 time is given by = 5e _015t . 

(a) Calculate the current revenue and the revenue in two 
years ， time. 

(b) After how many years will the revenue decline to 
$2.7 million? 

34. (a) What is the continuous percent growth rate for P = 

100e O O6t , with time, t, in years? 

(b) Write this function in the form P = Poa 1 . What is 
the annual percent growth rate? 

35. (a) What is the annual percent decay rate for P = 

25(0.88)*, with time, t, in years? 

(b) Write this function in the form P = Poe kt . What is 
the continuous percent decay rate? 

36. The gross world product is = 32.4(1.036)、where 
W is in trillions of dollars and t is years since 2001. 
Find a formula for gross world product using a contin¬ 
uous growth rate. 

37. The population, P, in millions, of Nicaragua was 5.4 mil¬ 
lion in 2004 and growing at an annual rate of 3.4%. Lett 
be time in years since 2004. 

(a) Express _P as a function in the form P = Poa^. 

(b) Express P as an exponential function using base e. 

(c) Compare the annual and continuous growth rates. 

38. What annual percent growth rate is equivalent to a con¬ 
tinuous percent growth rate of 8%? 

39. What continuous percent growth rate is equivalent to an 
annual percent growth rate of 10%? 

40. The population of a city is 50,000 in 2008 and is growing 
at a continuous yearly rate of 4.5%. 

(a) Give the population of the city as a function of the 
number of years since 2008. Sketch a graph of the 
population against time. 

(b) What will be the city’s population in the year 2018? 

(c) Calculate the time for the population of the city to 
reach 100,000. This is called the doubling time of 
the population. 

41. In 2000, there were about 213 million vehicles (cars and 
trucks) and about 281 million people in the US. The num¬ 
ber of vehicles has been growing at 4% a year, while the 
population has been growing at 1% a year. If the growth 
rates remain constant, when is there, on average, one ve¬ 
hicle per person? 
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Many quantities in nature change according to an exponential growth or decay function of the form 
P = Poe kt , where Pq is the initial quantity and k is the continuous growth or decay rate. 


Example 1 


Solution 


The Environmental Protection Agency (EPA) recently investigated a spill of radioactive iodine. The 
radiation level at the site was about 2.4 millirems/hour (four times the maximum acceptable limit of 
0.6 millirems/hour), so the EPA ordered an evacuation of the surrounding area. The level of radiation 
from an iodine source decays at a continuous hourly rate of A: = —0.004. 

(a) What was the level of radiation 24 hours later? 

(b) Find the number of hours until the level of radiation reached the maximum acceptable limit, and 
the inhabitants could return. 


(a) The level of radiation, R, in millirems/hour, at time t, in hours since the initial measurement, is 
given by 

R = 2.4e-°- 004t , 

so the level of radiation 24 hours later was 

R = 2.4e(— 0 004 )( 24 ) = 2.18 millirems per hour. 

(b) A graph of R = 2.4e _0 004t is in Figure 1.66. The maximum acceptable value of R is 0.6 
millirems per hour, which occurs at approximately t = 350. Using logarithms, we have 

0.6 = 2.4e - 0 004 * 

0.25 = e-°- 004t 
In 0.25 = -0.004 亡 
In 0.25 

t = — = 346.57. 

-0.004 

The inhabitants will not be able to return for 346.57 hours, or about 15 days, 
millirems/hour 


2 

1 

0.6 



hours 


Figure 1.66: The level of radiation from radioactive iodine 


Example 2 

Solution 


The population of Kenya 56 was 19.5 million in 1984 and 39.0 million in 2009. Assuming the popu¬ 
lation increases exponentially, find a formula for the population of Kenya as a function of time. 

We measure the population, P, in millions and time, t, in years since 1984. We can express P in 
terms of t using the continuous growth rate k by 

P = P 0 e kt = 19.5e k \ 

where Pq = 19.5 is the initial value of P. We find k using the fact that P = 39.0 when t = 25: 
39.0 = 19.5e fc ' 25 . 

Divide both sides by 19.5, giving 

39.0 25k 

19^ = e - 

56 www.cia.gov/library/publications/the-world-factbook. 
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Take natural logs of both sides: 


Since ln(e 25fe ) = 25A:, this becomes 


(S) 


: ln(e 25fe ). 


25fc. 


We get 


and therefore 


醬 ： 

=0 - 028) 


P = 19.5e°- 028t . 

Since k = 0.028 = 2.8%, the population of Kenya was growing at a continuous rate of 2.8% per 
year. 


Doubling Time and Half-Life 

Every exponential growth function has a constant doubling time and every exponential decay func¬ 
tion has a constant half-life. 


The doubling time of an exponentially increasing quantity is the time required for the quan¬ 
tity to double. 

The half-life of an exponentially decaying quantity is the time required for the quantity to be 
reduced by a factor of one half. 


Example 3 Show algebraically that every exponentially growing function has a fixed doubling time. 

Solution Consider the exponential function P = P^a 1 . For any base a with a > 1, there is a positive number 

d such that a d = 2. We show that d is the doubling time. If the population is P at time t, then at 
time t-\- d, the population is 

P 0 a t+d = P 0 a t a d = (P 0 a t )(2) = 2P. 

So, no matter what the initial quantity and no matter what the initial time, the size of the population 
is doubled d time units later. 


Example 4 


Solution 


The release of chlorofluorocarbons used in air conditioners and household sprays (hair spray, shav¬ 
ing cream, etc.) destroys the ozone in the upper atmosphere. The quantity of ozone, Q, is decaying 
exponentially at a continuous rate of 0.25% per year. What is the half-life of ozone? In other words, 
at this rate, how long will it take for half the ozone to disappear? 


If Qo is the initial quantity of ozone and t is in years, then 

Q = Q 0 e- 0 0025t . 

We want to find the value of t making Q = Qq/2, so 

% = Qoe-°' 0025t . 


Dividing both sides by Qq and taking natural logs gives 

$)=- 0.0025t, 


so 


f ln(l/2) 
~ -0.0025 


= 277 years. 


Half the present atmospheric ozone will be gone in 277 years. 
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Financial Applications: Compound Interest 

We deposit $100 in a bank paying interest at a rate of 8% per year. How much is in the account at 
the end of the year? This depends on how often the interest is compounded. If the interest is paid 
into the account annually, that is, only at the end of the year, then the balance in the account after 
one year is $108. However, if the interest is paid twice a year, then 4% is paid at the end of the first 
six months and 4% at the end of the year. Slightly more money is earned this way, since the interest 
paid early in the year will earn interest during the rest of the year. This effect is called compounding. 

In general, the more often interest is compounded, the more money is earned (although the 
increase may not be large). What happens if interest is compounded more frequently, such as every 
minute or every second? The benefit of increasing the frequency of compounding becomes negli¬ 
gible beyond a certain point. When that point is reached, we find the balance using the number e 
and we say that the interest per year is compounded continuously. If we have deposited $100 in 
an account paying 8% interest per year compounded continuously, the balance after one year is 
lOOe 0 08 = $108.33. Compounding is discussed further in Appendix B. In general: 


An amount Pq is deposited in an account paying interest at a rate of r per year. Let P be the 
balance in the account after t years. 

• If interest is compounded annually, then P = Pq{1 r)*. 

• If interest is compounded continuously, then P = Poe rt , where e = 2.71828.... 


We write Pq for the initial deposit because it is the value of P when t = 0. Note that for a 7% 
interest rate, r = 0.07. If a rate is continuous, we will say so explicitly. 


Example 5 A bank advertises an interest rate of 8% per year. If you deposit $5000, how much is in the account 

3 years later if the interest is compounded (a) Annually? (b) Continuously? 

Solution (a) For annual compounding, P = Po(l + r) 1 = 5000(1.08) 3 = $6298.56. 

(b) For continuous compounding, P = Poe rt = 5000e° ° 8 ' 3 = $6356.25. As expected, the amount 
in the account 3 years later is larger if the interest is compounded continuously ($6356.25) than 
if the interest is compounded annually ($6298.56). 


Example 6 If $10,000 is deposited in an account paying interest at a rate of 5% per year, compounded continu¬ 
ously, how long does it take for the balance in the account to reach $15,000? 


Solution 


Since interest is compounded continuously, we use P = Poe rt with r = 0.05 and Pq = 10,000. We 
want to find the value of t for which P = 15,000. The equation is 

15,000 = 10,000e°'° 5t . 


Now divide both sides by 10,000, then take logarithms and solve for t: 

1.5 = e°' 05t 
ln(1.5) = ln(e°- 05t ) 
ln(1.5) = 0.05f 
ln(1.5) 


0.05 


= 8.1093. 


It takes about 8.1 years for the balance in the account to reach $15,000. 
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Example 7 (a) Calculate the doubling time, D, for interest rates of 2%, 3%, 4%, and 5% per year, compounded 

annually. 

(b) Use your answers to part (a) to check that an interest rate of i% gives a doubling time approxi- 
mated for small values of i by 

n 70 
D — years. 

i 

This is the “Rule of 70” used by bankers: To compute the approximate doubling time of an 
investment, divide 70 by the percent annual interest rate. 


Solution (a) We find the doubling time for an interest rate of 2% per year using the formula P 
with t in years. To find the value of t for which P = 2Pq, we solve 

2P 0 = Po(l-02)* 

2 = (1.02) 4 

ln2 = 111 ( 1 . 02 )* 

ln2 = tln(1.02) 

In 2 

t= hTL02 = 


Po(1.02) 4 


(using the third property of logarithms) 
35.003 years. 


With an annual interest rate of 2%, it takes about 35 years for an investment to double in value. 
Similarly, we find the doubling times for 3%, 4%, and 5% in Table 1.33. 

Table 1.33 Doubling time as a function of interest rate 


i (% annual growth rate) 

2 

3 

4 

5 

D (doubling time in years) 

35.003 

23.450 

17.673 

14.207 


(b) We compute (70/z) for i = 2,3,4,5. The results are shown in Table 1.34. 

Table 1.34 Approximate doubling time as a function of interest rate: Rule of 70 


i (% annual growth rate) 

2 

3 

4 

5 

(70/z) (Approximate doubling time in years) 

35.000 

23.333 

17.500 

14.000 


Comparing Tables 1.33 and 1.34, we see that the quantity (70/z) gives a reasonably accu¬ 
rate approximation to the doubling time, D, for the small interest rates we considered. 


Present and Future Value 

Many business deals involve payments in the future. For example, when a car is bought on credit, 
payments are made over a period of time. Being paid $100 in the future is clearly worse than being 
paid $100 today for many reasons. If we are given the money today, we can do something else with 
it — for example, put it in the bank, invest it somewhere, or spend it. Thus, even without considering 
inflation, if we are to accept payment in the future, we would expect to be paid more to compensate 
for this loss of potential earnings. 57 The question we consider now is, how much more? 

To simplify matters, we consider only what we would lose by not earning interest; we do not 
consider the effect of inflation. Let’s look at some specific numbers. Suppose we deposit $100 in 
an account that earns 1% interest per year compounded annually, so that in a year’s time we have 
$107. Thus, $100 today is worth $107 a year from now. We say that the $107 is thQ future value of 
the $100, and that the $100 is the present value of the $107. In general, we say the following: 



















1.7 EXPONENTIAL GROWTH AND DECAY 55 


• The future value, B, of a payment, P, is the amount to which the P would have grown 
if deposited today in an interest-bearing bank account. 

• The present value, P, of a future payment, B, is the amount that would have to be 
deposited in a bank account today to produce exactly B in the account at the relevant 
time in the future. 


Due to the interest earned, the future value is larger than the present value. The relation between 
the present and future values depends on the interest rate, as follows. 


Suppose B is \hc future value of P and P is the present value of B. 
If interest is compounded annually at a rate r fort years, then 


B = P{l^r)\ 


or equivalently, 



(1 +r)*. 


If interest is compounded continuously at a rate r fort years, then 


B = Pe r \ 


or equivalently, 


P = §i^ Be ~ rt - 


The rate, r, is sometimes called the discount rate. The present value is often denoted by PV and 
the future value by FV. 


Example 8 You win the lottery and are offered the choice between $1 million in four yearly installments of 

$250,000 each, starting now, and a lump-sum payment of $920,000 now. Assuming a 6% interest 
rate per year, compounded continuously, and ignoring taxes, which should you choose? 

Solution We assume that you pick the option with the largest present value. The first of the four $250,000 
payments is made now, so 

Present value of first payment = $250,000. 

The second payment is made one year from now and so 

Present value of second payment = SSSC^OOOe—o oW 1 ). 

Calculating the present value of the third and fourth payments similarly, we find: 

Total present value = $250,000 + $250,OOOe _o oe(1) + $250,OOOe _0 06(2) + $250,000e _Q . 06(3) 
=$250,000 + $235,441 + $221,730+ $208,818 
=$915,989. 

Since the present value of the four payments is less than $920,000, you are better off taking the 
$920,000 now. 

Alternatively, we can compare the future values of the two pay schemes. We calculate the future 
value of both schemes three years from now, on the date of the last $250,000 payment. At that time, 

Future value of the lump-sum payment = $920,000e 0 ( ^ 3 ) = $1,101,440. 

The future value of the first $250,000 payment is $250,000e O O6 ( 3 ). Calculating the future value of 
the other payments similarly, we find: 

Total future value = $250,000e Q . Q6 ( 3 ) + $250,000e° ° 6(2) + $250,000e° ° 6(1) + $250,000 
=$299,304 + $281,874 + $265,459 + $250,000 
= $1,096,637. 
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As we expect, the future value of the $920,000 payment is greater, so you are better off taking the 
$920,000 now. 58 


Problems for Section 1.7 


1. World wind energy generating 59 capacity, W, was 
18,000 megawatts in 2000 and has been increasing at a 
continuous rate of approximately 27% per year. Assume 
this rate continues. 

(a) Give a formula for W, in megawatts, as a function 
of time, t, in years since 2000. 

(b) When is wind capacity predicted to pass 250,000 
megawatts? 

2. The half-life of nicotine in the blood is 2 hours. A person 
absorbs 0.4 mg of nicotine by smoking a cigarette. Fill in 
the following table with the amount of nicotine remain¬ 
ing in the blood after t hours. Estimate the length of time 
until the amount of nicotine is reduced to 0.04 mg. 


t (hours) 

0 

2 

4 

6 

8 

10 

Nicotine (mg) 

0.4 







3. If you deposit $10,000 in an account earning interest at 
an 8% annual rate compounded continuously, how much 
money is in the account after five years? 

4. If you need $20,000 in your bank account in 6 years, how 
much must be deposited now? The interest rate is 10%, 
compounded continuously. 

5. If a bank pays 6% per year interest compounded continu¬ 
ously, how long does it take for the balance in an account 
to double? 

6. Suppose $1000 is invested in an account paying interest 
at a rate of 5.5% per year. How much is in the account 
after 8 years if the interest is compounded 

(a) Annually? (b) Continuously? 

7. Find the doubling time of a quantity that is increasing by 
7% per year. 

8. If $12,000 is deposited in an account paying 8% interest 
per year, compounded continuously, how long will it take 
for the balance to reach $20,000? 

9. You want to invest money for your child’s education in 
a certificate of deposit (CD). You want it to be worth 
$12,000 in 10 years. How much should you invest if 
the CD pays interest at a 9% annual rate compounded 
(a) Annually? (b) Continuously? 

10. From October 2002 to October 2006 the number N(t) 
of Wikipedia articles was approximated by N(t)= 


iVoe" 500 , where t is the number of days after Octo¬ 
ber 1, 2002. Find the doubling time for the number of 
Wikipedia articles during this period. 

11. A cup of coffee contains 100 mg of caffeine, which 
leaves the body at a continuous rate of 17% per hour. 

(a) Write a formula for the amount, A mg, of caffeine in 
the body t hours after drinking a cup of coffee. 

(b) Graph the function from part (a). Use the graph to 
estimate the half-life of caffeine. 

(c) Use logarithms to find the half-life of caffeine. 

12. A population, currently 200, is growing at 5% per year. 

(a) Write a formula for the population, P, as a function 
of time, t, years in the future. 

(b) Graph P against t. 

(c) Estimate the population 10 years from now. 

(d) Use the graph to estimate the doubling time of the 
population. 

13. Figure 1.67 shows the balances in two bank accounts. 
Both accounts pay the same interest rate, but one com¬ 
pounds continuously and the other compounds annu¬ 
ally. Which curve corresponds to which compounding 
method? What is the initial deposit in each case? 



14. The exponential function y(x) = Ce ax satisfies the con¬ 
ditions y(0) = 2 and y(l) = 1. Find the constants C and 
a. What is y(2)? 


58 If you read the fine print, you will find that many lotteries do not make their payments right away, but often spread them 
out, sometimes far into the future. This is to reduce the present value of the payments made, so that the value of the prizes is 
less than it might first appear! 

59 World Wind Energy Association, www.wwindea.org, accessed September 6, 2009. 
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15. Air pressure, P, decreases exponentially with the height, 
h, in meters above sea level: 

P = p oe -° 00012h 


where Po is the air pressure at sea level. 

(a) At the top of Mount McKinley, height 6194 meters 
(about 20,320 feet), what is the air pressure, as a per¬ 
cent of the pressure at sea level? 

(b) The maximum cruising altitude of an ordinary com¬ 
mercial jet is around 12,000 meters (about 39,000 
feet). At that height, what is the air pressure, as a 
percent of the sea level value? 

16. The antidepressant fluoxetine (or Prozac) has a half-life 
of about 3 days. What percentage of a dose remains in 
the body after one day? After one week? 

17. A firm decides to increase output at a constant relative 
rate from its current level of 20,000 to 30,000 units dur¬ 
ing the next five years. Calculate the annual percent rate 
of increase required to achieve this growth. 

18. The half-life of a radioactive substance is 12 days. There 
are 10.32 grams initially. 

(a) Write an equation for the amount. A, of the sub¬ 
stance as a function of time. 

(b) When is the substance reduced to 1 gram? 

19. One of the main contaminants of a nuclear accident, such 
as that at Chernobyl, is strontium-90, which decays expo¬ 
nentially at a rate of approximately 2.5% per year. 

(a) Write the percent of strontium-90 remaining, P, as 
a function of years, t, since the nuclear accident. 
[Hint: 100% of the contaminant remains att = 0.] 

(b) Graph P against t. 

(c) Estimate the half-life of strontium-90. 

(d) After the Chernobyl disaster, it was predicted that 
the region would not be safe for human habita¬ 
tion for 100 years. Estimate the percent of original 
strontium-90 remaining at this time. 

20. The number of people living with HTV infections in¬ 
creased worldwide approximately exponentially from 
2.5 million in 1985 to 37.8 million in 2003’ (fflV is 
the vims that causes AIDS.) 

(a) Give a formula for the number of HIV infections, H, 
(in millions) as a function of years, t, since 1985. 
Use the form H = Hoe kt . Graph this function. 


21. (a) Figure 1.68 shows exponential growth. Starting at 
t = 0, estimate the time for the population to dou¬ 
ble. 

(b) Repeat part (a), but this time start at t = 3. 

(c) Pick any other value of t for the starting point, and 
notice that the doubling time is the same no matter 
where you start. 

population 



22. An exponentially growing animal population numbers 
500 at time t = 0\ two years later, it is 1500. Find a 
formula for the size of the population in t years and find 
the size of the population at t = 5. 

23. If the quantity of a substance decreases by 4% in 10 
hours, find its half-life. 

24. Pregnant women metabolize some drugs at a slower rate 
than the rest of the population. The half-life of caffeine 
is about 4 hours for most people. In pregnant women, it 
is 10 hours. 61 (This is important because caffeine, like all 
psychoactive drugs, crosses the placenta to the fetus.) If 
a pregnant woman and her husband each have a cup of 
coffee containing 100 mg of caffeine at 8 am, how much 
caffeine does each have left in the body at 10 pm? 

25. The half-life of radioactive strontium-90 is 29 years. In 
1960, radioactive strontium-90 was released into the at¬ 
mosphere during testing of nuclear weapons, and was ab¬ 
sorbed into people’s bones. How many years does it take 
until only 10% of the original amount absorbed remains? 

26. In 1923, koalas were introduced on Kangaroo Island off 
the coast of Australia. In 1996, the population was 5000. 
By 2005, the population had grown to 27,000, prompting 
a debate on how to control their growth and avoid koalas 
dying of starvation. 62 Assuming exponential growth, find 
the (continuous) rate of growth of the koala population 
between 1996 and 2005. Find a formula for the popula¬ 
tion as a function of the number of years since 1996, and 
estimate the population in the year 2020. 

27. The total world marine catch in 1950 was 17 million tons 
and in 2001 was 99 million tons. 63 If the marine catch 
is increasing exponentially, find the (continuous) rate of 
increase. Use it to predict the total world marine catch in 
the year 2020. 


(b) What was the yearly continuous percent change in 
the number of HIV infections between 1985 and 
2003? 


60 The World Almanac and Book of Facts 2005, p. 89 (New York). 

61 From Robert M. Julien, A Primer of Drug Action, 7th ed., p. 159 (New York: W. H. Freeman, 1995). 
62 news.yahoo.com/s/afp/australiaanimalskoalas, accessed June 1, 2005. 

63 The World Almanac and Book of Facts 2005, p. 143 (New York). 
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28. (a) Use the Rule of 70 to predict the doubling time of an 

investment which is earning 8% interest per year. 

(b) Find the doubling time exactly, and compare your 
answer to part (a). 

29. The island of Manhattan was sold for $24 in 1626. Sup¬ 
pose the money had been invested in an account which 
compounded interest continuously. 

(a) How much money would be in the account in the 
year 2005 if the yearly interest rate was 

(i) 5%? (ii) 7%? 

(b) If the yearly interest rate was 6%, in what year would 
the account be worth one million dollars? 

30. In 2004, the world’s population was 6.4 billion, and the 
population was projected to reach 8.5 billion by the year 
2030. What annual growth rate is projected? 

31. A picture supposedly painted by Vermeer (1632-1675) 
contains 99.5% of its carbon-14 (half-life 5730 years). 
From this information decide whether the picture is a 
fake. Explain your reasoning. 

32. Find the future value in 8 years of a $10,000 payment to¬ 
day, if the interest rate is 3% per year compounded con¬ 
tinuously. 

33. Find the future value in 15 years of a $20,000 payment 
today, if the interest rate is 3.8% per year compounded 
continuously. 

34. Find the present value of an $8000 payment to be made 
in 5 years. The interest rate is 4% per year compounded 
continuously. 

35. Find the present value of a $20,000 payment to be made 
in 10 years. Assume an interest rate of 3.2% per year 
compounded continuously. 

36. Interest is compounded annually. Consider the following 
choices of payments to you: 

Choice 1: $1500 now and $3000 one year from now 
Choice 2: $1900 now and $2500 one year from now 

(a) If the interest rate on savings were 5% per year, 
which would you prefer? 

(b) Is there an interest rate that would lead you to make 
a different choice? Explain. 

37. A person is to be paid $2000 for work done over a year. 
Three payment options are being considered. Option 1 is 
to pay the $2000 in full now. Option 2 is to pay $1000 
now and $1000 in a year. Option 3 is to pay the full $2000 
in a year. Assume an annual interest rate of 5% a year, 
compounded continuously. 

(a) Without doing any calculations, which option is the 
best option financially for the worker? Explain. 

(b) Find the future value, in one year’s time, of all three 
options. 

(c) Find the present value of all three options. 


38. A business associate who owes you $3000 offers to pay 
you $2800 now, or else pay you three yearly installments 
of $1000 each, with the first installment paid now. If you 
use only financial reasons to make your decision, which 
option should you choose? Justify your answer, assuming 
a 6% interest rate per year, compounded continuously. 

39. Big Tree McGee is negotiating his rookie contract with 
a professional basketball team. They have agreed to a 
three-year deal which will pay Big Tree a fixed amount 
at the end of each of the three years, plus a signing bonus 
at the beginning of his first year. They are still haggling 
about the amounts and Big Tree must decide between 
a big signing bonus and fixed payments per year, or a 
smaller bonus with payments increasing each year. The 
two options are summarized in the table. All values are 
payments in millions of dollars. 



Signing bonus 

Year 1 

Year 2 

Year 3 

Option #1 

6.0 

2.0 

2.0 

2.0 

Option #2 

1.0 

2.0 

4.0 

6.0 


(a) Big Tree decides to invest all income in stock funds 
which he expects to grow at a rate of 10% per year, 
compounded continuously. He would like to choose 
the contract option which gives him the greater fu¬ 
ture value at the end of the three years when the last 
payment is made. Which option should he choose? 

(b) Calculate the present value of each contract offer. 

40. A company is considering whether to buy a new machine, 
which costs $97,000. The cash flows (adjusted for taxes 
and depreciation) that would be generated by the new 
machine are given in the following table: 


Year 

1 

2 

3 

4 

Cash flow 

$50,000 

$40,000 

$25,000 

$20,000 


(a) Find the total present value of the cash flows. Treat 
each year’s cash flow as a lump sum at the end of 
the year and use an interest rate of 7.5% per year, 
compounded annually. 

(b) Based on a comparison of the cost of the machine 
and the present value of the cash flows, would you 
recommend purchasing the machine? 

41. You win $38,000 in the state lottery to be paid in two 
installments 一 $19,000 now and $19,000 one year from 
now. A friend offers you $36,000 in return for your two 
lottery payments. Instead of accepting your friend’s of¬ 
fer, you take out a one-year loan at an interest rate of 
8.25% per year, compounded annually. The loan will be 
paid back by a single payment of $19,000 (your second 
lottery check) at the end of the year. Which is better, your 
friend’s offer or the loan? 
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42. You are considering whether to buy or lease a machine 
whose purchase price is $12,000. Taxes on the machine 
will be $580 due in one year, $464 due in two years, and 
$290 due in three years. If you buy the machine, you ex¬ 
pect to be able to sell it after three years for $5,000. If 
you lease the machine for three years, you make an ini¬ 
tial payment of $2650 and then three payments of $2650 
at the end of each of the next three years. The leasing 
company will pay the taxes. The interest rate is 7.75% 
per year, compounded annually. Should you buy or lease 
the machine? Explain. 

1.8 NEW FUNCTIONS FROM OLD 


43. You are buying a car that comes with a one-year war¬ 
ranty and are considering whether to purchase an ex¬ 
tended warranty for $375. The extended warranty covers 
the two years immediately after the one-year warranty 
expires. You estimate that the yearly expenses that would 
have been covered by the extended warranty are $150 at 
the end of the first year of the extension and $250 at the 
end of the second year of the extension. The interest rate 
is 5% per year, compounded annually. Should you buy 
the extended warranty? Explain. 


We have studied linear and exponential functions, and the logarithm function. In this section, we 
learn howto create new functions by composing, stretching, and shifting functions we already know. 

Composite Functions 

A drop of water falls onto a paper towel. The area, A of the circular damp spot is a function of r, its 
radius, which is a function of time, t. We know A = f(r) = 7rr 2 ; suppose r = g(t) = t + 1. By 
substitution, we express ^4 as a function of t: 

A = =n(t + l) 2 . 

The function f(g(t)) is a “function of a function,” or a composite function, in which there is an 
inside function and an outside function. To find we first add one (^(2) = 2 + 1 = 3) and 

then square and multiply by n. We have 

/( 夕 ( 2 )) = 兀 ( 2 +1) 2 = tt 3 2 = 97r. 

First Second 

calculation calculation 

The inside function is t + 1 and the outside function is squaring and multiplying by 7r. In general, 
the inside function represents the calculation that is done first and the outside function represents 
the calculation done second. 


Example 1 


Solution 


If f{t) = t 2 and g(t) = t + 2, find 

⑻ /(t + 1) (b) / ⑺ + 3 (c) f(t + h) ⑹ (e) g(f(t)) 

(a) Since t + 1 is the inside function, f(t + 1) = (t + l) 2 . 

(b) Here 3 is added to / ⑻， so f(t) + 3 = t 2 + 3. 

(c) Since t + k is the inside function, f(t h) = (t + h) 2 . 

(d) Since g(t) = t + 2, substituting t + 2 into / gives f(g(t))=f[t + 2) = (t + 2) 2 . 

(e) Since f(t)=t 2 , substituting t 2 into g gives = g(t 2 ) = t 2 + 2_ 


Example 2 If f(x) = e x and g{pc) = 5^ + 1, find (a) (b) 

Solution (a) Substituting g(x) =5x-\-l into / gives = f(5x + 1) = e 5x+1 . 

(b) Substituting f(x) = e x into g gives g(f{x)) = g(e x ) = 5e x -f 1. 


Example3 Using the following table, find g(f ⑼ ) ， /( 夕 ⑼)， and ^(/(l)). 


X 

0 1 

2 

3 

/ ⑷ 

3 1 

-1 

-3 


0 2 

4 

6 
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Solution To find we first find /(0) = 3 from the table. Then we have = g(3) = 6. 

For f(g(0)), we must find g(0) first. Since 沒 (0) = 0, we have /( 沒 (0)) = /(0) = 3. 
Similar reasoning leads to f = /(2) = —1 and g(f(l)) = g(l) = 2. 


We can write a composite function using a new variable u to represent the value of the inside 
function. For example 

y = (t-\- 1) 4 is the same as y = u A with u = t + 1. 

Other expressions for w, such asu = (t-\- 1) 2 , with y = u 2 , are also possible. 


Example 4 Use a new variable u for the inside function to express each of the following as a composite function: 

(a) y = \n(3t) (b) w = 5(2r + 3) 2 ⑹ P = e _0 - 03t 

Solution (a) We take the inside function to be 3t, soy = \nu with u = 3t. 

(b) We take the inside function to be 2r + 3, so 忉 = bu 2 with u = 2r 3. 

(c) We take the inside function to be —O.OSt, so P = e u with u = —0.03t. 


Stretches of Graphs 

If the demand function is linear, the graph of a possible revenue function R = f(p) is in Figure 1.69. 
What does the graph of R = Sf(p) look like? The factor 3 in the function R = 3f(p) stretches each 
f(p) revenue value by multiplying it by 3. See Figure 1.70. If c is positive, the graph of R = cf(p) 
is the graph of R = f(p) stretched or shrunk vertically by c units. If c is negative, the function no 
longer makes sense as a revenue function, but we can still draw the graph. What does the graph of 
R = —2f(p) look like? The factor —2 in the function R = —2f(p) stretches f(p) by multiplying 
by 2 and reflecting it about the x-axis. See Figure 1.70. 


Multiplying a function by a constant, c, stretches the graph vertically (if c > 1) or shrinks the 
graph vertically (if 0 < c < 1). A negative sign (if c < 0) reflects the graph about the x-axis, 
in addition to shrinking or stretching. 



Shifted Graphs 

Consider the function y = x 2 A. The "-coordinates for this function are exactly 4 units larger than 
the corresponding ^-coordinates of the function y = x 2 . So the graph of y = + 4 is obtained 

from the graph ofy = x 1 by adding 4 to the y-coordinate of each point; that is, by moving the graph 
of t/ = x 2 up 4 units. (See Figure 1.71.) 












Figure 1.71: Vertical shift: Graphs of 
y = x 2 and y = x 2 A 
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2 

Figure 1.72: Horizontal shift: Graphs of 
y = x 2 and y = (x — 2) 2 


A graph can also be shifted to the left or to the right. In Figure 1.72, we see that the graph of 
y = (x — 2) 2 is the graph ofy = x 2 shifted to the right 2 units. In general, 


• The graph of y = f(x) H- fc is the graph of y = f(x) moved up k units (down if k 
is negative). 

• The graph oiy = f(x — k) is the graph of y = f(x) moved to the right k units (to 
the left if k is negative). 


Example 5 


(a) A cost function, C(q), for a company is shown in Figure 1.73. The fixed cost increases by 
$1000. Sketch a graph of the new cost function. 

(b) A supply curve, S, for a product is given in Figure 1.74. A new factory opens and produces 100 
units of the product no matter what the price. Sketch a graph of the new supply curve. 

p (price) p (price) 


吻） 


1000 2000 3000 

Figure 1.73: A cost function 


q (quantity) 



500 1000 


q (quantity) 


Figure 1.74: A supply function 


Solution (a) For each quantity, the new cost is $1000 more than the old cost. The new cost function is C(g) + 
1000, whose graph is the graph of C(q) shifted vertically up 1000 units. (See Figure 1.75.) 

(b) To see the effect of the new factory, look at an example. At a price of 10 dollars, approximately 
800 units are currently produced. With the new factory, this amount increases by 100 units, so 
the new amount produced is 900 units. At each price, the quantity produced increases by 100, 
so the new supply curve is S shifted horizontally to the right by 100 units. (See Figure 1.76.) 



quantity 

1000 2000 3000 

Figure 1.75: New cost function (original curve dashed) 



NewS" 


quantity 

500 1000 

Figure 1.76: New supply curve (original curve dashed) 
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Problems for Section 1.8 


1. For g(x) = x 2 + 2x + 3, find and simplify: 

⑻ g(2 + h) (b) S (2) 

(c) g{2 + h)-g{2) 

2. If f(x) = x 2 + 1, find and simplify: 

⑻ f(t + 1) (b) f(t 2 + 1) (c) /(2) 

(d) 2f(t) (e) [f(t)] 2 + 1 


For the functions / and g in Problems 3-6, find 
⑻ f(g(l)) (b) p(/(l)) (c) f(g(x)) 

(d) g(f(x)) (e) f(t)g(t) 

3. f(x) = x 2 , g(x) = x -\-l 

4. f(x) = \/F+4, g(x) = x 2 

5. f(x) = e x , g(pc) = x 2 

6. f(x) = 1/x, g(x) = 3a; + 4 

7. Let f{pc) = x 2 and g(x) = 3x — 1. Find the following: 

⑻ / ⑶切 (2) (b) / ⑶ • 沒 (2) 

(c) f(g(2)) (d) g(f(2)) 


14. Use the variable u for the inside function to express each 
of the following as a composite function: 

⑻ y = (5t 2 - 2) 6 (b) P = 12e-°- 6t 

(c) C = 121n(g 3 + 1) 

Simplify the quantities in Problems 15-18 using m(z) = z 2 . 

15. m(z + 1) — m(z) 16. m{z + /i) — m(z) 

17. m{z) — m(z — h) 18. m{z — m(z — h) 


For Problems 19-21, use the graphs in Figure 1.77. 



In Problems 8-10, find the following: 

(a) f(g(x)) (b) g(f(x)) (c) 

8. f(x) = 2x 2 and g(x) = re + 3 

9. f(x) = 2x 4- 3 and g(x) = 5x 2 

10. f(x) = x 2 -\-l and g{pc) = lnx 

11. Use Table 1.35 to find: 

(a) /_) (b) f(g(l)) (c) f(g(2)) 

(d) p(/(2)) (e) g(m) 


Table 1.35 


X 

0 

1 

2 

3 

4 

5 

/ ⑻ 

10 

6 

3 

4 

7 

11 

9(x) 

2 

3 

5 

8 

12 

15 


12. Make a table of values for each of the following functions 
using Table 1.35: 

⑻ /(x) + 3 (b) /Or-2) (c) 5g(x) 

(d) -f(x)-\-2 (e) g(x - 3) (f) f(x) + g(x) 

13. Use the variable u for the inside function to express each 
of the following as a composite function: 

⑻ y = 2 3x ~ 1 (b) P = V5t 2 + 10 

(c) w = 2 ln(3r + 4) 


19. Estimate f(g(l)). 20. Estimate g(f(2)). 

21. Estimate /(/(l)). 

22. Using Table 1.36, create a table of values for f(g(x)) and 
for g(f(x)). 


Table 1.36 


X 

-3 -2 - 

1 0 1 

2 3 

/ ⑻ 

0 1 

2 3 2 

1 0 

9(x) 

3 2 2 0 -2 

-2 -3 


23. A tree of height y meters has, on average, B branches, 
where B = y—1. Each branch has, on average, n leaves 
where n = 2B 2 — B. Find the average number of leaves 
of a tree as a function of height. 

In Problems 24-27, use Figure 1.78 to estimate the function 
value or explain why it cannot be done. 



50 50 

Figure 1.78 


24. «10)) 25. (40)) 

26. t;(w(10)) 27. «40)) 
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28. The Heaviside step function, H, is graphed in Fig¬ 
ure 1.79. Graph the following functions. 

⑻ 2H(x) (b) H(x) + 1 (c) H(x + 1) 

(d) -H(x) (e) H(-x) 


For the functions f(x) in Problems 38-41, graph: 

⑻ ¥ = f(x) + 2 (b) y^f(x- 1) 

(c) y = Sf(x) (d) y = -f(x) 


H(x) 


Figure 1.79 


For the functions / in Exercises 29-31, graph: 

⑻ f(x + 2) (b) f(x - 1) (c) f(x)-A 

(d) /(x + l) + 3(e) 3/(x) (f) -f(x) + 1 





/ ⑷ 



- 2-10 1 2 - 2-1012 


42. Morphine, a pain-relieving drug, is administered to a pa¬ 
tient intravenously starting at 8 am. The drug saturation 
curve Q = f(t) in Figure 1.81 gives the quantity, Q, of 
morphine in the blood t hours after 8 am. 


31. 



(a) Draw the drug saturation curve Q = g(t) if the IV 
line is started at noon instead of 8 am. 

(b) Is g one of the following transformations of /: verti¬ 
cal shift, vertical stretch, horizontal shift, horizontal 
stretch? If so, which? 

(c) Write g(t) in terms of the function /. 


Graph the functions in Problems 32-37 using Figure 1.80. 
y 


3 - 

y = f ⑻ 


/A 

-5-4 -3 -2 -1 

1 2 3 4 5 

Figure 1.80 

32. y = f(x) + 2 

33. y = 2f(x) 

34. y = f(x- 1) 

35. y = -3f(x) 

36. y = 2 /(岣 一 1 

37. y = 2 - f(x) 


Q_ 



Figure 1.81 


43. (a) Write an equation for a graph obtained by vertically 
stretching the graph of y = a; 2 by a factor of 2, fol¬ 
lowed by a vertical upward shift of 1 unit. Sketch it. 

(b) What is the equation if the order of the transfor¬ 
mations (stretching and shifting) in part (a) is inter¬ 
changed? 

(c) Are the two graphs the same? Explain the effect of 
reversing the order of transformations. 
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1.9 PROPORTIONALITY AND POWER FUNCTIONS 

Proportionality 

A common functional relationship occurs when one quantity is proportional to another. For exam¬ 
ple, if apples are $1.40 a pound, we say the price you pay, p dollars, is proportional to the weight 
you buy, w pounds, because 

p = f(w) = lAOw. 

As another example, the area, A, of a circle is proportional to the square of the radius, r: 

A = f(r) = nr 2 . 


We say y is (directly) proportional to x if there is a nonzero constant k such 
that 

y = kx. 

This k is called the constant of proportionality. 


We also say that one quantity is inversely proportional to another if one is proportional to the 
reciprocal of the other. For example, the speed, v, at which you make a 50-mile trip is inversely 
proportional to the time, t, taken, because v is proportional tol/t: 

v = 50 {j) = t- 

Notice that if y is directly proportional to x, then the magnitude of one variable increases (de¬ 
creases) when the magnitude of the other increases (decreases). If, however, y is inversely propor¬ 
tional to x, then the magnitude of one variable increases when the magnitude of the other decreases. 


Example 1 The heart mass of a mammal is proportional to its body mass. 64 

(a) Write a formula for heart mass, 丑 ， as a function of body mass, B. 

(b) A human with a body mass of 70 kilograms has a heart mass of 0.42 kilograms. Use this infor¬ 
mation to find the constant of proportionality. 

(c) Estimate the heart mass of a horse with a body mass of 650 kg. 


Solution 


(a) Since H is proportional to B, for some constant k, we have 

H = kB. 

(b) We use the fact that H = 0.42 when E = 70 to solve for k: 

H = kB 
0.42 = k{70) 

0.42 

k = ~yq~ = 0.006. 

(c) Since k = 0.006, we have H = 0.0065, so the heart mass of the horse is given by 

H = 0.006(650) = 3.9 kilograms. 


64 K. Schmidt-Nielson: Scaling — Why is Animal Size So Important^. (Cambridge: CUP, 1984). 
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Example 2 The period of a pendulum, T, is the amount of time required for the pendulum to make one complete 

swing. For small swings, the period, T, is approximately proportional to the square root of l, the 
pendulum’s length. So 

T = kVl where fc is a constant. 

Notice that T is not directly proportional to /, but T is proportional to VI. 


Example 3 


An object’s weight, w, is inversely proportional to the square of its distance, r, from the earth’s 
center. So, for some constant k, 

k 


尹 _ 


Here w is not inversely proportional to r, but to r 2 . 


Power Functions 

In each of the previous examples, one quantity is proportional to the power of another quantity. We 
make the following definition: 


We say that Q(x) is a power function of x if Q(x) is proportional to a constant power of x. 
If k is the constant of proportionality, and if p is the power, then 

Q(x) = k • x p . 


For example, the function H = 0.006B is a power function with p = 1. The function T = 
ky/l = kl 1 ^ 2 is a power function with p = 1/2, and the function w = k/r 2 = kr ~ 2 is a power 
function with p = —2. 


Example 4 Which of the following are power functions? For those which are, write the function in the form 
y = kx p , and give the coefficient k and the exponent p. 

5 2 5x 2 

( a > y = ^s w y = ^ (c) y = ^~ 

(d) y = 5-2 X (e) y = 3-^ (f) y = (3x 2 ) 3 

Solution (a) Since y = 5a; -3 , this is a power function with k = 5 and p = —3. 

(b) Since y = (2/3)x~ 1 , this is a power function with k = 2/3 and p = — 1. 

(c) Since y = (5/2)x 2 , this is a power function with k = 5/2 = 2.5 and p = 2. 

(d) This is not a power function. It is an exponential function. 

(e) Since y = 3a; 1 / 2 , this is a power function with k = 3 and p = 1/2. 

(f) Since y = 3 3 . (x 2 ) s = 27x 6 , this is a power function with k = 27 and p = 6. 


Graphs of Power Functions 

The graph of y = x 2 is shown in Figure 1.82. It is decreasing for negative x and increasing for 
positive x. Notice that it is bending upward, or concave up, for all x. The graph ofy = x 3 is shown 
in Figure 1.83. Notice that it is bending downward, or concave down for negative x and bending 
upward, or concave up for positive x. The graph ofy = y/x = x 1 ^ 2 is shown in Figure 1.84. Notice 
that the graph is increasing and concave down. 

Since x 2 increases without bound as x increases, we often say that it tends to infinity as x 
approaches infinity, which we write in symbols as 

x 2 ^ oo as x oo. 

Since x 3 decreases without bound as x decreases, we write 


x 3 —^ —oo as x —>• —oo. 
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Example 5 If AT is the average number of species found on an island and A is the area of the island, observations 
have shown 65 that N is approximately proportional to the cube root of A. Write a formula for N as 
a function of A and describe the shape of the graph of this function. 

Solution For some positive constant k, we have 

N = k</A = kA 1 / 3 . 

It turns out that the value of k depends on the region of the world in which the island is found. The 
graph of N against A (for A > 0) has a shape similar to the graph in Figure 1.84. It is increasing 
and concave down. Thus, larger islands have more species on them (as we would expect), but the 
increase slows as the island gets larger. 


The function y = x° = 1 has a graph that is a horizontal line. For negative powers, rewriting 

_i 1 _ 2 1 

y = x = — and y = x = 

makes it clear that as x > 0 increases, the denominators increase and the functions decrease. The 
graphs of y = x— 1 and y = x~ 2 have both the x- and y-axes as asymptotes. (See Figure 1.85.) 


y y 



Figure 1.85: Graphs of x° and of negative powers of x 


Quadratic Functions and Polynomials 


Sums of power functions with nonnegative integer exponents are called polynomials, which are 
functions of the form 

y = p(x) = a n x n + a n _ia; n-1 H -(- a\x + ao- 


Here, n is a nonnegative integer, called the degree of the polynomial, and a n is a nonzero number 


called the leading coefficient. We call a n x n the leading term. 

If n = 2, the polynomial is called quadratic and has the form ax 2 + + c with a 一 0. The 


graph of a quadratic polynomial is a parabola. It opens up if the leading coefficient a is positive and 
opens down if a is negative. 


65 Scientific American, p. 112 (September, 1989). 
















Example 6 
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A company finds that the average number of people attending a concert is 75 if the price is $50 per 
person. At a price of $35 per person, the average number of people in attendance is 120. 

(a) Assume that the demand curve is a line. Write the demand, q, as a function of price, p. 

(b) Use your answer to part (a) to write the revenue, R, as a function of price, p. 

(c) Use a graph of the revenue function to determine what price should be charged to obtain the 
greatest revenue. 


Solution (a) Two points on the line are (p, q) = (50,75) and (p, q) = (35,120). The slope of the line is 

120-75 45 Q , ^ 1T 

m= ^50- = ^15 = - 3peOple/d ° llar - 
To find the vertical intercept of the line, we use the slope and one of the points: 

75 = 6+(-3)(50) 

225 = b 

The demand function is q = 225 — 3p. 

(b) Since R = pq and q = 225 — 3p, we see that R = p(22h — 3p) = 225p — 3p 2 . 

(c) The revenue function is the quadratic polynomial graphed in Figure 1.86. The maximum rev¬ 
enue occurs at p = 37.5. Thus, the company maximizes revenue by charging $37.50 per person. 



Figure 1.86: Revenue function for concert ticket sales 


Problems for Section 1.9 

In Problems 1-12, determine whether or not the function is a 
power function. If it is a power function, write it in the form 
y = kx p and give the values of k and p. 

!• 2/ = ^y/x 2. y = — 3. y = 2 X 

4 - ys h 5 - y =( 3x ^ 2 6 - 

7. 2 / = 3 • 5" ^ y = ^7T y=- 

10 x 

10. y = (5x) 3 11. y = 3x 2 + 4 12. V = ^ 


In Problems 13-16, write a formula representing the function. 

13. The strength, S, of a beam is proportional to the square 
of its thickness, h. 

14. The energy, E, expended by a swimming dolphin is pro¬ 
portional to the cube of the speed, v, of the dolphin. 

15. The average velocity, v, for a trip over a fixed distance, 
d, is inversely proportional to the time of travel, t. 

16. The gravitational force, F, between two bodies is in¬ 
versely proportional to the square of the distance d be¬ 
tween them. 
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17. The number of species of lizards, N, found on an island 
off Baja California is proportional to the fourth root of 
the area, A, of the island. 66 Write a formula for N as 
a function of A. Graph this function. Is it increasing or 
decreasing? Is the graph concave up or concave down? 
What does this tell you about lizards and island area? 

18. The surface area of a mammal, S, satisfies the equation 
S = kM 2 ’ 3 , where M is the body mass, and the con¬ 
stant of proportionality k depends on the body shape of 
the mammal. A human of body mass 70 kilograms has 
surface area 18,600 cm 2 . Find the constant of propor¬ 
tionality for humans. Find the surface area of a human 
with body mass 60 kilograms. 

19. Use shifts of power functions to find a possible formula 
for each of the graphs: 

⑻ y ⑼ y 


20. Kleiber’s Law states that the metabolic needs (such as 
calorie requirements) of a mammal are proportional to 
its body weight raised to the 0.75 power. 67 Surprisingly, 
the daily diets of mammals conform to this relation well. 
Assuming Kleiber’s Law holds: 

(a) Write a formula for C, daily calorie consumption, as 
a function of body weight, W. 

(b) Sketch a graph of this function. (You do not need 
scales on the axes.) 

(c) If a human weighing 150 pounds needs to consume 
1800 calories a day, estimate the daily calorie re¬ 
quirement of a horse weighing 700 lbs and of a rab¬ 
bit weighing 9 lbs. 

(d) On a per-pound basis, which animal requires more 
calories: a mouse or an elephant? 

21. Allometry is the study of the relative size of different 
parts of a body as a consequence of growth. In this prob¬ 
lem, you will check the accuracy of an allometric equa¬ 
tion: the weight of a fish is proportional to the cube of its 
length. 68 Table 1.37 relates the weight, y, in gm, of plaice 
(a type of fish) to its length, x, in cm. Does this data sup¬ 
port the hypothesis that (approximately) y = kx 3 l If so, 
estimate the constant of proportionality, k. 


Table 1.37 



22. The blood mass of a mammal is proportional to its body 
mass. A rhinoceros with body mass 3000 kilograms has 
blood mass of 150 kilograms. Find a formula for the 
blood mass of a mammal as a function of the body mass 
and estimate the blood mass of a human with body mass 
70 kilograms. 

23. Biologists estimate that the number of animal species of a 
certain body length is inversely proportional to the square 
of the body length. 69 Write a formula for the number of 
animal species, N, of a certain body length as a function 
of the length, L. Are there more species at large lengths 
or at small lengths? Explain. 

24. The specific heat, s, of an element is the number of calo¬ 
ries of heat required to raise the temperature of one gram 
of the element by one degree Celsius. Use the following 
table to decide if s is proportional or inversely propor¬ 
tional to the atomic weight, w, of the element. If so, find 
the constant of proportionality. 


Element 

Li 

Mg 

A1 

Fe 

Ag 

Pb 

Hg 

w 

6.9 

24.3 

27.0 

55.8 

107.9 

207.2 

200.6 

s 

0.92 

0.25 

0.21 

0.11 

0.056 

0.031 

.033 


25. The circulation time of a mammal (that is, the average 
time it takes for all the blood in the body to circulate 
once and return to the heart) is proportional to the fourth 
root of the body mass of the mammal. 

(a) Write a formula for the circulation time, T, in terms 
of the body mass, B. 

(b) If an elephant of body mass 5230 kilograms has a 
circulation time of 148 seconds, find the constant of 
proportionality. 

(c) What is the circulation time of a human with body 
mass 70 kilograms? 




66 Rosenzweig, M.L., Species Diversity in Space and Time, p. 143 (Cambridge: Cambridge University Press, 1995). 
67 Strogatz, S., ，’ Math and the City”，The New York Times, May 20, 2009. Kleiber originally estimated the exponent as 
0.74; it is now believed to be 0.75. 

68 Adapted from “On the Dynamics of Exploited Fish Populations” by R. J. H. Beverton and S. J. Holt, Fishery Investiga¬ 
tions, Series H, 19,1957. 

69 USNews & World Report, August 18, 1997, p. 79. 
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26. The DuBois formula relates a person’s surface area s, 
in m 2 , to weight w, in kg, and height h, in cm, by 


5 = O.Olty 0 25 " 075 . 


Table 1.39 


r 8 _ 9 10 

m 31.447 34.484 37.611 


11 12 
40.814 44.084 


(a) What is the surface area of a person who weighs 
65 kg and is 160 cm tall? 

(b) What is the weight of a person whose height is 
180 cm and who has a surface area of 1.5 m 2 ? 

(c) For people of fixed weight 70 kg, solve for /i as a 
function of s. Simplify your answer. 

27. The infrastructure needs of a region (for example, the 
number of miles of electrical cable, the number of miles 
of roads, the number of gas stations) depend on its pop¬ 
ulation. Cities enjoy economies of scale. 70 For example, 
the number of gas stations is proportional to the popula¬ 
tion raised to the power of 0.77. 

(a) Write a formula for the number, N t of gas stations in 
a city as a function of the population, P, of the city. 

(b) If city A is 10 times bigger than city B, how do their 
number of gas stations compare? 

(c) Which is expected to have more gas stations per per¬ 
son, a town of 10,000 people or a city of 500,000 
people? 


28. According to the National Association of Realtors, 71 the 
minimum annual gross income, m, in thousands of dol¬ 
lars, needed to obtain a 30-year home loan of A thousand 
dollars at 9% is given in Table 1.38. Note that the larger 
the loan, the greater the income needed. Of course, not 
every mortgage is financed at 9%. In fact, excepting for 
slight variations, mortgage interest rates are generally de¬ 
termined not by individual banks but by the economy as 
a whole. The minimum annual gross income, m, in thou¬ 
sands of dollars, needed for a home loan of $100,000 at 
various interest rates, r, is given in Table 1.39. Note that 
obtaining a loan at a time when interest rates are high 
requires a larger income. 

(a) Is the size of the loan. A, proportional to the mini¬ 
mum annual gross income, ml 

(b) Is the percentage rate, r*, proportional to the mini¬ 
mum annual gross income, ml 


Table 1.38 


A 50 
m 17.242 


75 

25.863 


100 

34.484 


150 

51.726 


200 

68.968 


29. A standard tone of 20,000 dynes/cm 2 (about the loud¬ 
ness of a rock band) is assigned a value of 10. A subject 
listened to other sounds, such as a light whisper, normal 
conversation, thunder, a jet plane at takeoff, and so on. 
In each case, the subject was asked to judge the loudness 
and assign it a number relative to 10, the value of the 
standard tone. This is a “judgment of magnitude” exper¬ 
iment. The power law J = al 0 ' 3 was found to model the 
situation well, where l is the actual loudness (measured 
in dynes/cm 2 ) and J is the judged loudness. 

(a) What is the value of a? 

(b) What is the judged loudness if the actual loudness is 
0.2 dynes/cm 2 (normal conversation)? 

(c) What is the actual loudness if judged loudness is 20? 

30. A sporting goods wholesaler finds that when the price of 
a product is $25, the company sells 500 units per week. 
When the price is $30, the number sold per week de¬ 
creases to 460 units. 

(a) Find the demand, q, as a function of price, p, assum¬ 
ing that the demand curve is linear. 

(b) Use your answer to part (a) to write revenue as a 
function of price. 

(c) Graph the revenue function in part (b). Find the price 
that maximizes revenue. What is the revenue at this 
price? 

31. A health club has cost and revenue functions given by 
C = 10,000 + 35q and R = pq, where q is the num¬ 
ber of annual club members and p is the price of a one- 
year membership. The demand function for the club is 
q = 3000 — 20p. 

(a) Use the demand function to write cost and revenue 
as functions of p. 

(b) Graph cost and revenue as a function of p, on the 
same axes. (Note that price does not go above $170 
and that the annual costs of running the club reach 
$ 120 , 000 .) 

(c) Explain why the graph of the revenue function has 
the shape it does. 

(d) For what prices does the club make a profit? 

(e) Estimate the annual membership fee that maximizes 
profit. Mark this point on your graph. 


70 Strogatz, S., ” Math and the City ”，The New York Times, May 20, 2009. 
71 “Income Needed to Get a Mortgage,” The World Almanac 1992, p. 720. 



















70 Chapter One FUNCTIONS AND CHANGE 


1.10 PERIODIC FUNCTIONS 


What Are Periodic Functions? 


Many functions have graphs that oscillate, resembling a wave. Figure 1.87 shows the number of 
new housing construction starts (one-family units) in the US, 2002-2005, where t is time in quarter- 
years. 72 Notice that few new homes begin construction during the first quarter of a year (January, 
February, and March), whereas many new homes are begun in the second quarter (April, May, and 
June). Since 2008, as the economy has slowed, the pattern of oscillations has been replaced by a 
sharp drop in housing construction. 



Figure 1.87: New housing construction starts, 2002-2005 


temperature (°F) 



Figure 1.88: Temperature in Phoenix after midnight 
February 17, 2005 


Let’s look at another example. Figure 1.88 is a graph of the temperature (in °F) in Phoenix, 
AZ, in hours after midnight, February 17, 2005. Notice that the maximum is in the afternoon and 
the minimum is in the early morning. 73 Again, the graph looks like a wave. 

Functions whose values repeat at regular intervals are called periodic. Many processes, such 
as the number of housing starts or the temperature, are approximately periodic. The water level in 
a tidal basin, the blood pressure in a heart, retail sales in the US, and the position of air molecules 
transmitting a musical note are also all periodic functions of time. 

Amplitude and Period 


Periodic functions repeat exactly the same cycle forever. If we know one cycle of the graph, we 
know the entire graph. 


For any periodic function of time: 

• The amplitude is half the difference between its maximum and minimum values. 

• The period is the time for the function to execute one complete cycle. 


Example 1 Estimate the amplitude and period of the new housing starts function shown in Figure 1.87. 

Solution Figure 1.87 is not exactly periodic, since the maximum and minimum are not the same for each 

cycle. Nonetheless, the minimum is about 300, and the maximum is about 450_ The difference 
between them is 150, so the amplitude is about ^(150) = 75 thousand houses. 

The wave completes a cycle between t = 1 and t = 5, so the period is t = 4 quarter-years, or 
one year. The business cycle for new housing construction is one year. 


72 http://www.census.gov/const/www/quarterly_starts_completions.pdf, accessed May 25, 2009. 
73 http://www.weather.com, accessed February 20, 2005. 
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Example 2 Figure 1.89 shows the temperature in an unopened freezer. Estimate the temperature in the freezer 
at 12:30 and at 2:45. 

temperature (°F) 



————————————————————————_ time 

1:00 1:10 1:20 1:30 1:40 1:50 2:00 


Figure 1.89: Oscillating freezer temperature. Estimate the temperature at 12:30 and 2:45 

Solution The maximum and minimum values each occur every 25 minutes, so the period is 25 minutes. 

The temperature at 12:30 should be the same as at 12:55 and at 1:20, namely, 2°F. Similarly, the 
temperature at 2:45 should be the same as at 2:20 and 1:55, or about —1.5°F. 


The Sine and Cosine 


Many periodic functions are represented using the functions called sine and cosine. The keys for the 
sine and cosine on a calculator are usually labeled as Isinl and fcosl. 

Warning: Your calculator can be in either “degree” mode or “radian” mode. For this book, always 
use “radian” mode. 

Graphs of the Sine and Cosine 


The graphs of the sine and the cosine functions are periodic; see Figures 1.90 and 1.91. Notice that 
the graph of the cosine function is the graph of the sine function, shifted 7r/2 to the left. 



Figure 1.90: Graph of sint 



Figure 1.91: Graph of cos t 


The maximum and minimum values of sint are +1 and —1，so the amplitude of the sine func¬ 
tion is 1. The graph of y = sin t completes a cycle between t = 0 and t = 2 tt; the rest of the graph 
repeats this portion. The period of the sine function is 27r. 


Example 3 Use a graph ofy = 3 sin 2t to estimate the amplitude and period of this function. 

Solution In Figure 1.92, the waves have a maximum of +3 and a minimum of —3, so the amplitude is 3. The 
graph completes one complete cycle between t = 0 and t = n, so the period is n. 

7T y 



Figure 1.92: The amplitude is 3 and the period is n 
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Example 4 Explain how the graphs of each of the following functions differ from the graph ofy = sin 

(a) y = 6 sint (b) y = 5-\- sint (c) y = sin (右 + 吾） 

Solution (a) The graph ofy = 6 sin t is in Figure 1.93. The maximum and minimum values are +6 and —6, 
so the amplitude is 6. This is the graph of y = sin t stretched vertically by a factor of 6. 

(b) The graph ofy = 5+sint is in Figure 1.94. The maximum and minimum values of this function 
are 6 and 4, so the amplitude is (6 — 4)/2 = 1. The amplitude (or size of the wave) is the same 
as for 2 / = sinsince this is a graph ofy = sint shifted up 5 units. 

(c) The graph of y = sin(t + 晉 ） is in Figure 1.95. This has the same amplitude, namely 1, and 
period, namely 27r, as the graph ofy = sin t. It is the graph ofy = sin t shifted 7r/2 units to the 
left. (In fact, this is the graph of y = cos t.) 


y 



Families of Curves: The Graph oiy = Asm(Bt) 

The constants A and B in the expression y = Asin(Bt) are called parameters. We can study 
families of curves by varying one parameter at a time and studying the result. 


Example 5 (a) Graph y = Asmt for several positive values of A. Describe the effect of A on the graph. 

(b) Graph y = sm(Bt) for several positive values of B. Describe the effect of B on the graph. 

Solution (a) From the graphs ofy = A sint for ^4 = 1, 2, 3 in Figure 1.96, we see that A is the amplitude. 



Figure 1.96: Graphs ofy = Asint with A = 1,2, 3 


(b) The graphs ofy = sm(Bt) for B = = 1, and 5 = 2 are shown in Figure 1.97. When 

B = 1, the period is 27r; when B = 2, the period is 7r; and when B = the period is 47r. 
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The parameter B affects the period of the function. The graphs suggest that the larger B is, the 
shorter the period. In fact, the period is 27r/5. 



In Example 5, the amplitude of 沒 =A sm(Bt) was determined by the parameter A, and the 
period was determined by the parameter B. In general, we have 


The functions y = A sin{Bt) + C and y = A cos(Bt) + C are periodic with 
Amplitude = \A\, Period = Vertical shift = C 


Example 6 Find possible formulas for the following periodic functions. 



6 12 18 


Solution (a) This function looks like a sine function of amplitude 3, so g(t) = 3 sin(Bt). Since the function 
executes one full oscillation between t = 0 and t = 127r, when t changes by 127r, the quantity 
Bt changes by 27 t. This means B - 12 兀 = 2 丌， so B = 1/6. Therefore, g{t) = 3sin(t/6) has 
the graph shown. 

(b) This function looks like an upside-down cosine function with amplitude 2, so f{t) = —2 cos(Bt). 
The function completes one oscillation between t = 0 and t = 4. Thus, when t changes by 4, 
the quantity Bt changes by 2 丌， so B • 4 ： = 2%, or B = 7r/2. Therefore, f{t) = —2 cos(7rt/2) 
has the graph shown. 

(c) This function looks like a cosine function. The maximum is 700 and the minimum is 300, so the 
amplitude is ^(700 — 300) = 200_ The height halfway between the maximum and minimum 
is 500, so the cosine curve has been shifted up 500 units, so h(t) = 500 + 200 cos{Bt). The 
period is 12, so 5 • 12 = 2tt. Thus, B = 7r/6. The function h(t) = 500 + 200 cos (7rt/6) has 
the graph shown. 
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Example 7 On June 23, 2009, high tide in Portland, Maine was at midnight. 74 The height of the water in the 
harbor is a periodic function, since it oscillates between high and low tide. If t is in hours since 
midnight, the height (in feet) is approximated by the formula 

2 / = 4.9 + 4.4 cos - 

(a) Graph this function from t = 0 to t = 24. 

(b) What was the water level at high tide? 

(c) When was low tide, and what was the water level at that time? 

(d) What is the period of this function, and what does it represent in terms of tides? 

(e) What is the amplitude of this function, and what does it represent in terms of tides? 


Solution 


(a) See Figure 1.98. 

(b) The water level at high tide was 9.3 feet (given by the ^-intercept on the graph). 

(c) Low tide occurs at t = 6 (6 am) and at t = 18 (6 pm). The water level at this time is 0.5 feet. 

(d) The period is 12 hours and represents the interval between successive high tides or successive 
low tides. Of course, there is something wrong with the assumption in the model that the period 
is 12 hours. If so, the high tide would always be at noon or midnight, instead of progressing 
slowly through the day, as it in fact does. The interval between successive high tides actually 
averages about 12 hours 39 minutes, which could be taken into account in a more precise math¬ 
ematical model. 

(e) The maximum is 9.3, and the minimum is 0.5, so the amplitude is (9.3 — 0.5)/2, which is 4.4 
feet. This represents half the difference between the depths at high and low tide. 

2 /(feet) y = 4.9+ 4.4 cos (ft) 



Figure 1.98: Graph of the function approximating the depth of the water in 
Portland, Maine on June 23, 2009 


Problems for Section 1.10 


1. A graduate student in environmental science studied the 
temperature fluctuations of a river. Figure 1.99 shows the 
temperature of the river (in °C) every hour, with hour 0 
being midnight of the first day. 

(a) Explain why a periodic function could be used to 
model these data. 

(b) Approximately when does the maximum occur? The 
minimum? Why does this make sense? 

(c) What is the period for these data? What is the ampli¬ 
tude? 


°C 



74 www.maineboats.com/tidecharts/tides?T=junpt09. 
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2. Figure 1.100 shows quarterly beer production during the 
period 1997 to 1999. Quarter 1 reflects production during 
the first three months of the year, etc. 75 

(a) Explain why a periodic function should be used to 
model these data. 

(b) Approximately when does the maximum occur? The 
minimum? Why does this make sense? 

(c) What are the period and amplitude for these data? 



Figure 1.100 

3. Sketch a possible graph of sales of sunscreen in the north¬ 
eastern US over a 3-year period, as a function of months 
since January 1 of the first year. Explain why your graph 
should be periodic. What is the period? 

For Problems 4-9, sketch graphs of the functions. What are 
their amplitudes and periods? 

4. 2 / = 3 sin x 5. y = 3 sin 2x 

6. y = —3 sin 20 7. y = 4 cos 2x 

8. 2 / = 4cos(|t) 9. y = 5 — sin 2t 

10. Values of a function are given in the following table. Ex¬ 
plain why this function appears to be periodic. Approxi¬ 
mately what are the period and amplitude of the function? 
Assuming that the function is periodic, estimate its value 
at t = 15, at t = 75, and at ^ = 135. 


t 

20 

25 

30 

35 

40 

45 

50 

55 

60 

m 

1.8 

1.4 

1.7 

2.3 

2.0 

1.8 

1.4 

1.7 

2.3 


11. The following table shows values of a periodic function 
/(x). The maximum value attained by the function is 5. 

(a) What is the amplitude of this function? 

(b) What is the period of this function? 

(c) Find a formula for this periodic function. 


X 

0 

2 

4 

6 

8 

10 

12 

/ ⑷ 

5 

0 

-5 

0 

5 

0 

-5 


12. Figure 1.101 shows the levels of the hormones estro¬ 
gen and progesterone during the monthly ovarian cy¬ 
cles in females. 76 Is the level of both hormones periodic? 
What is the period in each case? Approximately when in 
the monthly cycle is estrogen at a peak? Approximately 
when in the monthly cycle is progesterone at a peak? 


Estrogen 



Menses 

Figure 1.101 


13. Average daily high temperatures in Ottawa, the capital of 
Canada, range from a low of —6° Celsius on January 1 
to a high of 26° Celsius on July 1 six months later. See 
Figure 1.102. Find a formula for H ，the average daily 
high temperature in Ottawa in, 0 C, as a function of t, the 
number of months since January 1. 


H(°C) 



-10 


Figure 1.102 


14. A person breathes in and out every three seconds. The 
volume of air in the person’s lungs varies between a min¬ 
imum of 2 liters and a maximum of 4 liters. Which of the 
following is the best formula for the volume of air in the 
person’s lungs as a function of time? 

(a) f = f + 2 sin (?) (b) y = 3 + sin ( 警 t) 

(c) 2 / = 2 + 2 sin ( 警 t) (d) ? / = 3 + sin 


75 www.beerinstitute.org/pdfs/PRODUCTION_AND_WITHDRAWALS_OF_MALT_BEVERAGES_1997_1999.pdf, 
accessed May 7, 2005. 

76 Robert M. Julien, A Primer of Drug Action, Seventh Edition, p. 360 (W. H. Freeman and Co” New York: 1995). 
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15. Delta Cephei is one of the most visible stars in the night 
sky. Its brightness has periods of 5.4 days, the average 
brightness is 4.0 and its brightness varies by ±0.35. Find 
a formula that models the brightness of Delta Cephei as 
a function of time, with t = 0 at peak brightness. 

16. Most breeding birds in the northeast US migrate else¬ 
where during the winter. The number of bird species in 
an Ohio forest preserve oscillates between a high of 28 
in June and a low of 10 in December. 77 




(a) Graph the number of bird species in this preserve as 
a function of t, the number of months since June. 
Include at least three years on your graph. 

(b) What are the amplitude and period of this function? 

(c) Find a formula for the number of bird species, B, as 
a function of the number of months, t since June. 



28. 


y 



X 


For Problems 17-28, find a possible formula for each graph. 



19. 




29. The depth of water in a tank oscillates once every 6 hours. 
If the smallest depth is 5.5 feet and the largest depth is 8.5 
feet, find a possible formula for the depth in terms of time 
in hours. 

30. The desert temperature, H, oscillates daily between 40° F 
at 5 am and 80°F at 5 pm. Write a possible formula for 
H in terms of t, measured in hours from 5 am. 

31. Table 1.40 gives values for g(t), a periodic function. 

(a) Estimate the period and amplitude for this function. 

(b) Estimate ^(34) and 夕 (60). 


Table 1.40 


21 . 



23 . 




t 

0 

2 

4 

6 

8 

10 

12 

14 

9(t) 

14 

19 

17 

15 

13 

11 

14 

19 

t 

16 

18 

20 

22 

24 

26 

28 


9(t) 

17 

15 

13 

11 

14 

19 

17 



24. 


X 32. 



The Bay of Fundy in Canada has the largest tides in the 
world. The difference between low and high water lev¬ 
els is 15 meters (nearly 50 feet). At a particular point the 
depth of the water, y meters, is given as a function of 
time, t, in hours since midnight by 

y = D A cos (B{t — C)). 

(a) What is the physical meaning of D1 

(b) What is the value of A1 

(c) What is the value of B? Assume the time between 
successive high tides is 12.4 hours. 

(d) What is the physical meaning of C? 


77 Rosenzweig, M.L., Species Diversity in Space and Time, p. 71 (Cambridge University Press, 1995). 
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REVIEW PROBLEMS FOR CHAPTER ONE 77 


• Function terminology 

Domain/range, increasing/decreasing, concavity, inter¬ 
cepts. 



Slope, y-intercept. Grow by equal amounts in equal 
times. 

• Economic applications 

Cost, revenue, and profit functions, break-even point. 
Supply and demand curves, equilibrium point. Depre¬ 
ciation function. Budget constraint. Present and future 
value. 

• Change, average rate of change, relative change 


• Exponential functions 

Exponential growth and decay, growth rate, the num¬ 
ber e, continuous growth rate, doubling time, half-life, 
compound interest. Grow by equal percentages in equal 
times. 

• The natural logarithm function 

• New functions from old 
Composition, shifting, stretching. 

• Power functions and proportionality 

• Polynomials 

• Periodic functions 

Sine, cosine, amplitude, period. 


REVIEW PROBLEMS FOR CHAPTER ONE 


1. The time T, in minutes, that it takes Dan to run x kilo- 
meters is a function T = f{x). Explain the meaning of 
the statement /(5) = 23 in terms of running. 

2. Describe what Figure 1.103 tells you about an assembly 
line whose productivity is represented as a function of 
the number of workers on the line. 

productivity 



Figure 1.103 


3. It warmed up throughout the morning, and then sud¬ 
denly got much cooler around noon, when a storm came 
through. After the storm, it warmed up before cooling off 
at sunset. Sketch temperature as a function of time. 

4. A gas tank 6 meters underground springs a leak. Gas 
seeps out and contaminates the soil around it. Graph the 
amount of contamination as a function of the depth (in 
meters) below ground. 

5. The yield, Y, of an apple orchard (in bushels) as a func¬ 
tion of the amount, a, of fertilizer (in pounds) used on the 
orchard is shown in Figure 1.104. 

(a) Describe the effect of the amount of fertilizer on the 
yield of the orchard. 

(b) What is the vertical intercept? Explain what it means 
in terms of apples and fertilizer. 

(c) What is the horizontal intercept? Explain what it 
means in terms of apples and fertilizer. 

(d) What is the range of this function for 0 < a < 80? 

(e) Is the function increasing or decreasing aia = 60? 


(f) Is the graph concave up or down near a = 40? 


Y (bushels) 



6. Let y = f(x) =Sx — 5. 

(a) What is/(l)? 

(b) Find the value of y when x is 5. 

(c) Find the value of x when y is 4. 

(d) Find the average rate of change of / between x = 2 
and x = A. 

7. You drive at a constant speed from Chicago to Detroit, 
a distance of 275 miles. About 120 miles from Chicago 
you pass through Kalamazoo, Michigan. Sketch a graph 
of your distance from Kalamazoo as a function of time. 

Find the equation of the line passing through the points in 
Problems 8-11. 

8. (0,-1) and (2,3) 9. (-1,3) and (2,2) 

10. (0, 2) and (2,2) 11. (-1,3) and (-1,4) 


12. Match the graphs in Figure 1.105 with the following 
equations. (Note that the x and y scales maybe unequal.) 
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22. The graphs in Figure 1.106 represent the temperature, 
H, of four loaves of bread each put into an oven at time 
t = 0. 


13. Find a linear function that generates the values in Ta¬ 
ble 1.41. 


Table 1.41 


y 


5.2 5.3 

27.8 29.2 


5.4 5.5 

30.6 32.0 


5.6 

33.4 


14. A controversial 1992 Danish study 78 reported that men’s 
average sperm count has decreased from 113 million per 
milliliter in 1940 to 66 million per milliliter in 1990. (|) 


(a) Which curve corresponds to the bread that was put 
into the hottest oven? 

(b) Which curve corresponds to the bread that had the 
lowest temperature at the time that it was put into 
the oven? 

(c) Which two curves correspond to loaves of bread that 
were at the same temperature when they were put 



(d) Write a sentence describing any differences between 
the curves shown in (II) and (IE). In terms of bread, 
what might cause this difference? 

H (°C) (II) H(°C) 


(a) Express the average sperm count, S, as a linear func¬ 
tion of the number of years, t, since 1940. 

(b) A man’s fertility is affected if his sperm count drops 
below about 20 million per milliliter. If the linear 
model found in part (a) is accurate, in what year will 
the average male sperm count fall below this level? 

15. Residents of the town of Maple Grove who are connected 
to the municipal water supply are billed a fixed amount 
monthly plus a charge for each cubic foot of water used. 
A household using 1000 cubic feet was billed $40, while 
one using 1600 cubic feet was billed $55. 

(a) What is the charge per cubic foot? 

(b) Write an equation for the total cost of a resident’s 
water as a function of cubic feet of water used. 

(c) How many cubic feet of water used would lead to a 
bill of $100? 

In Problems 16-21, find the average velocity for the position 
function s(t), in mm, over the interval 1 < t < 3, where t is 
in seconds. 

16. s(t) = 12t — t 2 17. s(t) = ln(t) 



t (min) ^ 1 —— 1 —— 1 —— L t (min) 

20 20 

Figure 1.106 


23. Sketch reasonable graphs for the following. Pay particu¬ 
lar attention to the concavity of the graphs. 

(a) The total revenue generated by a car rental business, 
plotted against the amount spent on advertising. 

(b) The temperature of a cup of hot coffee standing in a 
room, plotted as a function of time. 


“‘Investigating the Next Silent Spring,” US News and World Report, pp. 50-52 (March 11, 1996). 
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24. Each of the functions g, h, k in Table 1.42 is increasing, 
but each increases in a different way. Which of the graphs 
in Figure 1.107 best fits each function? 



Figure 1.107 


t 

9(t) 

h(t) 

m 

1 

23 

10 

2.2 

2 

24 

20 

2.5 

3 

26 

29 

2.8 

4 

29 

37 

3.1 

5 

33 

44 

3.4 

6 

38 

50 

3.7 


27. The volume of water in a pond over a period of 20 weeks 
is shown in Figure 1.109. 

(a) Is the average rate of change of volume positive or 
negative over the following intervals? 

(i) t = 0 and t = 5 (ii) t = 0 and t = 10 
(iii) t = 0 and t = 15 (iv) t = 0 and t = 20 

(b) During which of the following time intervals was the 
average rate of change larger? 

⑴ 0 $ t 乞 5 or 0 乞 t < 10 

(ii) 0 < i < 10 or 0 < t < 20 

(c) Estimate the average rate of change between t = 0 
and t = 10. Interpret your answer in terms of water. 


25. When a new product is advertised, more and more people 
try it. However, the rate at which new people try it slows 
as time goes on. 

(a) Graph the total number of people who have tried 
such a product against time. 

(b) What do you know about the concavity of the graph? 

26. Figure 1.108 shows the age-adjusted death rates from dif¬ 
ferent types of cancer among US males. 79 

(a) Discuss how the death rate has changed for the dif¬ 
ferent types of cancers. 

(b) For which type of cancer has the average rate of 
change between 1930 and 1967 been the largest? 
Estimate the average rate of change for this cancer 
type. Interpret your answer. 

(c) For which type of cancer has the average rate of 
change between 1930 and 1967 been the most neg¬ 
ative? Estimate the average rate of change for this 
cancer type. Interpret your answer. 



1,000 

500 


t (weeks) 


28. Find the average rate of change between x = 0 and 
a; = 10 of each of the following functions: y = x，y = 
x 2 , y = x 3 , and y = x 4 . Which has the largest average 
rate of change? Graph the four functions, and draw lines 
whose slopes represent these average rates of change. 

29. (a) What are the fixed costs and the marginal cost for 

the cost function in Figure 1.110? 



must sign up with the Quick-Food plan in order for the 
company to make a profit? 


79 Abraham M. Lilienfeld, Foundations of Epidemiology, p. 67 (New York; Oxford University Press, 1976). 
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31. For tax purposes, you may have to report the value of 
your assets, such as cars or refrigerators. The value you 
report drops with time. “Straight-line depreciation” as¬ 
sumes that the value is a linear function of time. If a $950 
refrigerator depreciates completely in seven years, find a 
formula for its value as a function of time. 

32. One of the graphs in Figure 1.111 is a supply curve, and 
the other is a demand curve. Which is which? Explain 
how you made your decision using what you know about 
the effect of price on supply and demand. 

price price 



33. Figure 1.112 shows supply and demand curves. 

(a) What is the equilibrium price for this product? At 
this price, what quantity is produced? 

(b) Choose a price above the equilibrium price — for ex¬ 
ample, p = 300. At this price, how many items are 
suppliers willing to produce? How many items do 
consumers want to buy? Use your answers to these 
questions to explain why, if prices are above the 
equilibrium price, the market tends to push prices 
lower (toward the equilibrium). 

(c) Now choose a price below the equilibrium price — 
for example, p = 200. At this price, how many 
items are suppliers willing to produce? How many 
items do consumers want to buy? Use your answers 
to these questions to explain why, if prices are be¬ 
low the equilibrium price, the market tends to push 
prices higher (toward the equilibrium). 



Find possible formulas for the graphs in Problems 34-39. 


34. 35. y 


/ 



^5 




36. y 37. y 



( 0 . 1 ) 


38. y 39. z 



40. The worldwide carbon dioxide emission 80 , C, from con¬ 
sumption of fossil fuels was 22.0 billion tons in 1995 and 
28.2 billion tons in 2005. Find a formula for the emission 
C 'mt years after 1995 if: 

(a) (7 is a linear function of t. What is the annual rate of 
increase in carbon dioxide emission? 

(b) C is an exponential function of t. What is the annual 
percent rate of increase in carbon dioxide emission? 

41. Table 1.43 gives values for three functions. Which func¬ 
tions could be linear? Which could be exponential? 
Which are neither? For those which could be linear or 
exponential, give a possible formula for the function. 

Table 1.43 


X 

/w 

9(x) 

h(x) 

0 

25 

30.8 

15,000 

1 

20 

27.6 

9,000 

2 

14 

24.4 

5,400 

3 

7 

21.2 

3,240 


For Problems 42-45, solve for x using logs. 

42. 3^ = 11 43. 20 = 50(1.04) a: 

44. e 5a: = 100 45. 2be Zx = 10 


^Statistical Abstracts of the United States 2009, Table 1304. 
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46. Write the exponential functions P = e°' 08t and Q = 
e _0 _ 3 * in the form P = a 1 and Q = b*. 

47. (a) What is the continuous percent growth rate for the 

function P = 10e 015t ? 

(b) Write this function in the form P = Poa 1 . 

(c) What is the annual (not continuous) percent growth 
rate for this function? 

(d) Graph P = 10e°' 15t and your answer to part (b) on 
the same axes. Explain what you see. 

48. You need $10,000 in your account 3 years from now and 
the interest rate is 8% per year, compounded continu¬ 
ously. How much should you deposit now? 

49. If Qo is the quantity of radioactive carbon-14 in an or¬ 
ganism at the time of death, the quantity, Q, remaining t 
years later is given by 

Q = Q 0 e- 0 000121t . 

(a) A skull uncovered at an archeological dig has 15% 
of the original amount of carbon-14 present. Esti- 



(b) Calculate the half-life of carbon-14. 

50. A radioactive substance has a half-life of 8 years. If 200 
grams are present initially, how much remains at the end 
of 12 years? How long until only 10% of the original 
amount remains? 

51. The size of an exponentially growing bacteria colony 
doubles in 5 hours. How long will it take for the num¬ 
ber of bacteria to triple? 

52. When the Olympic Games were held outside Mexico 
City in 1968, there was much discussion about the effect 
the high altitude (7340 feet) would have on the athletes. 
Assuming air pressure decays exponentially by 0.4% ev¬ 
ery 100 feet, by what percentage is air pressure reduced 
by moving from sea level to Mexico City? 

53. You have the option of renewing the service contract on 
your three-year old dishwasher. The new service contract 
is for three years at a price of $200. The interest rate is 
7.25% per year, compounded annually, and you estimate 
that the costs of repairs if you do not buy the service con¬ 
tract will be $50 at the end of the first year, $100 at the 
end of the second year, and $150 at the end of the third 
year. Should you buy the service contract? Explain. 

54. If h(x) =x 3 -\-l and g(x) = y/x t find 

(a) g(h(x)) (b) h{g{x)) 

(c) h(h{x)) (d) g(x) + 1 

(e) g(x + 1) 

55. Let f(x) = 2x + 3 and g(x) = Inx. Find formulas for 
each of the following functions. 

(a) g(f(x)) (b) f(g(x)) (c) 



Figure 1.113 


56. n(t) = m ⑷ + 2 

57. p{t) = m{t — 1) 

58. k(t) = m(t + 1.5) 

59. w(t) = m(t — 0.5) — 2.5 

In Problems 60-62, use Figure 1.114 to graph the function. 



-4-2 2 

Figure 1.114 


60. 5/(x) 61. f(x + 5) 62. f(x) + 5 

63. A plan is adopted to reduce the pollution in a lake to the 
legal limit. The quantity Q of pollutants in the lake after t 
weeks of clean-up is modeled by the function Q = f{t) 
where f(t) = A + Be ct . 

(a) What are the signs of A, B and C? 

(b) What is the initial quantity of pollution in the lake? 

(c) What is the legal limit of pollution in the lake? 

In Problems 64-65, use shifts of a power function to find a 
possible formula for the graph. 



66. The following table gives values for a function p = f(t). 
Could p be proportional to tl 


50 

200 


In Problems 56-59, use Figure 1.113 to graph the functions. 
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67. Zipf’s Law, developed by George Zipf in 1949, states that 

in a given country, the population of a city is inversely 

proportional to the city’s rank by size in the country. 81 

Assuming Zipf’s Law: 

(a) Write a formula for the population, P, of a city as a 
function of its rank, R. 

(b) If the constant of proportionality k is 300,000, what 
is the approximate population of the largest city 
(rank 1)? The second largest city (rank 2)? The third 
largest city? 

(c) Answer the questions of part (b) if k = 6 million. 

(d) Interpret the meaning of the constant of proportion¬ 
ality k in this context. 

Find the period and amplitude in Problems 68-70. 

68. y = 7 sin(3t) 

69. z = 3 cos(w/4) + 5 

70. r = 0.1 sin(7rt) + 2 

71. Figure 1.115 shows the number of reported 82 cases of 

mumps by month, in the US, for 1972-73. 

(a) Find the period and amplitude of this function, and 
interpret each in terms of mumps. 

(b) Predict the number of cases of mumps 30 months 
and 45 months after January 1, 1972. 

CHECK YOUR UNDERSTANDING 



72. A population of animals varies periodically between a 
low of 700 on January 1 and a high of 900 on July 1. 
Graph the population against time. 

For Problems 73-74, find a possible formula for each graph. 



8?r 


In Problems 1-105, indicate whether the statement is true or 
false. 

1. The domain is the set of outputs of a function. 

2. If V = /(a), where V is the value of a car (in thousands 
of dollars) and a is the car’s age (in years), then /(10) is 
the age of a car valued at $10,000. 

3. If f(x) = x 2 , then the point (2,4) is on the graph of 

m. 


10. The vertical intercept on the graph of C = f[q), where 
C is the cost to produce q items, represents the cost to 
produce no items. 

11. The slope of the graph of a linear function f(jp) is 
(f(P2) ~ f(pi))/(p2 ~ Pl). 

12. The graph of the linear function with formula m(x)= 
3x + 2 has slope 2. 

13. The slope of the graph of a linear function can be zero. 


4. The set of numbers between 3 and 4, including 3 and 4, 
is written (3,4). 

5. The function D = f(r) given by D = — 3r + 10 has 
vertical intercept 10. 

6. A function is always given by a formula. 

7. If f(x) =x 2 -\-2x-\-l then /(3) = 16. 

8. The graph of a function can have more than one horizon¬ 
tal intercept. 

9. The graph of a function can have more than one vertical 
intercept. 


14. An equation of a line with slope — 1 that passes through 
the point (2,5) is y = —x + 7. 

15. The function whose values are shown in the following 
table could be linear: 


s 

2 

4 

6 

8 

/l(S) 

-1 

-5 

-9 

-13 


81 Strogatz, S., ，’ Math and the City”, The New York Times, May 20, 2009. 

82 Center for Disease Control, 1974, Reported Morbidity and Mortality in the United States 1973, Vol. 22, No. 53. Prior 
to the licensing of the vaccine in 1967, 100,000-200,000 cases of mumps were reported annually. Since 1995, fewer than 
1000 cases are reported annually. Source: CDC. 
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16. The graphs of two different linear functions must inter¬ 
sect in a point. 

17. A line with positive slope must also have a positive y- 
intercept. 

18. The linear function f(x) with /(4) = 2 and /(9) = 3 
has slope 5. 

19. If number of acres of harvested land is a linear function 
of elevation in meters, the units of the slope are meters 
per acre. 

20. If (2,5) is a point on the graph of a line with slope 3, 
then (3,8) is also a point on the line. 

21. The function D = f(r) given by D = — 3r + 10 is an 
increasing function of r. 

22. The average rate of change of a linear function f(t) be¬ 
tween t = a and t = bis (/(6) — f(a))/(b — a). 

23. If C(n) is the total cost, in dollars, to feed n students in 
the campus cafeteria, then the average rate of change of 
C (n) has units of students per dollar. 

24. If s(z) = z 2 , then the average rate of change between 
z = —1 and z = 2is positive. 

25. A function f(x) can be both increasing and concave 
down over the interval 0 < x < 1. 

26. The function Q(r) given in the following table appears 
to be concave up: 


r 

1 

2 

3 

4 

Q(r) 

10 

15 

17 

18 


27. The speed and velocity of a moving object are the same. 

28. The average rate of change of a function is the slope of 
the line between two points on the graph of the function. 

29. A particle whose position s, in feet, at time t, in seconds, 
is given by s(t) = 3t + 2 has average velocity 3 feet per 
second. 

30. If the graph of a function is concave up, the function must 
be increasing. 

31. The relative change in a quantity is the change divided 
by the size of the quantity before the change. 

32. If production is measured in tons, the units of the percent 
change of production is also measured in tons. 

33. If cost is $1000 for a quantity of 500 and percent change 
is 15% when the quantity increases by 100 units, then the 
cost to produce 600 units is $1150. 

34. Relative change is always positive. 

35. If Pin grams is a function of t in hours, then the relative 
rate of change is measured in grams per hour. 


36. Profit is the sum of cost and revenue. 

37. Revenue from selling a product is the selling price times 
the quantity sold. 

38. The graph of the cost function C(q) always passes 
through the origin. 

39. The cost function C(q) is a decreasing function of quan- 
tityg. 

40. If the selling price is constant, the revenue function R(q) 
is an increasing function of quantity q. 

41. Demand is always greater than supply. 

42. At equilibrium price p* and quantity q* ， the supply and 
demand curves intersect. 

43. The units of marginal cost are the same as the units of 
marginal revenue. 

44. The marginal profit is the marginal revenue minus the 
marginal cost. 

45. The imposition of a sales tax won’t change the equilib¬ 
rium price and quantity. 

46. The function Q(t) = 5 • 3* is exponential. 

47. An exponential function has a constant percent growth or 
decay rate. 

48. Exponential functions are always increasing. 

49. The function P(t) = 10 - (1.03) 4 has a 30% growth rate. 

50. The function Q(x) = 35(1/3) 31 has Q(2)/Q(l) = 1/3. 

51. The function R(s) = 16.5 s has a vertical intercept of 
16. 

52. The number e satisfies 2 < e < 3. 

53. The function f(t) = 5* grows more quickly than the 
function g(t) = e 1 . 

54. If P = 25(1.15)* gives the size of a population in year 
t, then the population is growing by 15% per year. 

55. The function Q(r) given in the following table could be 
exponential: 


r 

0 

0.1 

0.2 

0.3 

Q(r) 

5 

6.2 

7.4 

8.6 


56. The value of ln(0) is 1. 

57. The value of ln(l) is 0. 

58. For all a > 0 and b > 0， we have ln(a b)= 
In ⑷ . ln(6). 

59. The value of ln(e 2 ) is 2. 

60. The function f(x) = In ⑻ is an increasing function of 
x. 

61. If = 36, then t In 5 = In 36. 
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62. The function P = 10e 5t is an exponential growth func¬ 
tion. 

63. When 6 > 0, we have e lnb = ln(e 6 ). 

64. When B > 0, we have \n(2B) = 2 ln(B). 

65. When A > 0 and B > 0, we have ln(A s ) = Bln(A). 

66. The doubling time of P(t) = 3e 5t and Q(t) = 6e 5t is 
the same. 

67. If the half-life of a quantity is 6 years, then 100 mg of the 
substance will decay to 25 mg in 9 years. 

68. The half-life of P(t) = 2e~°' 6t is twice the half-life of 
Q{t) = e- 06t . 

69. An amount of $1000 invested in a bank account at an 
interest rate of 3% compounded annually has a balance 
after t years of 1000e O O3t . 

70. The doubling time of a continuous rate of 6% is more 
than the doubling time of a continuous rate of 3%. 

71. To find the doubling time of P(t) = 5e 2t , we can solve 
10 = 5e 2t for t. 

72. Present value is always less than future value if interest 
rates are greater than zero. 

73. Assuming continuous growth rate of 3%, the future 
value five years from now of a $1000 payment today is 
lOOOe 015 . 

74. The future value in five years of a $1000 payment made 
today is less than its future value in ten years (assuming 
an annual interest rate of 2%). 

75. The present value of a payment of $1000 five years from 
now is less than the present value of a $1000 payment 
made ten years from now (assuming an annual interest 
rate of 2%). 

76. The graph of f(x + 5) is the same as the graph of 
f(x) + 5. 

77. If the graph of f(x) is always increasing, then so is the 
graph of f{x + k). 

78. If the graph of g(t) is concave up, then the graph of 
—2g(t) is concave down. 

79. If the graph of f(pc) crosses the x-axis at x = 1, then so 
does the graph of 5/(x). 

80. If the graph of f(x) crosses the x-axis at x = 1， then the 
graph of f(x + 1) crosses the x-axis at a: = 0. 

81. If g(s) = s 2 then p(3 + /i) = 9 + /i 2 . 


82. If f(t) = t 2 and g(t) = t1 then f(g(t)) = g(f(t)). 

83. If f(x) = x 3 - 5 and g(x) = lna; then f(g(x))= 

(In x) 3 — 5. 

84. The function h{x) = (3a: 2 + 2) 3 can be written g{u{pc)) 
where g(t) = t 3 and u(x) = 3x 2 + 2. 

85. If f(x) =x 2 -l then f(x + /i) — f(x) = h 2 . 

86. If A is proportional to B, then A = kB for some nonzero 
constant k. 

87. If A is inversely proportional to B, then A = —kB for 
some nonzero constant k. 

88. The function f(x) = 3x 10 is a power function. 

89. The function h(s) = 3.10 s is a power function. 

90. The function h(x) = 3/^/x can be written as a power 
function in the form h(pc) = 3x~ 2 . 

91. The function g(x) = 3/(2x 2 ) can be written as a power 
function in the form g{x) = 6x~ 2 . 

92. The function f(x) = (3y^)/2 can be written as the 
power function f(x) = 1.5x 1//2 . 

93. If w = 10.25r 3 , then w is proportional to the cube of r. 

94. If S = 25/ then S is inversely proportional to the 

cube root of t. 

95. If pis proportional to q, then the ratio p/q is constant. 

96. The amplitude of f(x) = 3 sin x is 3/2. 

97. The period of g{x) = cos : r + 2 is 2 兀 . 

98. The value of sin(3t)/ sin(5t) is 3/5. 

99. The graph ofy = cos a; is a horizontal shift of the graph 
oiy = sin a:. 

100. The period of y = 3 cos(5t) + 7 is 5. 

101. The period of y = sin(2t) is twice the period of y = 
sin(t). 

102. The functions /(t) = 5sint and g(t) = 8 + 5sint have 
the same amplitude. 

103. The graphs of y = (sin x) 2 and y = sin(x 2 ) are the 
same. 

104. For all x, we have 0 < sin(x) < 1. 

105. For all x, we have sin 2 x + cos 2 x = 1. 


PROJECTS FOR CHAPTER ONE 

1. Compound Interest 

The newspaper article below is from The New York Times, May 27, 1990. Fill in the three 
blanks. (For the first blank, assume that daily compounding is essentially the same as continuous 
compounding. For the last blank, assume the interest has been compounded yearly, and give 
your answer in dollars. Ignore the occurrence of leap years.) 
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213 Years After Loan, 
Uncle Sam Is Dunned 

By LISA BELKIN 

Special to The New York Times 

SAN ANTONIO, May 26 — More than 200 years ago, 
a wealthy Pennsylvania merchant named Jacob DeHaven lent 
$450,000 to the Continental Congress to rescue the troops at Val¬ 
ley Forge. That loan was apparently never repaid. 

So Mr. DeHaven’s descendants are taking the United States 
Government to court to collect what they believe they are owed. 


The total: _ in today’s dollars if the interest is 

compounded daily at 6 percent, the going rate at 
the time. If compounded yearly, the bill is only __ 

Family Is Flexible 

The descendants say that they are willing to be flexible about 
the amount of a settlement and that they might even accept a 
heartfelt thank you or perhaps a DeHaven statue. But they also 
note that interest is accumulating at_a second. 


2. Population Center of the US 

Since the opening up of the West, the US population has moved westward. To observe this, 
we look at the “population center” of the US, which is the point at which the country would 
balance if it were a flat plate with no weight, and every person had equal weight. In 1790 the 
population center was east of Baltimore, Maryland. It has been moving westward ever since, 
and in 2000 it was in Edgar Springs, Missouri. During the second half of the 20 th century, the 
population center has moved about 50 miles west every 10 years. 

(a) Let us measure position westward from Edgar Springs along the line running through Bal¬ 
timore. For the years since 2000, express the approximate position of the population center 
as a function of time in years from 2000. 

(b) The distance from Baltimore to Edgar Springs is a bit over 1000 miles. Could the population 
center have been moving at roughly the same rate for the last two centuries? 

(c) Could the function in part (a) continue to apply for the next four centuries? Why or why 
not? [Hint: You may want to look at a map. Note that distances are in air miles and are not 
driving distances.] 
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2.1 INSTANTANEOUS RATE OF CHANGE 


Chapter 1 introduced the average rate of change of a function over an interval. In this section, we 
consider the rate of change of a function at a point. We saw in Chapter 1 that when an object is 
moving along a straight line, the average rate of change of position with respect to time is the 
average velocity. If position is expressed as y = f(t), where t is time, then 


Average rate of change in position _ Ay _ fib) — f (a) 
between t = a and t = b b — a 

If you drive 200 miles in 4 hours, your average velocity is 200/4 = 50 miles per hour. Of course, 
this does not mean that you travel at exactly 50 mph the entire trip. Your velocity at a given instant 
during the trip is shown on your speedometer, and this is the quantity that we investigate now. 

Instantaneous Velocity 

We throw a grapefruit straight upward into the air. Table 2.1 gives its height, y, at time t. What is 
the velocity of the grapefruit at exactly t = 11 We use average velocities to estimate this quantity. 


Table 2.1 Height of the grapefruit above the ground 


t (sec) 

0 

1 

2 

3 

4 

5 

6 

y = s{t) (feet) 

6 

90 

142 

162 

150 

106 

30 


The average velocity on the interval 0 < t < 1 is 84 ft/sec and the average velocity on the 
interval 1 < t < 2 is 52 ft/sec. Notice that the average velocity before 亡 =1 is larger than the 
average velocity after t = 1 since the grapefruit is slowing down. We expect the velocity att = 1 to 
be between these two average velocities. How can we find the velocity at exactly t = 11 We look at 
what happens near t = 1 in more detail. Suppose that we find the average velocities on either side 
of t = 1 over smaller and smaller intervals, as in Figure 2.1. Then, for example, 

Average velocity _ _ g(l.Ql) — s(l) _ 90.678 — 90 _ ^ ft/ sec 

between t = 1 andt = 1.01 ^ 1.01 — 1 0.01 

We expect the instantaneous velocity at t = 1 to be between the average velocities on either side 
oft = 1. In Figure 2.1, the values of the average velocity before t = 1 and the average velocity after 
t = 1 get closer together as the size of the interval shrinks. For the smallest intervals in Figure 2.1, 
both velocities are 68.0 ft/sec (to one decimal place), so we say the velocity at 尤二 1 is 68.0 ft/sec 
(to one decimal place). 


t 

0 

0.9 

0.99 

0.999 

1 

1.001 

1.01 

1.1 

2 

y = s(t) 

6.000 

83.040 

89.318 

89.932 

90.000 

90.068 

90.678 

96.640 

142.000 



Average velocity Average velocity 

69.6 ft/sec 66.4 ft/sec 


Average velocity Average velocity 

68.2 ft/sec 67.8 ft/sec 


Average velocity Average velocity 

68.0 ft/sec 68.0 ft/sec 


Figure 2.1 : Average velocities over intervals on either side of t = 1 showing successively smaller intervals 
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Of course, if we showed more decimal places, the average velocities before and after t = 1 
would no longer agree. To calculate the velocity at t = 1 to more decimal places of accuracy, 
we take smaller and smaller intervals on either side oft = l until the average velocities agree to 
the number of decimal places we want. In this way, we can estimate the velocity at t = 1 to any 
accuracy. 

Defining Instantaneous Velocity Using the Idea of a Limit 

When we take smaller intervals near t = 1, it turns out that the average velocities for the grapefruit 
are always just above or just below 68 ft/sec. It seems natural, then, to define velocity at the instant 
t = 1 to be 68 ft/sec. This is called the instantaneous velocity at this point. Its definition depends 
on our being convinced that smaller and smaller intervals provide average velocities that come 
arbitrarily close to 68. This process is referred to as taking the limit. 


The instantaneous velocity of an object at time t is defined to be the limit of the average 
velocity of the object over shorter and shorter time intervals containing t. 


Notice that the instantaneous velocity seems to be exactly 68, but what if it were 68.000001? 
How can we be sure that we have taken small enough intervals? Showing that the limit is exactly 68 
requires more precise knowledge of how the velocities were calculated and of the limiting process; 
see the Focus on Theory section. 

Instantaneous Rate of Change 

We can define the instantaneous rate of change of any function y = f(t) at a point t = a. We mimic 
what we did for velocity and look at the average rate of change over smaller and smaller intervals. 


The instantaneous rate of change of / at a, also called the rate of change of f at a, is 
defined to be the limit of the average rates of change of / over shorter and shorter intervals 
around a. 


Since the average rate of change is a difference quotient of the form Ay/At, the instantaneous 
rate of change is a limit of difference quotients. In practice, we often approximate a rate of change 
by one of these difference quotients. 


Example 1 The quantity (in mg) of a drug in the blood at time t (in minutes) is given by Q = 25(0.8)*. Estimate 
the rate of change of the quantity ait = 3 and interpret your answer. 

Solution We estimate the rate of change at t = 3 by computing the average rate of change over intervals near 
t = 3. We can make our estimate as accurate as we like by choosing our intervals small enough. 
Let’s look at the average rate of change over the interval 3 <t < 3.01: 

A ^ , AQ 25(0.8) 3 - 01 - 25(0.8)3 12.7715 - 12.80 0 or 

Average rate oi change = — — = - — - —— -=-= —2.85. 

5 5 At 3.01 - 3.00 3.01 - 3.00 

A reasonable estimate for the rate of change of the quantity at t = 3 is —2.85. Since Q is in 
mg and t in minutes, the units of AQ/At are mg/minute. Since the rate of change is negative, the 
quantity of the drug is decreasing. After 3 minutes, the quantity of the drug in the body is decreasing 
at 2.85 mg/minute. 


In Example 1, we estimated the rate of change using an interval to the right of the point (t = 3 
to t = 3.01). We could use an interval to the left of the point, or we could average the rates of 
change to the left and the right. In this text, we usually use an interval to the right of the point. 
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The Derivative at a Point 

The instantaneous rate of change of a function / at a point a is so important that it is given its own 
name, the derivative of f at a, denoted f(a) (read “/-prime of a”). If we want to emphasize that 
f r {a) is the rate of change of f{x) as the variable x increases, we call f(a) the derivative of / 
with respect to x 3i x = a. Notice that the derivative is just a new name for the rate of change of a 
function. 


The derivative of / at a, written /’ ⑷， is defined to be the instantaneous rate of change of 
/ at the point a. 


A definition of the derivative using a formula is given in the Focus on Theory section. 


Example 2 

Solution 


Estimate / 7 (2) if f(x) = x 3 . 

Since f f (2) is the derivative, or rate of change, of f(x) = x 3 at 2, we look at the average rate of 
change over intervals near 2. Using the interval 2 < x < 2.001，we see that 

Average rate of change _ (2.001) 3 — 2 3 _ 8.0120 — 8 _ q 

on 2 < a; < 2.001 2.001 — 2 0.001 

The rate of change of f(x) at x = 2 appears to be approximately 12, so we estimate /’(2) = 12. 


Visualizing the Derivative: Slope of the Graph and Slope of the Tangent Line 

Figure 2.2 shows the average rate of change of a function represented by the slope of the secant line 
joining points A and B. The derivative is found by taking the average rate of change over smaller 
and smaller intervals. In Figure 2.3, as point B moves toward point A, the secant line becomes the 
tangent line at point A. Thus, the derivative is represented by the slope of the tangent line to the 
graph at the point. 




Figure 2.2: Visualizing the average rate of 
change of / between a and b 


Figure 2.3: Visualizing the instantaneous rate 
of change of / at a 


Alternatively, take the graph of a function around a point and “zoom in” to get a close-up view. 
(See Figure 2.4.) The more we zoom in, the more the graph appears to be straight. We call the slope 
of this line the slope of the graph at the point; it also represents the derivative. 


The derivative of a function at the point A is equal to 


• The slope of the graph of the function at A. 

• The slope of the line tangent to the curve at A. 
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Figure 2.4: Finding the slope of a curve at a point by “zooming in” 

The slope interpretation is often useful in gaining rough information about the derivative, as the 
following examples show. 


Example 3 Use a graph of f(x) = x 2 to determine whether each of the following quantities is positive, negative, 
or zero: (a) f (l) (b) f(-l) (c) f(2) (d) f’(0) 

Solution Figure 2.5 shows tangent line segments to the graph of f(x) = x 2 at the points x = 1 , x = — 1, 
x = 2, and x = 0. Since the derivative is the slope of the tangent line at the point, we have: 

(a) / ; (1) is positive. 

(b) f (-l) is negative. 

(c) / 7 (2) is positive (and larger than f'(l)). 

(d) /’(O) = 0 since the graph has a horizontal tangent atx = 0. 



Figure 2.5: Tangent lines showing sign of derivative of f(x) = x 2 


Example 4 Estimate the derivative of f(x) = 2 X atx = 0 graphically and numerically. 

Solution Graphically: If we draw a tangent line at x = 0 to the exponential curve in Figure 2.6, we see that it 
has a positive slope between 0.5 and 1. 



Figure 2.6: Graph of f(x) = 2 X showing the derivative at x = 0 
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Numerically: To estimate the derivative at x = 0, we compute the average rate of change on an 
interval around 0. 


Average rate of change 
on 0 < x < 0.0001 


0.0001 - 0 


0.0001 


0.69317. 


Since using smaller intervals gives approximately the same values, it appears that the derivative is 
approximately 0.69317; that is, f f {0) « 0.693. 


Example 5 


The graph of a function y = f(x) is shown in Figure 2.7. Indicate whether each of the following 
quantities is positive or negative, and illustrate your answers graphically. 

/ ⑶ - /(l) 


⑻尸⑴ 


(b) 


3- 


( c ) / ⑷一/⑺ 



f(x) 


Solution 


1 2 3 4 5 6 7 

Figure 2.7 

(a) Since /’(l) is the slope of the graph at x = 1， we see in Figure 2.8 that f f (l) is positive. 


/ / /(*) 

/Slope = / ; (1) / 

〜广 

/(2) - 



/ ⑷- 

r 

1 2 3 4 5 6 7 

1 3 


Figure 2.8 

Figure 2.9 




Figure 2.10 

(b) The difference quotient (/(3) — /(l)) /(3 — 1) is the slope of the secant line between x = 1 
and x = 3. We see from Figure 2.9 that this slope is positive. 

(c) Since /(4) is the value of the function at x = 4 ： and /(2) is the value of the function at a; = 2, 
the expression /(4) — /(2) is the change in the function between x = 2 and x = 4：. Since /(4) 
lies below /(2), this change is negative. See Figure 2.10. 


Estimating the Derivative of a Function Given Numerically 

If we are given a table of values for a function, we can estimate values of its derivative. To do this, 
we have to assume that the points in the table are close enough together that the function does not 
change wildly between them. 


Example 6 


The total acreage of farms in the US 1 has decreased since 1980. See Table 2.2. 
Table 2.2 Total farm land in million acres 


Year 

1980 

1985 

1990 

1995 

2000 

Farm land (million acres) 

1039 

1012 

987 

963 

945 


(a) What was the average rate of change in farm land between 1980 and 2000? 

(b) Estimate /’(1995) and interpret your answer in terms of farm land. 

1 Statistical Abstracts of the United States 2004-2005, Table 796. 






























Solution 


(a) Between 1980 and 2000, 
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Average rate of change = 


2000 - 1980 


20 


=—4.7 million acres per year. 


Between 1980 and 2000, the amount of farm land was decreasing at an average rate of 4.7 
million acres per year. 

(b) We use the interval from 1995 to 2000 to estimate the instantaneous rate of change at 1995: 


/'(1995) 


Rate of change 


945 - 963 
2000- 1995 


-3.6 million acres per year. 


In 1995, the amount of farm land was decreasing at a rate of approximately 3.6 million acres 
per year. 


Problems for Section 2.1 

1. Use the graph in Figure 2.7 to decide if each of the fol¬ 
lowing quantities is positive, negative or approximately 
zero. Illustrate your answers graphically. 

(a) The average rate of change of f(x) between x = 3 
and x = 7. 

(b) The instantaneous rate of change of f(x) atx = 3. 

2. Figure 2.11 shows N = f{t), the number of farms in 
the US 2 between 1930 and 2000 as a function of year, t. 

(a) Is f (1950) positive or negative? What does this tell 
you about the number of farms? 

(b) Which is more negative: /’(1960) or / 7 (1980)? 
Explain. 



^^^^^^^ L t (year) 

1930 1950 1970 1990 

Figure 2.11 

3. In a time of t seconds, a particle moves a distance of s 
meters from its starting point, where s = 3t 2 . 

(a) Find the average velocity between t = 1 and t = 
1 + ^ if: 

(i) h = 0.1, (ii) h = 0.01, (iii) h = 0.001. 

(b) Use your answers to part (a) to estimate the instan¬ 
taneous velocity of the particle at time t = 1. 


4. Find the average velocity over the interval 0 < t < 0.8, 
and estimate the velocity att = 0.2 of a car whose posi¬ 
tion, s, is given by the following table. 


t (sec) 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

5 (ft) 

0 

0.5 

1.8 

3.8 

6.5 

9.6 


5. The distance (in feet) of an object from a point is given 

by s(t) = t 2 , where time t is in seconds. 

(a) What is the average velocity of the object between 
t = 3 and t = 5? 

(b) By using smaller and smaller intervals around 3, es¬ 
timate the instantaneous velocity at time t = 3. 

6. Figure 2.12 shows the cost, y = f{x), of manufacturing 

x kilograms of a chemical. 

(a) Is the average rate of change of the cost greater be¬ 
tween x = 0 and x = S, or between x = 3 and 
x = hl Explain your answer graphically. 

(b) Is the instantaneous rate of change of the cost of pro¬ 
ducing x kilograms greater at x = 1 or at x = 4? 
Explain your answer graphically. 

(c) What are the units of these rates of change? 


y (thousand $) 



Figure 2.12 


2 www.nass.usda.gov:81/ipedb/farmnum.htm, accessed April 11,2005. 
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7. The size, S, of a tumor (in cubic millimeters) is given by 
S = 2*, where t is the number of months since the tumor 
was discovered. Give units with your answers. 

(a) What is the total change in the size of the tumor dur¬ 
ing the first six months? 

(b) What is the average rate of change in the size of the 
tumor during the first six months? 

(c) Estimate the rate at which the tumor is growing at 
t = 6. (Use smaller and smaller intervals.) 



Figure 2.14 


X 

作） 


0 


0.5 


2 


-0.5 


-2 


8. (a) Using Table 2.3, find the average rate of change in 
the world’s population between 1975 and 2005. Give 
units. 

(b) If P = f(t) with t in years, estimate / ; (2005) and 
give units. 


Table 2.3 World population，in billions of people 


Year 



1975 

4.08 


1980 

4.45 


1985 

4.84 


1990 1995 

5.27 5.68 


2000 

6.07 


2005 

6.45 


9. Let f(x) = 5 X . Use a small interval to estimate / / (2). 
Now improve your accuracy by estimating /’(2) again, 
using an even smaller interval. 

10. (a) Let g(t) = (0.8)*. Use a graph to determine whether 

g\2) is positive, negative, or zero. 

(b) Use a small interval to estimate g f (2). 

11. (a) The function / is given in Figure 2.13. At which of 

the labeled points is f f (x) positive? Negative? Zero? 
(b) At which labeled point is j' largest? At which la¬ 
beled point is f most negative? 



14. The following table gives the percent of the US popula¬ 
tion living in urban areas as a function of year. 3 


Year 

Percent 

Year 

Percent 


1800 

6.0 

1950 

64.0 


1830 

9.0 

1980 

73.7 


1860 

19.8 

1990 

75.2 


1890 

35.1 

2000 

79.0 


1920 

51.2 


(a) Find the average rate of change of the percent of the 
population living in urban areas between 1890 and 
1990. 

(b) Estimate the rate at which this percent is increasing 
at the year 1990. 

(c) Estimate the rate of change of this function for the 
year 1830 and explain what it is telling you. 

(d) Is this function increasing or decreasing? 

15. (a) Graph j(x) = x 2 and ^(a:) = a: 2 + 3 on the same 

axes. What can you say about the slopes of the tan¬ 
gent lines to the two graphs at the point x = 0? 
x = 11 x = 2? x = a, where a is any value? 

(b) Explain why adding a constant to any function will 
not change the value of the derivative at any point. 

16. Table 2.4 gives P = f(t), the percent of households in 

the US with cable television t years since 1990. 4 

(a) Does /’(6) appear to be positive or negative? What 
does this tell you about the percent of households 
with cable television? 

(b) Estimate ,(2). Estimate ,(10). Explain what each 
is telling you, in terms of cable television. 


Table 2.4 


t (years since 1990) 

0 

2 

4 

6 

8 

10 

12 

P(% with cable) 

59.0 

61.5 

63.4 

66.7 

67.4 

67.8 

68.9 


12. Estimate /'(2) for f(x) = 3' Explain your reasoning. 


13. Figure 2.14 shows the graph of /. Match the derivatives 17. Estimate P ’ ⑼ if P(t) = 200(1.05) t . Explain how you 
in the table with the points a, b, c, d, e. obtained your answer. 


3 Statistical Abstracts of the US, 1985, US Department of Commerce, Bureau of the Census, p. 22, and World Almanac 
and Book of Facts 2005, p. 624 (New York). 

4 The World Almanac and Book of Facts 2005, p. 310 (New York). 








































2.2 THE DERIVATIVE FUNCTION 95 


18. The function in Figure 2.15 has /(4) = 25 and /’⑷ 二 21. For each of the following pairs of numbers, use Fig- 
1.5. Find the coordinates of the points A, B,C. ure 2.17 to decide which is larger. Explain your answer. 



⑻ /(3) or / ⑷？ 

(b) /(3)-/(2) or /(2)-/(!)? 


(c) 


/⑵ 一 / ⑴ 


(d) f(l)or/(4)? 


/ ⑶- /(1) ‘ 

3-1 


22. Estimate the instantaneous rate of change of the function 
f(pc) = : r lux at x = 1 and at a: = 2. What do these 
values suggest about the concavity of the graph between 
1 and 2? 



19. Use Figure 2.16 to fill in the blanks in the following state¬ 
ments about the function g at point B. 

⑻ 9(—)=— (b)〆( —）= — 



23. On October 17, 2006, in an article called ‘*US Popula¬ 
tion Reaches 300 Million,” the BBC reported that the US 
gains 1 person every 11 seconds. If f(t) is the US pop¬ 
ulation in millions t years after October 17, 2006, find 
/ ⑼ and/， ⑼. 

24. The following table shows the number of hours worked 
in a week, f(t), hourly earnings, g(t), in dollars, and 
weekly earnings, h(t), in dollars, of production workers 
as functions of t, the year. 5 

(a) Indicate whether each of the following derivatives is 
positive, negative, or zero: fit), g’[t) ， h f (t). Inter¬ 
pret each answer in terms of hours or earnings. 

(b) Estimate each of the following derivatives, and in¬ 
terpret your answers: 


20. Show how to represent the following on Figure 2.17. 



(i) /’(1970)and/’(1995) 

(ii) p’(1970) and ^(1995) 

(iii) /1 7 (1970) and ^(1995) 


t 

1970 

1975 

1980 

1985 

1990 

1995 

2000 

m 

37.0 

36.0 

35.2 

34.9 

34.3 

34.3 

34.3 

g(t) 

3.40 

4.73 

6.84 

8.73 

10.09 

11.64 

14.00 

Ht) 

125.80 

170.28 

240.77 

304.68 

349.29 

399.53 

480.41 


Figure 2.17 


2.2 THE DERIVATIVE FUNCTION 


In Section 2.1 we looked at the derivative of a function at a point. In general, the derivative takes on 
different values at different points and is itself a function. Recall that the derivative is the slope of 
the tangent line to the graph at the point. 

Finding the Derivative of a Function Given Graphically 

Example 1 Estimate the derivative of the function f(x) graphed in Figure 2.18 atx = —2, —1, 0,1, 2, 3, 4, 5. 

5 The World Almanac and Book of Facts 2005, p. 151 (New York). Production workers includes nonsupervisory workers 
in mining, manufacturing, construction, transportation, public utilities, wholesale and retail trade, finance, insurance, real 
estate, and services. 
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x 


Slope of tangent 
= / ； ( 3 ) = ~ 1 


Figure 2.18: Estimating the derivative graphically as the slope of a tangent line 


Solution From the graph, we estimate the derivative at any point by placing a straightedge so that it forms 
the tangent line at that point, and then using the grid to estimate the slope of the tangent line. For 
example, the tangent at x = — 1 is drawn in Figure 2.18, and has a slope of about 2, so /’(一 1) « 2. 
Notice that the slope at x = —2 is positive and fairly large; the slope at x = —1 is positive but 
smaller. At 怎 = 0, the slope is negative, by x = 1 it has become more negative, and so on. Some 
estimates of the derivative, to the nearest integer, are listed in Table 2.5. You should check these 
values yourself. Is the derivative positive where you expect? Negative? 

Table 2.5 Estimated values of derivative of function in Figure 2.18 


x -2 -1 0 1 _ 2 

Derivative at x 6 2 -1 -2 -2 



5 

4 


The important point to notice is that for every x-value, there is a corresponding value of the 
derivative. The derivative, therefore, is a function of x. 


For a function /, we define the derivative function, /’， by 

f (x) = Instantaneous rate of change of / at x. 


Example 2 Plot the values of the derivative function calculated in Example 1. Compare the graphs of /’ and /. 

Solution Graphs of / and j' are in Figures 2.19 and 2.20, respectively. Notice that /’ is positive (its graph is 

above the x-axis) where / is increasing, and j' is negative (its graph is below the x-axis) where / 
is decreasing. The value of f f (x) is 0 where / has a maximum or minimum value (at approximately 


x = - 

-0.4 and x = 3.7). 

5 - 


[1 


-2 -li_ 

i V 4 / 

-2- 

- 

-3 - 



f increasing f decreasing f increasing 
Figure 2.19: The function / 



/’ positive f negative f positive 
Figure 2.20: Estimates of the derivative, f 
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Example 3 The graph of / is in Figure 2.21. Which of the graphs (a)-(c) is a graph of the derivative, /’？ 



Solution Since the graph of f(x) is horizontal at x = — 1 and x = 2, the derivative is zero there. Therefore, 
the graph of f(x) has x-intercepts atx = —1 and x = 2. 

The function / is decreasing for x < — 1， increasing for —1 < x < 2, and decreasing for x > 2. 
The derivative is positive (its graph is above the r-axis) where / is increasing, and the derivative is 
negative (its graph is below the x-axis) where / is decreasing. The correct graph is (c). 


What Does the Derivative Tell Us Graphically? 

Where the derivative, /’， of a function is positive, the tangent to the graph of / is sloping up; where 
j' is negative, the tangent is sloping down. If / / = 0 everywhere, then the tangent is horizontal 
everywhere and so / is constant. The sign of the derivative f tells us whether the function / is 
increasing or decreasing. 


If > 0 on an interval, then f is increasing over that interval. 

If / 7 < 0 on an interval, then / is decreasing over that interval. 

If = 0 on an interval, then / is constant over that interval. 


The magnitude of the derivative gives us the magnitude of the rate of change of /. If /’ is large 
in magnitude, then the graph of / is steep (up if /’ is positive or down if /’ is negative); if /’ is 
small in magnitude, the graph of / is gently sloping. 

Estimating the Derivative of a Function Given Numerically 

If we are given a table of function values instead of a graph of the function, we can estimate values 
of the derivative. 


Example 4 Table 2.6 gives values of c(t), the concentration (mg/cc) of a drug in the bloodstream at time t (min). 
Construct a table of estimated values for d{t), the rate of change of c{t) with respect to t. 

Table 2.6 Concentration of a drug as a function of time 


t (min) 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

c{t) (mg/cc) 

0.84 

0.89 

0.94 

0.98 

1.00 

1.00 

0.97 

0.90 

0.79 

0.63 

0.41 


Solution 


To estimate the derivative of c using the values in the table, we assume that the data points are 
close enough together that the concentration does not change wildly between them. From the table, 
we see that the concentration is increasing between t = 0 and t = 0.4, so we expect a positive 
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derivative there. From t = O.b to t = 1.0, the concentration starts to decrease, and the rate of 
decrease gets larger and larger, so we would expect the derivative to be negative and of greater and 
greater magnitude. 

We estimate the derivative for each value of t using a difference quotient. For example, 
c(0.1) - c(0) — 0.89 - 0.84 


c’(0) » 


0 . 1-0 


0.5 (mg/cc) per minute. 


Similarly, we get the estimates 


力 n c(0.2) - c(0.1) _ 0.94 - 0.89 
C ( • 卜 0.2-0.1 ~ = ~ 0A ~ 

心、〜 c(Q.3)-c(0.2) _ 0.98-0.94 
(•) 〜 0.3-0.2 — 0.1 


= 0.5 
= 0.4 


and so on. These values are tabulated in Table 2.7. Notice that the derivative has small positive 
values up until t = 0.4, and then it gets more and more negative, as we expected. 


Table 2.7 Derivative of concentration 


t 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

c’(t) 

0.5 

0.5 

0.4 

0.2 

0.0 

-0.3 

-0.7 

-1.1 

-1.6 

-2.2 


Improving Numerical Estimates for the Derivative 

In the previous example, our estimate for the derivative of c(t) at t = 0.2 used the point to the 
right. We found the average rate of change between t = 0.2 and t = 0.3. However, we could 
equally well have gone to the left and used the rate of change between t = 0.1 and t = 0.2 to 
approximate the derivative at 0.2. For a more accurate result, we could average these slopes, getting 
the approximation 

c'(0.2) Slope to left Slope to right \ = 0_5 + 0_4 

、 ； 2 V of 0.2 of 0.2 ) 2 

Each of these methods of approximating the derivative gives a reasonable answer. We will usually 
estimate the derivative by going to the right. 

Finding the Derivative of a Function Given by a Formula 

If we are given a formula for a function /, can we come up with a formula for /’？ Using the 
definition of the derivative, we often can. Indeed, much of the power of calculus depends on our 
ability to find formulas for the derivatives of all the familiar functions. This is explained in detail in 
Chapter 3. In the next example, we see how to guess a formula for the derivative. 


Example 5 Guess a formula for the derivative of f(x) = x 2 . 


Solution 


We use difference quotients to estimate the values of /’(I) ， f(2), and /’(3). Then we look for a 
pattern in these values which we use to guess a formula for f(x). 

Near x = 1， we have 


Similarly, 


f(i) - 

/'⑶ 《 
/'⑶ 《 


1.001 2 - l 2 

1.002 - 

1 

_ 0.002 

0.001 

' 0.001 


= 0.001 

2.001 2 - 2 2 

4.004 - 

4 

_ 0.004 

0.001 

' 0.001 


= 0.001 

3.001 2 - 3 2 

9.006 - 

9 

_ 0.006 

0.001 

一 0.001 


= 0.001 
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Knowing the value of f at specific points cannot tell us the formula for /’， but it can be suggestive: 
knowing /’(l) « 2, /’(2) « 4, /’(3) « 6 suggests that f'{x) = 2x. In Chapter 3, we show that 
this is indeed the case. 


Problems for Section 2.2 


1. The graph of f(x) is given in Figure 2.22. Draw tangent 
lines to the graph aix = —2, x — —1, x = 0, and x = 2. 
Estimate 尸 (-2)，f (-1) ， 尸 ⑼， and 尸 ⑵. 



Figure 2.22 

For Problems 2-7, graph the derivative of the given functions. 






-4 


8. Given the numerical values shown, find approximate val¬ 
ues for the derivative of f(x) at each of the ^-values 
given. Where is the rate of change of f(x) positive? 
Where is it negative? Where does the rate of change of 
f(x) seem to be greatest? 


X 

0 1 2345678 

f ⑻ 

18 13 10 9 9 11 15 21 30 


9. Find approximate values for /, (x) at each of the x-values 
given in the following table. 


X 

0 

5 

10 

15 

20 


100 

70 

55 

46 

40 


10. In the graph of / in Figure 2.23, at which of the labeled 
x-values is 


(a) f(x) greatest? (b) f(x) least? 

(c) f(x) greatest? (d) f{x) least? 



Sketch the graphs of the derivatives of the functions shown in 
Problems 11-18. Be sure your sketches are consistent with the 
important features of the graphs of the original functions. 
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19. A city grew in population throughout the 1980s. The 
population was at its largest in 1990, and then shrank 
throughout the 1990s. Let P = f(t) represent the pop¬ 
ulation of the city t years since 1980. Sketch graphs of 
f(t) and /’(t)，labeling the units on the axes. 

20. Values of x and g(pc) are given in the table. For what 
value of x does g\x) appear to be closest to 3? 



X 

2.7 

.3.2 

3.7 

4.2 

4 7 

5.2 

5.7 

6.2 

9 ( x ) 

3.4 

4.4 

5.0 

5.4 

6.0 

7.4 

9.0 

11.0 



25. Draw a possible graph ofy = f(x) given the following 
information about its derivative. 

• f(x) > Oforx < -1 

• f \x) < 0 for a: > —1 

• f(x) = 0 atx = —1 


26. Draw the graph of a continuous function y = f(x) that 
satisfies the following three conditions: 

• f(x) > 0 for 1 < x < 3 

• f ix) < 0 for x < 1 and x > 3 

• f , (x) = 0atx = lmdx = 3 

27. A vehicle moving along a straight road has distance f(t) 
from its starting point at time t. Which of the graphs in 
Figure 2.25 could be f (t) for the following scenarios? 
(Assume the scales on the vertical axes are all the same.) 

(a) A bus on a popular route, with no traffic 

(b) A car with no traffic and all green lights 

(c) A car in heavy traffic conditions 


(I) 



(HI) 


(II) 



Figure 2.25 




28. (a) Let f(x) = lnrr. Use small intervals to estimate 

/m /'(2),/'(3) ， /'(4) ， and/'(5). 

(b) Use your answers to part (a) to guess a formula for 
the derivative of f(x) = Inx. 

29. Suppose f(x) = ^x 3 . Estimate /’(2) ， /’(3)，and /’(4). 
What do you notice? Can you guess a formula for f’ (x)? 
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30. Match each of the following descriptions of a function 
with one of the following graphs. 

(a) /’(l) > 0 and f is always decreasing 

(b) /’(l) > 0 and f is always increasing 

(c) /’(l) < 0 and f is always decreasing 

(d) /’(l) < 0 and f is always increasing 



31. A child inflates a balloon, admires it for a while and then 
lets the air out at a constant rate. If V (t) gives the volume 
of the balloon at time t, then Figure 2.26 shows V\t) as 
a function of t. At what time does the child: 

(a) Begin to inflate the balloon? 

(b) Finish inflating the balloon? 

(c) Begin to let the air out? 

(d) What would the graph of V\t) look like if the child 
had alternated between pinching and releasing the 
open end of the balloon, instead of letting the air out 
at a constant rate? 


V\t) 



Figure 2.26 


2.3 INTERPRETATIONS OF THE DERIVATIVE 


We have seen the derivative interpreted as a slope and as a rate of change. In this section, we see 
other interpretations. The purpose of these examples is not to make a catalog of interpretations but 
to illustrate the process of obtaining them. There is another notation for the derivative that is often 
helpful. 


An Alternative Notation for the Derivative 


So far we have used the notation j' to stand for the derivative of the function /. An alternative 
notation for derivatives was introduced by the German mathematician Gottfried Wilhelm Leibniz 
(1646-1716) when calculus was first being developed. We know that f r (x) is approximated by the 
average rate of change over a small interval. If y = f(x), then the average rate of change is given 
by Ay/Ax. For small Ax, we have 

胁萏 

Leibniz’s notation for the derivative, dy/dx, is meant to remind us of this. If y = f(x), then we 
write 


m = 


Leibniz’s notation is quite suggestive, especially if we think of the letter dindy/dx as standing 
for “small difference in ... The notation dy/dx reminds us that the derivative is a limit of ratios 
of the form 

Difference in ^/-values 
Difference in x-values 


The notation dy/dx is useful for determining the units for the derivative: the units for dy/dx are the 
units for y divided by (or “per”）the units for x. 

The separate entities dy and dx officially have no independent meaning: they are part of one 
notation. In fact, a good formal way to view the notation dy/dx is to think of d/dx as a single 
symbol meaning “the derivative with respect to x of • • •”. Thus, dy/dx could be viewed as 

去 (y), meaning “the derivative with respect to x of y 
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On the other hand, many scientists and mathematicians really do think of dy and dx as separate 
entities representing “infinitesimally” small differences in y and x, even though it is difficult to say 
exactly how small “infinitesimal” is. It may not be formally correct, but it is very helpful intuitively 
to think of dy/dx as a very small change in y divided by a very small change in x. 

For example, recall that if s = f(t) is the position of a moving object at time t, then v = f r (t) 
is the velocity of the object at time t. Writing 


ds 

v = Tt 

reminds us that v is a velocity since the notation suggests a distance, ds, over a time, dt, and we 
know that distance over time is velocity. Similarly, we recognize 


as the slope of the graph ofy = f(x) by remembering that slope is vertical rise, dy, over horizontal 


run, dx. 

The disadvantage of the Leibniz notation is that it is awkward to specify the value at which a 
derivative is evaluated. To specify / / (2), for example, we have to write 


逆 I 

dx L=2 


Using Units to Interpret the Derivative 


Suppose a body moves along a straight line. If 5 = f(t) gives the position in meters of the body 
from a fixed point on the line as a function of time, t, in seconds, then knowing that 


/7c 

— =/’ ⑶ =10 meters/sec 

tells us that when t = 2 sec, the body is moving at a velocity of 10 meters/sec. If the body continues 
to move at this velocity for a whole second (from t = 2 to t = 3), it would move an additional 10 
meters. 

In other words, if As represents the change in position during a time interval At, and if the 
body continues to move at this velocity, we have As = 10 At, so 

As = f{2) At = 10 At. 


If the velocity is varying, this relationship is no longer exact. For small values of At, we have the 
Tangent Line Approximation 

As « f’(t)At. 

(See also Local Linear Approximation in this section.)Notice that, for a given positive At, a large 
derivative gives large change in s; a small derivative gives small change in s. In general: 


• The units of the derivative of a function are the units of the dependent variable divided 
by the units of the independent variable. In other words, the units of dA/dB are the units 
of A divided by the units of B. 

• If the derivative of a function is not changing rapidly near a point, then the derivative 
is approximately equal to the change in the function when the independent variable in¬ 
creases by 1 unit. 


The following examples illustrate how useful units can be in suggesting interpretations of the 
derivative. 


Example 1 The cost C (in dollars) of building a house A square feet in area is given by the function C = f(A). 
What are the units and the practical interpretation of the function f\A)l 




Solution 


In the Leibniz notation, 
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’’ ㈤ = 

This is a cost divided by an area, so it is measured in dollars per square foot. You can think of dC as 
the extra cost of building an extra dA square feet of house. So if you are planning to build a house 
with area A square feet, f\A) is approximately the cost per square foot of the extra area involved 
in building a slightly larger house, and is called the marginal cost. 


Example 2 

Solution 


The cost of extracting T tons of ore from a copper mine is (7 = f(T) dollars. What does it mean to 
say that/’(2000) = 100? 


In the Leibniz notation, 

/’(20 。。 )= 芸 I • 

ai lT=2000 

Since C is measured in dollars and T is measured in tons, dC/dT is measured in dollars per ton. 
You can think of dC as the extra cost of extracting an extra dT tons of ore. So the statement 


f =100 

ai I T=2000 

says that when 2000 tons of ore have already been extracted from the mine, the cost of extracting 
the next ton is approximately $100. Another way of saying this is that it costs about $100 to extract 
the 2001 st ton. 


Example 3 If ^ = f(p) gives the number of thousands of tons of zinc produced when the price is p dollars per 
ton, then what are the units and the meaning of 

字 I =0-2? 

咖 lp=900 

Solution The units of dq/dp are the units of q over the units of p, or thousands of tons per dollar. You can 

think of dq as the extra zinc produced when the price increases by dp. The statement 

= / 7 (900) = 0.2 thousand tons per dollar 

p=900 

tells us that the instantaneous rate of change of q with respect topis 0.2 when p = 900. This means 
that when the price is $900, the quantity produced increases by about 0.2 thousand tons, or 200 tons 
for a one_dollar increase in price. 


dq\ 

dp\ 


Example 4 


Solution 


The time, L (in hours), that a drug stays in a person’s system is a function of the quantity adminis¬ 
tered, q, in mg, so L = f(q). 

(a) Interpret the statement /(10) = 6. Give units for the numbers 10 and 6. 

(b) Write the derivative of the function L = f(q) in Leibniz notation. If = 0.5, what are the 
units of the 0.5? 

(c) Interpret the statement /,(10) = 0.5 in terms of dose and duration. 

(a) We know that f(q) = L. In the statement /(10) = 6, we have q = 10 and L = 6, so the units 
are 10 mg and 6 hours. The statement /(10) = 6 tells us that a dose of 10 mg lasts 6 hours. 

(b) Since L = f(q), we see that L depends on q. The derivative of this function is dL/dq. Since 
L is in hours and q is in mg, the units of the derivative are hours per mg. In the statement 
尸 (10) = 0.5, the 0.5 is the derivative and the units are hours per mg. 

(c) The statement = 0.5 tells us that, at a dose of 10 mg, the instantaneous rate of change 

of duration is 0.5 hour per mg. In other words, if we increase the dose by 1 mg, the drug stays 
in the body approximately 30 minutes longer. 
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In the previous example, notice that / ; (10) = 0.5 tells us that a 1 mg increase in dose leads 
to about a 0.5-hour increase in duration. If, on the other hand, we had had /’(10) = 20, we would 
have known that a 1-mg increase in dose leads to about a 20-hour increase in duration. Thus the 
derivative is the multiplier relating changes in dose to changes in duration. The magnitude of the 
derivative tells us how sensitive the time is to changes in dose. 

We define the derivative of velocity, dv/dt, as acceleration. 


Example 5 If the velocity of a body at time t seconds is measured in meters/sec, what are the units of the 
acceleration? 

Solution Since acceleration, dv / dt, is the derivative of velocity, the units of acceleration are units of velocity 

divided by units of time, or (meters/sec)/sec, written meters/sec * 2 * * 5 . 


Using the Derivative to Estimate Values of a Function 

Since the derivative tells us how fast the value of a function is changing, we can use the derivative 
at a point to estimate values of the function at nearby points. 


Example 6 Fertilizers can improve agricultural production. A Cornell University study 6 on maize (com) pro¬ 
duction in Kenya found that the average value, y = f(x), in Kenyan shillings of the yearly maize 
production from an average plot of land is a function of the quantity, x, of fertilizer used in kilo¬ 
grams. (The shilling is the Kenyan unit of currency.) 

(a) Interpret the statements /(5) = 11,500 and /’(5) = 350. 

(b) Use the statements in part (a) to estimate /(6) and /(10). 

(c) The value of the derivative, f r , is increasing for x near 5. Which estimate in part (b) is more 
reliable? 


Solution (a) The statement /(5) = 11,500 tells us that y = 11,500 when x = 5. This means that if 5 kg of 
fertilizer are applied, maize worth 11,500 Kenyan shillings is produced. Since the derivative is 
dy/dx, the statement /'(5) = 350 tells us that 

3 ^- = 350 when x = 5. 
ax 

This means that if the amount of fertilizer used is 5 kg and increases by 1 kg, then maize 
production increases by about 350 Kenyan shillings. 

(b) We want to estimate /(6), that is the production when 6 kg of fertilizer are used. If instead of 

5 kg of fertilizer, one more kilogram is used, giving 6 kg altogether, we expect production, in 
Kenyan shillings, to increase from 11,500 by about 350. Thus, 

/(6) « 11,500 + 350 = 11,850. 

Similarly, if 5 kg more fertilizer is used, so 10 kg are used altogether, we expect production to 
increase by about 5 • 350 = 1750 Kenyan shillings, so production is approximately 

/(10) « 11,500+ 1750 = 13,250. 

(c) To estimate /(6), we assume that production increases at rate of 350 Kenyan shillings per 
kilogram between x = 5 and x = 6 kg. To estimate /(10), we assume that production continues 
to increase at the same rate all the way from x = 5 to x = 10 kg. Since the derivative is 
increasing for x near 5, the estimate of /(6) is more reliable. 


6 “State-conditional fertilizer yield response on western Kenyan farms' by P. Marenya, C. Barrett, Social Science Re¬ 
search Network, abstract = 1141937. 
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In Example 6, representing the change in y by Ay and the change in x by Ax, we used the 
result introduced earlier in this section: 

Local Linear Approximation 

If y = f(x) and Ax is near 0, then Ay « f'(x)Ax. Then for x near a and Ax = x — a, 
f(x) « / ⑷ + f’(a)Ax. 

This is called the Tangent Line Approximation. 


Relative Rate of Change 


Example 7 


Solution 


In Section 1.5, we saw that an exponential function has a constant percent rate of change. Now we 
link this idea to derivatives. Analogous to the relative change, we look at the rate of change as a 
fraction of the original quantity. 


The relative rate of change of y = f(t) ait = a 

is defined to be 

Relative rate of change 

dy/dt 

f(a) 

of y at a 

y 

~ / ⑷’ 


We see in Section 3.3 that an exponential function has a constant relative rate of change. If the 
independent variable is time, the relative rate is often given as a percent change per unit time. 


Annual world soybean production, W = f(t), in million tons, is a function of t years since the start 
of 2000. 


(a) Interpret the statements /(8) = 253 and /'(8) = 17 in terms of soybean production. 

(b) Calculate the relative rate of change ofW ait = 8; interpret it in terms of soybean production. 

(a) The statement f(8) = 253 tells us that 253 million tons of soybeans were produced in the year 
2008. The statement /’(8) = 17 tells us that in 2008 annual soybean production was increasing 
at a rate of 17 million tons per year. 

(b) We have 


Relative rate of change of soybean production = 


/' ⑻ 


/ ⑻ 253 

In 2008, annual soybean production was increasing at a rate of 6.7% per year. 


Example 8 Solar photovoltaic (PV) cells are the world’s fastest growing energy source. 7 Annual production 

of PV cells, S, in megawatts, is approximated by S = 277e°' 368t , where t is in years since 2000. 
Estimate the relative rate of change of PV cell production in 2010 using 
(a) At= 1 (b) At = 0.1 (c) At = 0.01 


Solution 


Let S = f(t). The relative rate of change of / at t = 10 is /'(10)//(10). We estimate /’(10) using 
a difference quotient. 

(a) Estimating the relative rate of change using At = 1 ait = 10, we have 


ds/dt _ rm i /(H)- im 


= 0.445 = 44.5% per year 


1 Vital Signs 2007-2008, The Worldwatch Institute, W.W. Norton & Company, 2007, p. 38. 
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(b) With At = 0.1 and t = 10, we have 


dS/dt = f(10) 〜 1 /(1Q.1)-/(10) 
S ~ /(10) 〜 /(10) 0.1 


= 0.375 = 37.5% per year 


(c) With At = 0.01 and t = 10, we have 


dS/dt 广 (10)〜 ，1 /(10.01) - /(10) 

~^~ = 1(M^ 7(io) o^i 


= 0.369 = 36.9% per year 


The relative rate of change is approximately 36.9% per year. From Section 1.6, we know that the 
exponential function S = 277e 0 . 368 * has a continuous rate of change for all t of 36.8% per year, 
which is the exact relative rate of change of this function. 


Example 9 In April 2009, the US Bureau of Economic Analysis announced that the US gross domestic product 
(GDP) was decreasing at an annual rate of 6.1%. The GDP of the US at that time was 13.84 trillion 
dollars. Calculate the annual rate of change of the US GDP in April 2009. 


Solution 


The Bureau of Economic Analysis is reporting the relative rate of change. In April 2009, the relative 
rate of change of GDP was —0.061 per year. To find the rate of change, we use: 


Relative rate of change in April 2009 = 


-0.061 = 


Rate of change in April 2009 
GDP in April 2009 
Rate of change 
13.84 


Rate of change in April 2009 = —0.061 • 13.84 = —0.84424 trillion dollars per year. 


The GDP of the US was decreasing at a rate of 844.24 billion dollars per year in April 2009. 


Problems for Section 2.3 


In Problems 1 一 4, write the Leibniz notation for the derivative 
of the given function and include units. 

1. The cost, C, of a steak, in dollars, is a function of the 
weight, W, of the steak, in pounds. 

2. The distance to the ground, D, in feet, of a skydiver is 
a function of the time t in minutes since the skydiver 
jumped out of the airplane. 

3. An employee’s pay, P, in dollars, for a week is a function 
of the number of hours worked, H. 

4. The number, N, of gallons of gas left in a gas tank is 
a function of the distance, D, in miles, the car has been 
driven. 

5. The cost, C = f(w), in dollars of buying a chemical is a 
function of the weight bought, w, in pounds. 

(a) In the statement /(12) = 5, what are the units of the 
12? What are the units of the 5? Explain what this is 
saying about the cost of buying the chemical. 


(b) Do you expect the derivative f to be positive or neg¬ 
ative? Why? 

(c) In the statement / / (12) = 0.4, what are the units of 
the 12? What are the units of the 0.4? Explain what 
this is saying about the cost of buying the chemical. 

6. The time for a chemical reaction, T (in minutes), is 
a function of the amount of catalyst present, a (in 
milliliters), soT = f(a). 

(a) If /(5) = 18, what are the units of 5? What are the 
units of 18? What does this statement tell us about 
the reaction? 

(b) If ,(5) _ — 3, what are the units of 5? What are the 
units of —3? What does this statement tell us? 

7. An economist is interested in how the price of a certain 
item affects its sales. At a price of $p，a quantity ， g，of the 
item is sold. Ifq = f(p), explain the meaning of each of 
the following statements: 

(a) /(150) = 2000 


(b) /(150) = -25 
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8. Figure 2.27 shows the length, L, in cm, of a sturgeon (a 
type of fish) as a function of the time, t, in years. 8 Esti¬ 
mate f (10). Give units and interpret your answer. 

length (cm) 

150 

100 

50 

5 10 15 20 

Figure 2.27 



m 







/ 





9. The temperature, T, in degrees Fahrenheit, of a cold yam 
placed in a hot oven is given by T = f(t), where t is the 
time in minutes since the yam was put in the oven. 

(a) What is the sign of Why? 

(b) What are the units of ,(20)? What is the practical 
meaning of the statement f (20) = 2? 

10. On May 9, 2007, CBS Evening News had a 4.3 point 
rating. (Ratings measure the number of viewers.) News 
executives estimated that a 0.1 drop in the ratings for the 
CBS Evening News corresponds to a $5• 5 million drop in 
revenue. 9 Express this information as a derivative. Spec¬ 
ify the function, the variables, the units, and the point at 
which the derivative is evaluated. 

11. When you breathe, a muscle (called the diaphragm) re¬ 
duces the pressure around your lungs and they expand 
to fill with air. The table shows the volume of a lung as a 
function of the reduction in pressure from the diaphragm. 
Pulmonologists (lung doctors) define the compliance of 
the lung as the derivative of this function. 10 

(a) What are the units of compliance? 

(b) Estimate the maximum compliance of the lung. 

(c) Explain why the compliance gets small when the 
lung is nearly full (around 1 liter). 


Pressure reduction 

(cm of water) 

Volume 

(liters) 

0 

0.20 

5 

0.29 

10 

0.49 

15 

0.70 

20 

0.86 

25 

0.95 

30 

1.00 


12. Meteorologists define the temperature lapse rate to be 
—dT/dz where T is the air temperature in Celsius at al¬ 
titude z kilometers above the ground. 

(a) What are the units of the lapse rate? 

(b) What is the practical meaning of a lapse rate of 6.5? 

13. Investing $1000 at an annual interest rate of r%, com¬ 
pounded continuously, for 10 years gives you a balance 
of $B, where B = g(r). Give a financial interpretation 
of the statements: 

(a) g{b) w 1649. 

(b) p’(5) « 165. What are the units of p’(5)? 

14. Let f(x) be the elevation in feet of the Mississippi River 
x miles from its source. What are the units of f\x)l 
What can you say about the sign of f r {x)l 

15. The average weight, W, in pounds, of an adult is a func¬ 
tion, W = /(c), of the average number of Calories per 
day, c, consumed. 

(a) Interpret the statements /(1800) = 155 and 

/ r (2000) = 0 in terms of diet and weight. 

(b) What are the units of f’(c) = dW/dcl 

16. The cost, C (in dollars), to produce g gallons of a chem¬ 
ical can be expressed as (7 = f(g). Using units, explain 
the meaning of the following statements in terms of the 
chemical: 

⑻ /(200) = 1300 (b) / , (200) = 6 

17. The weight, W, in lbs, of a child is a function of its age, 
a, in years, so W = /(a). 

(a) Do you expect /’ ⑷ to be positive or negative? 
Why? 

(b) What does / (8) = 45 tell you? Give units for the 
numbers 8 and 45. 

(c) What are the units of /’ (a) ? Explain what /’ (a) tells 
you in terms of age and weight. 

(d) What does f (8) = 4 tell you about age and weight? 

(e) As a increases, do you expect /’ ⑷ to increase or 
decrease? Explain. 

18. Let G be annual US government purchases, T be annual 
US tax revenues, and Y be annual US output of all goods 
and services. All three quantities are given in dollars. In¬ 
terpret the statements about the two derivatives, called 
fiscal policy multipliers. 

(a) dY/dG = 0.60 (b) dY/dT = -0.26 

19. A recent study reports that men who retired late devel¬ 
oped Alzheimer’s at a later stage than those who stopped 
work earlier. Each additional year of employment was 
associated with about a six-week later age of onset. Ex¬ 
press these results as a statement about the derivative of 
a function. State clearly what function you use, including 
the units of the dependent and independent variables. 


8 Data from von Bertalanffy, L., General System Theory, p. 177 (New York: Braziller, 1968). 

9 OC Register, May 9, 2007; The New York Times, May 14, 2007. 

10 Adapted from John B. West, Respiratory Physiology, 4th Ed. (New York: Williams and Wilkins, 1990). 




















108 Chapter Two RATE OF CHANGE: THE DERIVATIVE 


20. The thickness, P, in mm, of pelican eggshells depends on 
the concentration, c, of PCBs in the eggshell, measured 
in ppm (parts per million); that is, P = f(c). 

(a) The derivative /’(c) is negative. What does this tell 
you? 

(b) Give units and interpret /(200) = 0.28 and 

/ 7 (200) = —0.0005 in terms of PCBs and eggs. 

Problems 21-24 concern g{t) in Figure 2.28, which gives the 
weight of a human fetus as a function of its age. 


weight (kg) 



21. (a) What are the units of p 7 (24)? 

(b) What is the biological meaning of p’(24) = 0.096? 

22. (a) Which is greater, p'(20) or ^(36)? 

(b) What does your answer say about fetal growth? 

23. Is the instantaneous weight growth rate greater or less 
than the average rate of change of weight over the 40- 
week period 

(a) At week 20? (b) At week 36? 

24. Estimate (a) p’(20) (b) p’(36) 

(c) The average rate of change of weight for the entire 
40-week gestation. 

25. Suppose that f{t) is a function with /(25) = 3.6 and 
/’(25) = -0.2. Estimate /(26) and /(30). 

26. Suppose that f(x) is a function with /(20) = 345 and 
/’(20) = 6. Estimate /(22). 

27. Annual net sales, in billion of dollars, for the Hershey 
Company, the largest US producer of chocolate, is a func¬ 
tion S = f(t) of time, t, in years since 2000. 

(a) Interpret the statements /(8) = 5.1 and / 7 (8)= 
0.22 in terms of Hershey sales. 11 

(b) Estimate /(12) and interpret it in terms of Hershey 
sales. 

28. World meat 12 production, M = fit), in millions of met¬ 
ric tons, is a function of t, years since 2000. 

(a) Interpret /(5) = 249 and / 7 (5) = 6.5 in terms of 
meat production. 

(b) Estimate /(10) and interpret it in terms of meat pro¬ 
duction. 


29. For some painkillers, the size of the dose, D, given de¬ 
pends on the weight of the patient, W. Thus, D = /(W), 
where D is in milligrams and W is in pounds. 

(a) Interpret the statements /(140) = 120 and 

/ 7 (140) = 3 in terms of this painkiller. 

(b) Use the information in the statements in part (a) to 
estimate /(145). 

30. The quantity, Q mg, of nicotine in the body t minutes 
after a cigarette is smoked is given by Q = f(t). 

(a) Interpret the statements /(20) = 0.36 and /’(20) = 
—0.002 in terms of nicotine. What are the units of 
the numbers 20, 0.36, and —0.002? 

(b) Use the information given in part (a) to estimate 
/(21) and /(30). Justify your answers. 

31. A mutual fund is currently valued at $80 per share and 
its value per share is increasing at a rate of $0.50 a day. 
Let V = f(t) be the value of the share t days from now. 

(a) Express the information given about the mutual fund 
in term of / and /’. 

(b) Assuming that the rate of growth stays constant, es¬ 
timate and interpret /(10). 

32. Figure 2.29 shows how the contraction velocity, v{pc), of 
a muscle changes as the load on it changes. 

(a) Find the slope of the line tangent to the graph of con¬ 
traction velocity at a load of 2 kg. Give units. 

(b) Using your answer to part (a), estimate the change in 
the contraction velocity if the load is increased from 
2 kg by adding 50 grams. 

(c) Express your answer to part (a) as a derivative of 

«(*)• 


contraction velocity (cm/sec) 



Figure 2.29 


11 2008 Annual Report to Stockholders, accessed at www.thehersheycompany.com. 

n FAO Statistical Yearbook 2007-2008, Food and Agriculture Organization of the United Nations, 
http://www.fao.org/econornic/ess/publications-studies/statistical-yearbook/fao-statistical-yearbook-2007-2008. 
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33. Figure 2.30 shows how the pumping rate of a person’s 

heart changes after bleeding. 

(a) Find the slope of the line tangent to the graph at time 
2 hours. Give units. 

(b) Using your answer to part (a), estimate how much 
the pumping rate increases during the minute begin¬ 
ning at time 2 hours. 

(c) Express your answer to part (a) as a derivative of 
9(t). 


pumping rate of heart 
(liters pumped per minute) 



Figure 2.30 


34. Suppose C(r) is the total cost of paying off a car loan 
borrowed at an annual interest rate of r%. What are the 
units of C' (r)? What is the practical meaning of C’(r)? 
What is its sign? 

35. A company’s revenue from car sales, C (in thousands of 
dollars), is a function of advertising expenditure, a, in 
thousands of dollars, so (7 = /(a). 

(a) What does the company hope is true about the sign 
of/ 7 ? 

(b) What does the statement /’(100) = 2 mean in prac¬ 
tical terms? How about f(100) = 0.5? 

(c) Suppose the company plans to spend about 
$100,000 on advertising. If / 7 (100) = 2, should 
the company spend more or less than $100,000 on 
advertising? What if / ; (100) = 0.5? 

36. A person with a certain liver disease first exhibits larger 
and larger concentrations of certain enzymes (called 
SGOT and SGPT) in the blood. As the disease pro¬ 
gresses, the concentration of these enzymes drops, first to 
the predisease level and eventually to zero (when almost 
all of the liver cells have died). Monitoring the levels of 
these enzymes allows doctors to track the progress of a 
patient with this disease. If (7 = f(t) is the concentration 
of the enzymes in the blood as a function of time, 

(a) Sketch a possible graph of (7 = /(t). 

(b) Mark on the graph the intervals where /' 〉 0 and 
where /’ < 0. 

(c) What does f\t) represent, in practical terms? 

Problems 37-41 refer to Figure 2.31, which shows the deple¬ 
tion of food stores in the human body during starvation. 

13 www.rain-tree.com/facts.htm, accessed June 2009 
14 www.facebook.com/press, accessed June 2009. 


quantity of stored 
food (kg) 



Figure 2.31 


37. Which is being consumed at a greater rate, fat or protein, 
during the 

(a) Third week? (b) Seventh week? 

38. The fat storage graph is linear for the first four weeks. 
What does this tell you about the use of stored fat? 

39. Estimate the rate of fat consumption after 

(a) 3 weeks (b) 6 weeks (c) 8 weeks 


40. What seems to happen during the sixth week? Why do 
you think this happens? 

41. Figure 2.32 shows the derivatives of the protein and fat 
storage functions. Which graph is which? 



42. The area of Brazil’s rain forest, R = f{t), in million 
acres, is a function of the number of years, t, since 2000. 

(a) Interpret /(9) = 740 and /’(9) = —2.7 in terms of 
Brazil’s rain forests. 13 

(b) Find and interpret the relative rate of change of f(t) 
when t = 9. 


43. The number of active Facebook users hit 175 million at 
the end of February 2009 and 200 million 14 at the end 
of April 2009. With t in months since the start of 2009, 
let f(t) be the number of active users in millions. Esti¬ 
mate /(4) and /'(4) and the relative rate of change of 
/ at t = 4. Interpret your answers in terms of Facebook 
users. 

44. The weight, w, in kilograms, of a baby is a function f(t) 
of her age, t, in months. 

(a) What does /(2.5) = 5.67 tell you? 

(b) What does / , (2.5)//(2.5) = 0.13 tell you? 







































110 Chapter Two RATE OF CHANGE: THE DERIVATIVE 

years) is P = 700e° ° 35t . Estimate the relative rate of 
change of the population at t = 3 using 

(a) At = l (b) At = 0.1 (c) At = 0.01 

2.4 THE SECOND DERIVATIVE 


45. Estimate the relative rate of change of f{t) = t 2 at t = 4. 
Use At = 0.01. 

46. The population, P, of a city (in thousands) at time t (in 


glabelsec:2second-derivative 

Since the derivative is itself a function, we can calculate its derivative. For a function f, the 
derivative of its derivative is called the second derivative, and written /". If y = f(x), the second 

derivative can also be written as which means ( 年 
ax z ax \dx 

What Does the Second Derivative Tell Us? 

Recall that the derivative of a function tells us whether the function is increasing or decreasing: 

If / 7 > 0 on an interval, then / is increasing over that interval. 

If 尸 < 0 on an interval, then / is decreasing over that interval. 

Since j" is the derivative of /’， we have 

If /’’ > 0 on an interval, then j' is increasing over that interval. 

If f’’ < 0 on an interval, then j' is decreasing over that interval. 

So the question becomes: What does it mean for f to be increasing or decreasing? The case 
in which j' is increasing is shown in Figure 2.33, where the graph of / is bending upward, or is 
concave up. In the case when j' is decreasing, shown in Figure 2.34, the graph is bending downward, 
or is concave down. 


/’’ > 0 on an interval means j' is increasing, so the graph of / is concave up there. 
/’’ < 0 on an interval means j' is decreasing, so the graph of / is concave down there. 




Figure 2.33: Meaning of f": The slope increases from negative to positive as you move from left to right, so 
/’’is positive and / is concave up 



Figure 2.34: Meaning of /": The slope decreases from positive to negative as you move from left to right, so 
j" is negative and / is concave down 


Example 1 For the functions whose graphs are given in Figure 2.35, decide where their second derivatives are 
positive and where they are negative. 




2.4 THE SECOND DERIVATIVE 1 


⑻ 





x 


Figure 2.35: What signs do the second derivatives have? 


Solution From the graphs it appears that 

(a) /" > 0 everywhere, because the graph of / is concave up everywhere. 

(b) g n < 0 everywhere, because the graph is concave down everywhere. 

(c) h" > 0 for x > 0, because the graph of h is concave up there; h" < 0 for x < 0, because the 
graph of h is concave down there. 


Interpretation of the Second Derivative as a Rate of Change 

If we think of the derivative as a rate of change, then the second derivative is a rate of change of 
a rate of change. If the second derivative is positive, the rate of change is increasing; if the second 
derivative is negative, the rate of change is decreasing. 

The second derivative is often a matter of practical concern. In 1985 a newspaper headline 
reported the Secretary of Defense as saying that Congress and the Senate had cut the defense budget. 
As his opponents pointed out, however, Congress had merely cut the rate at which the defense budget 
was increasing. 15 In other words, the derivative of the defense budget was still positive (the budget 
was increasing), but the second derivative was negative (the budget’s rate of increase had slowed). 


Example 2 A population, P, growing in a confined environment often follows a logistic growth curve, like the 
graph shown in Figure 2.36. Describe how the rate at which the population is increasing changes 
over time. What is the sign of the second derivative d 2 P/dt 2 l What is the practical interpretation of 
t* and L? 

P 
L 


t* 

Figure 2.36: Logistic growth curve 

Solution Initially, the population is increasing, and at an increasing rate. So, initially dP/dt is increasing and 

d 2 P/dt 2 > 0. At t *，the rate at which the population is increasing is a maximum; the population 
is growing fastest then. Beyond t *，the rate at which the population is growing is decreasing, so 
d 2 P/dt 2 < 0. At t*, the graph changes from concave up to concave down and d 2 P/dt 2 = 0. 

The quantity L represents the limiting value of the population that is approached as t tends to in¬ 
finity; L is called the carrying capacity of the environment and represents the maximum population 
that the environment can support. 



15 In the Boston Globe, March 13, 1985, Representative William Gray (D-Pa.) was reported as saying: “It’s confusing to 
the American people to imply that Congress threatens national security with reductions when you’re really talking about a 
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Example 3 Table 2.8 shows the number of abortions per year, A, reported in the US 16 in the year t. 


Table 2.8 Abortions reported in the US (1972-2000) 


Year, t 

1972 

1975 

1980 

1985 

1990 

1995 

2000 

2005 

1000s of abortions reported, A 

587 

1034 

1554 

1589 

1609 

1359 

1313 

1206 


(a) Calculate the average rate of change for the time intervals shown between 1972 and 2005. 

(b) What can you say about the sign of d 2 A/dt 2 during the period 1972-1995? 

Solution (a) For each time interval we can calculate the average rate of change of the number of abortions 

per year over this interval. For example, between 1972 and 1975 

Average rate AA 1034 — 587 447 

of change = ~At = 1975 - 1972 = = 1 ' 

Thus, between 1972 and 1975, there were approximately 149,000 more abortions reported each 
year. Values of AA/At are listed in Table 2.9. 


Table 2.9 Rate of change of number of abortions reported 


Time 

1972-75 

1975-80 

1980-85 

1985-90 

1990-95 

1995-2000 

2000-05 

Average rate of change, 

A A/At (1000s/year) 

149 

104 

7 

4 

-50 

-9.2 

-21.4 


(b) We assume the data lies on a smooth curve. Since the values of AA/At are decreasing dramati¬ 
cally for 1975-1995, we can be pretty certain that dA/dt also decreases, so d 2 A/dt 2 is negative 
for this period. For 1972-1975, the sign of d 2 A/dt 2 is less clear; abortion data from 1968 would 
help. Figure 2.37 confirms this; the graph appears to be concave down for 1975-1995. The fact 
that dA/dt is positive during the period 1972-1980 corresponds to the fact that the number 
of abortions reported increased from 1972 to 1980. The fact that dA/dt is negative during the 
period 1990-2005 corresponds to the fact that the number of abortions reported decreased from 
1990 to 2005. The fact that d 2 A/dt 2 is negative for 1975-1995 reflects the fact that the rate of 
increase slowed over this period. 


A (thousands of abortions) 


2000 

1500 

1000 

500 



- 1 - 1 - 1 - 1 - 1 -^ f (years) 

1975 1980 1985 1990 1995 2000 2005 


Figure 2.37: How the number of reported abortions in the US is changing with time 


16 Statistical Abstracts of the United States 2004-2009, Table 99. 
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For the function graphed in Figure 2.38, are the following 
nonzero quantities positive or negative? 

⑻ /(2) (b) / ⑶ (c) / 〃⑺ 


f(x) 


Figure 2.38 

2. At one of the labeled points on the graph in Figure 2.39 
both dy/dx and d 2 y/dx 2 are positive. Which is it? 



9. Graph the functions described in parts (a)-(d). 

(a) First and second derivatives everywhere positive. 

(b) Second derivative everywhere negative; first deriva¬ 
tive everywhere positive. 

(c) Second derivative everywhere positive; first deriva¬ 
tive everywhere negative. 

(d) First and second derivatives everywhere negative. 


In Problems 10-11, use the values given for each function. 

(a) Does the derivative of the function appear to be positive 
or negative over the given interval? Explain. 

(b) Does the second derivative of the function appear to be 
positive or negative over the given interval? Explain. 


10 . 


11 . 


t 

100 

110 

120 

130 

140 


10.7 

6.3 

4.2 

3.5 

3.3 


t 

0 

1 

2 

3 

4 

5 

s(t) 

12 

14 

17 

20 

31 

55 


Figure 2.39 


For Problems 3-8, give the signs of the first and second deriva¬ 
tives for the following functions. Each derivative is either pos¬ 
itive everywhere, zero everywhere, or negative everywhere. 



12. Sketch the graph of a function whose first derivative is 
everywhere negative and whose second derivative is pos¬ 
itive for some : r-values and negative for other x-values. 

13. IBM-Peru uses second derivatives to assess the relative 
success of various advertising campaigns. They assume 
that all campaigns produce some increase in sales. If 
a graph of sales against time shows a positive second 
derivative during a new advertising campaign, what does 
this suggest to IBM management? Why? What does a 
negative second derivative suggest? 

14. Values of f(t) are given in the following table. 

(a) Does this function appear to have a positive or neg¬ 
ative first derivative? Second derivative? Explain. 

(b) Estimate /’(2) and / 7 (8). 


t 

0 

2 

4 

6 

8 

10 

m 

150 

145 

137 

122 

98 

56 


15. The table gives the number of passenger cars, C = /(t), 
in millions, 17 in the US in the year t. 

(a) Do f (t) and j" (t) appear to be positive or negative 
during the period 1940-1980? 

(b) Estimate /’(1975). Using units, interpret your an¬ 
swer in terms of passenger cars. 


t 1940 1950 
C 27.5 40.3 


1960 

61.7 


1970 

89.2 


1980 

121.6 


1990 

133.7 


2000 

133.6 


17 www.bts.gov/publications/national_transportation_statistics/htrnl/table_01 _11 .html. Accessed June 22, 2008. 
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In Problems 16-17, use the graph given for each function. 

(a) Estimate the intervals on which the derivative is positive 
and the intervals on which the derivative is negative. 

(b) Estimate the intervals on which the second derivative is 
positive and the intervals on which the second derivative 
is negative. 


16. 


17. 



1$. Sketch a graph of a continuous function / with the fol¬ 
lowing properties: 

• f(x) > 0 for all x 

• f"(x) < 0 for x < 2 and f"(x) > 0 for x > 2. 

19. At exactly two of the labeled points in Figure 2.40, the 
derivative f is 0; the second derivative /"is not zero at 
any of the labeled points. On a copy of the table, give the 
signs of /, /’， /’’at each marked point. 



D 


Figure 2.40 


20. For three minutes the temperature of a feverish per¬ 
son has had positive first derivative and negative second 
derivative. Which of the following is correct? 

(a) The temperature rose in the last minute more than it 
rose in the minute before. 

(b) The temperature rose in the last minute, but less than 
it rose in the minute before. 

(c) The temperature fell in the last minute but less than 
it fell in the minute before. 

(d) The temperature rose two minutes ago but fell in the 
last minute. 


21. Yesterday’s temperature at t hours past midnight was 
f(t) °C. At noon the temperature was 20°C. The first 
derivative, f(t), decreased all morning, reaching a low 
of 2°C/hour at noon, then increased for the rest of the 
day. Which one of the following must be correct? 

(a) The temperature fell in the morning and rose in the 
afternoon. 

(b) At 1 pm the temperature was 18°C. 

(c) At 1 pm the temperature was 22°C. 

(d) The temperature was lower at noon than at any other 
time. 

(e) The temperature rose all day. 

22. Sketch the graph of a function / such that /(2) = 5, 
/，⑶= 1/2, and/" ⑶〉 0. 

23. A function / has /(5) = 20, /’(5) = 2, and /"(x) < 0, 
for a; > 5. Which of the following are possible values for 
/(7) and which are impossible? 

⑻ 26 (b) 24 (c) 22 

24. An industry is being charged by the Environmental Pro¬ 
tection Agency (EPA) with dumping unacceptable lev¬ 
els of toxic pollutants in a lake. Over a period of several 
months, an engineering firm makes daily measurements 
of the rate at which pollutants are being discharged into 
the lake. The engineers produce a graph similar to ei¬ 
ther Figure 2.41(a) or Figure 2.41(b). For each case, give 
an idea of what argument the EPA might make in court 
against the industry and of the industry’s defense. 

⑻ rate of discharge (b) rate of discharge 


- 穿 line - 輸 e 

a year ago now a year ago now 

Figure 2.41 


25. “Winning the war on poverty” has been described cyn¬ 
ically as slowing the rate at which people are slipping 
below the poverty line. Assuming that this is happening: 

(a) Graph the total number of people in poverty against 
time. 

(b) If N is the number of people below the poverty line 
at time t, what are the signs of dN/dt and d 2 N/dt 2 l 
Explain. 

26. Let P{t) represent the price of a share of stock of a 
corporation at time t. What does each of the following 
statements tell us about the signs of the first and second 
derivatives of P(t)l 

(a) “The price of the stock is rising faster and faster.” 

(b) “The price of the stock is close to bottoming out.” 
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27. In economics, total utility refers to the total satisfac¬ 
tion from consuming some commodity. According to the 
economist Samuelson: 18 

As you consume more of the same good, the 
total (psychological) utility increases. However, 

... with successive new units of the good, your 
total utility will grow at a slower and slower 
rate because of a fundamental tendency for your 
psychological ability to appreciate more of the 
good to become less keen. 

(a) Sketch the total utility as a function of the number 
of units consumed. 

(b) In terms of derivatives, what is Samuelson saying? 

28. Each of the graphs in Figure 2.42 shows the position of 
a particle moving along the a;-axis as a function of time, 
0 < t < 5. The vertical scales of the graphs are the same. 
During this time interval, which particle has 

(a) Constant velocity? 

(b) The greatest initial velocity? 

(c) The greatest average velocity? 


(d) Zero average velocity? 

(e) Zero acceleration? 

(f) Positive acceleration throughout? 


(I) ^ (II) ^ 



Figure 2.42 


2.5 MARGINAL COST AND REVENUE 

Management decisions within a particular firm or industry usually depend on the costs and revenues 
involved. In this section we look at the cost and revenue functions. 


Graphs of Cost and Revenue Functions 

The graph of a cost function may be linear, as in Figure 2.43, or it may have the shape shown 
in Figure 2.44. The intercept on the C-axis represents the fixed costs, which are incurred even 
if nothing is produced. (This includes, for instance, the cost of the machinery needed to begin 
production.) In Figure 2.44, the cost function increases quickly at first and then more slowly because 
producing larger quantities of a good is usually more efficient than producing smaller quantities — 
this is called economy of scale. At still higher production levels, the cost function increases faster 
again as resources become scarce; sharp increases may occur when new factories have to be built. 
Thus, the graph of a cost function, C, may start out concave down and become concave up later on. 


C (cost) 


C (cost) 


q (quantity) 



Figure 2.43: A linear cost function 


Figure 2.44: A nonlinear cost function 


The revenue function is R = pq, where p is price and q is quantity. If the price, p, is a constant, 
the graph of R against g is a straight line through the origin with slope equal to the price. (See 

18 From Paul A. Samuelson, Economics, 11th edition (New York: McGraw-Hill, 1981). 
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Figure 2.45.) In practice, for large values of q, the market may become glutted, causing the price to 
drop and giving R the shape in Figure 2.46. 

R (revenue) R (revenue) 



Figure 2.45: Revenue: Constant price Figure 2.46: Revenue: Decreasing price 


Example 1 


If cost, C, and revenue, R, are given by the graph in Figure 2.47, for what production quantities 
does the firm make a profit? 



Figure 2.47: Costs and revenues for Example 1 


Solution The firm makes a profit whenever revenues are greater than costs, that is, when R> C. The graph 
of R is above the graph of C approximately when 130 < q < 215. Production between 130 units 
and 215 units will generate a profit. 


Marginal Analysis 

Many economic decisions are based on an analysis of the costs and revenues “at the margin.” Let’s 
look at this idea through an example. 

Suppose you are running an airline and you are trying to decide whether to offer an additional 
flight. How should you decide? We’ll assume that the decision is to be made purely on financial 
grounds: if the flight will make money for the company, it should be added. Obviously you need to 
consider the costs and revenues involved. Since the choice is between adding this flight and leaving 
things the way they are, the crucial question is whether the additional costs incurred are greater or 
smaller than the additional revenues generated by the flight. These additional costs and revenues are 
called marginal costs and marginal revenues. 

Suppose C(q) is the function giving the cost of running q flights. If the airline had originally 
planned to run 100 flights, its costs would be C(100). With the additional flight, its costs would be 
C(101). Therefore, 


Additional cost “at the margin” = (7(101) — (7(100). 


Now 


C(101) - (7(100)= 


C(101) - C(100) 
~101 — 100 ~ 


and this quantity is the average rate of change of cost between 100 and 101 flights. In Figure 2.48 
the average rate of change is the slope of the secant line. If the graph of the cost function is not 
curving too fast near the point, the slope of the secant line is close to the slope of the tangent line 
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Figure 2.48: Marginal cost: Slope of one of these lines 

there. Therefore, the average rate of change is close to the instantaneous rate of change. Since these 
rates of change are not very different, many economists choose to define marginal cost, MC, as the 
instantaneous rate of change of cost with respect to quantity: 


Marginal cost = MC = C f (q) so Marginal cost « C(q + 1) — C(q). 


Marginal cost is represented by the slope of the cost curve. 

Similarly if the revenue generated by q flights is R(q) and the number of flights increases from 
100 to 101, then 

Additional revenue “at the margin” = 丑 (101) — i?(100). 

Now i?(101) — i?(100) is the average rate of change of revenue between 100 and 101 flights. 
As before, the average rate of change is approximately equal to the instantaneous rate of change, so 
economists often define 


Marginal revenue = MR = R f (q) so Marginal revenue « R(q + 1) — R(q). 


Example 2 If C(q) and R(q) for the airline are given in Figure 2.49, should the company add the 101 st flight? 

Solution The marginal revenue is the slope of the revenue curve atq = 100. The marginal cost is the slope of 
the graph of C atq = 100. Figure 2.49 suggests that the slope at point A is smaller than the slope 
at B, so MC < MR for q = 100. This means that the airline will make more in extra revenue than 
it will spend in extra costs if it runs another flight, so it should go ahead and run the 101 st flight. 
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Example 3 


Solution 


Example 4 


Solution 


The graph of a cost function is given in Figure 2.50. Does it cost more to produce the 500 th item 
or the 2000 th ? Does it cost more to produce the 3000 th item or the 4000 th ? At approximately what 
production level is marginal cost smallest? What is the total cost at this production level? 

20,000 


10,000 


- 1 - 1 - 1 - 1 - L q (thousands) 

1 2 3 4 5 

Figure 2.50: Estimating marginal cost: Where is marginal cost smallest? 

The cost to produce an additional item is the marginal cost, which is represented by the slope of 
the cost curve. Since the slope of the cost function in Figure 2.50 is greater at q = 0.5 (when the 
quantity produced is 0.5 thousand, or 500) than at q = 2, it costs more to produce the 500 th item 

than the 2000 th item. Since the slope is greater aiq = 4 than q = 3, it costs more to produce the 

4000 th item than the 3000 th item. 

The slope of the cost function is close to zero 3.tq = 2, and is positive everywhere else, so the 
slope is smallest at g = 2. The marginal cost is smallest at a production level of 2000 units. Since 
C(2) « 10,000, the total cost to produce 2000 units is about $10,000. 


If the revenue and cost functions, R and C, are given by the graphs in Figure 2.51, sketch graphs of 
the marginal revenue and marginal cost functions, MR and MC. 



100 

Figure 2.51 : Total revenue and total cost for Example 4 
The revenue graph is a line through the origin, with equation 

R = pq 

where p represents the constant price, so the slope is p and 
MR = R\q) =p. 

The total cost is increasing, so the marginal cost is always positive. For small q values, the graph 
of the cost function is concave down, so the marginal cost is decreasing. For larger q, say q > 100, 
the graph of the cost function is concave up and the marginal cost is increasing. Thus, the marginal 
cost has a minimum at about q = 100. (See Figure 2.52.) 

S/unit 


MR 

P — 

- q (quantity) 


S/unit 




Figure 2.52: Marginal revenue and costs for Example 4 


q (quantity) 
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1. The function C(q) gives the cost in dollars to produce q 
barrels of olive oil. 

(a) What are the units of marginal cost? 

(b) What is the practical meaning of the statement 
MC = 3 for g = 100? 

2. It costs $4800 to produce 1295 items and it costs $4830 
to produce 1305 items. What is the approximate marginal 
cost at a production level of 1300 items? 

3. In Figure 2.53, is marginal cost greater at g = 5 or at 
q = 30? At g = 20 or at g = 40? Explain. 


$ 



4. In Figure 2.54, estimate the marginal cost when the level 
of production is 10,000 units and interpret it. 


6. For q units of a product, a manufacturer’s cost is C(q) 

dollars and revenue is R(q) dollars, with (7(500)= 
7200, 丑 (500) = 9400, MC(500) = 15, and 

M.R(500) = 20. 

(a) What is the profit or loss a.tq = 500? 

(b) If production is increased from 500 to 501 units, by 
approximately how much does profit change? 

7. The cost of recycling q tons of paper is given in the fol¬ 
lowing table. Estimate the marginal cost at q = 2000. 
Give units and interpret your answer in terms of cost. At 
approximately what production level does marginal cost 
appear smallest? 


q (tons) 

1000 

1500 

2000 

2500 

3000 

3500 

C(q) (dollars) 

2500 

3200 

3640 

3825 

3900 

4400 


8. Figure 2.56 shows part of the graph of cost and revenue 
for a car manufacturer. Which is greater, marginal cost or 
marginal revenue, at 

⑻ gi? (b) ^2? 



Figure 2.54 


5. In Figure 2.55, estimate the marginal revenue when the 
level of production is 600 units and interpret it. 


9. Let C(q) represent the total cost of producing q items. 
Suppose (7(15) = 2300 and C'{lh) = 108. Estimate 
the total cost of producing: (a) 16 items (b) 14 items. 



10. To produce 1000 items, the total cost is $5000 and the 
marginal cost is $25 per item. Estimate the costs of pro¬ 
ducing 1001 items, 999 items, and 1100 items. 

11. Let C(q) represent the cost and R(q) represent the rev¬ 
enue, in dollars, of producing q items. 

(a) If (7(50) = 4300 and (7’ （ 50) = 24, estimate 
C(52). 

(b) If C’(50) = 24 and _R’(50) = 35, approximately 
how much profit is earned by the 51 st item? 

(c) If C’(100) = 38 and R\100) = 35, should the 
company produce the 101 st item? Why or why not? 


Figure 2.55 
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12. Cost and revenue functions for a charter bus company 
are shown in Figure 2.57. Should the company add a 
50 th bus? How about a 90 th ? Explain your answers using 
marginal revenue and marginal cost. 


C ⑷ 



Figure 2.57 

13. A company’s cost of producing q liters of a chemical is 
C(q) dollars; this quantity can be sold for R(q) dollars. 
Suppose (7(2000) = 5930 and 丑 (2000) = 7780. 

(a) What is the profit at a production level of 2000? 

(b) If M(7(2000) = 2.1 and MR(2000) = 2.5, what 
is the approximate change in profit if q is increased 
from 2000 to 2001? Should the company increase or 
decrease production from q = 2000? 

(c) If MC(2000) = 4.77 and M 丑 (2000) 富 4.32, 
should the company increase or decrease production 
from q = 2000? 

14. An industrial production process costs C(q) million dol¬ 
lars to produce q million units; these units then sell for 
R(q) million dollars. If C(2.1) = 5.1, R(2.1) = 6.9, 
MC(2.1) = 0.6, and MR(2.1) = 0.7, calculate 

(a) The profit earned by producing 2.1 million units 


(b) The approximate change in revenue if production in¬ 
creases from 2.1 to 2.14 million units. 

(c) The approximate change in revenue if production 
decreases from 2.1 to 2.05 million units. 

(d) The approximate change in profit in parts (b) and (c). 

15. Let C(q) be the total cost of producing a quantity g of a 

certain product. See Figure 2.58. 

(a) What is the meaning of (7(0)? 

(b) Describe in words how the marginal cost changes as 
the quantity produced increases. 

(c) Explain the concavity of the graph (in terms of eco¬ 
nomics). 

(d) Explain the economic significance (in terms of 
marginal cost) of the point at which the concavity 
changes. 

(e) Do you expect the graph of C(q) to look like this for 
all types of products? 



Figure 2.58 


CHAPTER SUMMARY 

• Rate of change 
Average, instantaneous 

• Estimating derivatives 

Estimate derivatives from a graph, table of values, or for¬ 
mula 

• Interpretation of derivatives 

Rate of change, slope, using units, instantaneous velocity 

• Relative rate of change 
Calculation and interpretation 


參 Marginality 

Marginal cost and marginal revenue 

• Second derivative 
Concavity 

• Derivatives and graphs 

Understand relation between sign of f and whether / is 
increasing or decreasing. Sketch graph of f from graph 
of /. Marginal analysis 
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REVIEW PROBLEMS FOR CHAPTER TWO 


1. In a time of t seconds, a particle moves a distance of s 
meters from its starting point, where s = At 2 + 3. 

(a) Find the average velocity between t = 1 and t = 
l-\- hif: 

(i) h = 0.1, (ii) h = 0.01, (iii) h = 0.001. 

(b) Use your answers to part (a) to estimate the instan¬ 
taneous velocity of the particle at time t = 1. 

2. Match the points labeled on the curve in Figure 2.59 with 
the given slopes. 



Slope 

Point 

-3 


—1 


0 


1/2 


1 


2 



Figure 2.59 


7. In a time of t seconds, a particle moves a distance of s 
meters from its starting point, where s = sin(2t). 

(a) Find the average velocity between t = 1 and t = 
1 + /iif: 

(i) h = 0.1 f (ii) /i = 0.01 ，（ iii) h = 0.001. 

(b) Use your answers to part (a) to estimate the instan¬ 
taneous velocity of the particle at time t = 1. 

For Problems 8-13, sketch the graph of f\x). 



3. (a) Use a graph of f(x) = 2 — x 3 to decide whether 

/ 7 (1) is positive or negative. Give reasons. 

(b) Use a small interval to estimate /’(l). 

4. For the function f(x) = 3' estimate /’(l). From the 
graph of f(pc), would you expect your estimate to be 
greater than or less than the true value of /’⑴？ 

5. For the function shown in Figure 2.60, at what labeled 
points is the slope of the graph positive? Negative? At 
which labeled point does the graph have the greatest (i.e., 
most positive) slope? The least slope (i.e., negative and 
with the largest magnitude)? 




6. Use Figure 2.61 to fill in the blanks in the following state¬ 
ments about the function / at point A. 

(a) /(_)=_ (b) f(—)=_ 


x 

0 

2 

4 

6 

8 

10 

12 

/ ㈦ 

10 

18 

24 

21 

20 

18 

15 





































122 Chapter Two RATE OF CHANGE: THE DERIVATIVE 


15. Figure 2.62 is the graph of /’， the derivative of a function 
/. On what interval(s) is the function / 

(a) Increasing? (b) Decreasing? 



Figure 2.62: Graph of /’， not / 


22. Table 2.10 shows world gold production, 20 G = f(t), as 

a function of year, t. 

(a) Does f r (t) appear to be positive or negative? What 
does this mean in terms of gold production? 

(b) In which time interval does f\t) appear to be great¬ 
est? 

(c) Estimate /’ (2002). Give units and interpret your an¬ 
swer in terms of gold production. 

(d) Use the estimated value of / x (2002) to estimate 
/(2003) and /(2010), and interpret your answers. 


Table 2.10 World gold production 


t (year) 

1990 

1993 

1996 

1999 

2002 

G (mn troy ounces) 

70.2 

73.3 

73.6 

82.6 

82.9 


16. The average weight W of an oak tree in kilograms that is 
x meters tall is given by the function W = f(x). What 
are the units of measurement of f{x)l 

17. The percent, P, of US households with a personal com¬ 
puter is a function of the number of years, t, since 1982 
(when the percent was essentially zero), so P = f(t). 
Interpret the statements /(20) = 57 and /’(20) = 3. 

18. A yam has just been taken out of the oven and is cooling 
off before being eaten. The temperature, T, of the yam 
(measured in degrees Fahrenheit) is a function of how 
long it has been out of the oven, t (measured in minutes). 
Thus, we have T = f(t). 

(a) Is f{t) positive or negative? Why? 

(b) What are the units for /’ ⑷？ 

19. The quantity sold, q, of a certain product is a function of 
the price, p, so ^ = f(p). Interpret each of the following 
statements in terms of demand for the product: 

⑻ f(15)= 200 (b) / ， (15) = -25. 

20. Figure 2.63 shows world solar energy output, in 
megawatts, as a function of years since 1990. 19 Estimate 
/’(6). Give units and interpret your answer. 

solar power (megawatts) 



23. The wind speed W in meters per second at a distance x 
kilometers from the center of a hurricane is given by the 
function W = h(pc). What does the fact that /i’(15) > 0 
tell you about the hurricane? 

24. You drop a rock from a high tower. After it falls x meters 
its speed S in meters per second is S = h{x). What is 
the meaning of /i’(20) = 0.5 ? 

25. If t is the number of years since 2003, the population, P, 
of China, in billions, can be approximated by the function 

P = / ⑷ = 1.291(1.006)* • 

Estimate /(6) and ,(6)，giving units. What do these two 
numbers tell you about the population of China? 

26. After investing $1000 at an annual interest rate of 7% 
compounded continuously for t years, your balance is 
$B, where B = f(t). What are the units of dB/dtl 
What is the financial interpretation of dB/dtl 

27. Let /(t) be the depth, in centimeters, of water in a tank 
at time t, in minutes. 

(a) What does the sign of fit) tell us? 

(b) Explain the meaning of f (30) = 20. Include units. 

(c) Using the information in part (b), at time t = 30 
minutes, find the rate of change of depth, in meters, 
with respect to time in hours. Give units. 

28. A climber on Mount Everest is 6000 meters from the start 
of a trail and at elevation 8000 meters above sea level. At 
x meters from the start, the elevation of the trail is h(x) 
meters above sea level. If h^x) = 0.5 for x near 6000, 
what is the approximate elevation another 3 meters along 
the trail? 

29. Let f{y) be the gas consumption (in liters/km) of a car 
going at velocity v (in km/hr). In other words, f(y) tells 
you how many liters of gas the car uses to go one kilome¬ 
ter at velocity v. Explain what the following statements 
tell you about gas consumption: 

/(80) = 0.05 and /’(80) = 0.0005. 


Figure 2.63 


21. For a function f(x), we know that / (20) = 68 and 
/’(20) = -3. Estimate /(21), f(19) and /(25). 

19 The Worldwatch Institute, Vital Signs 2001, p. 47 (New York: W.W. Norton, 2001). 
20 The World Almanac and Book of Facts 2005, p. 135 (New York). 
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30. To study traffic flow, a city installs a device which records 
C (t), the total number of cars that have passed byt hours 
after 4:00 am. The graph of C(t) is in Figure 2.64. 

(a) When is the traffic flow the greatest? 

(b) Estimate C r (2). 

(c) What does C / (2) mean in practical terms? 



2 4 6 

Figure 2.64 


31. The temperature, H, in degrees Celsius, of a cup of cof¬ 
fee placed on the kitchen counter is given by H = f(t), 
where t is in minutes since the coffee was put on the 
counter. 

(a) Is f (t) positive or negative? Give a reason for your 
answer. 

(b) What are the units of /’(20)? What is its practical 
meaning in terms of the temperature of the coffee? 

32. Suppose that f(x) is a function with /(100) = 35 and 
f (100) = 3. Estimate /(102). 

33. Suppose P(t) is the monthly payment, in dollars, on a 
mortgage which will take t years to pay off. What are the 
units of P’(t)? What is the practical meaning of P\t)l 
What is its sign? 

34. The table 21 shows f(t), total sales of music compact 
discs (CDs), in millions, and g(t )， total sales of music 
cassettes, in millions, as a function of year t. 

(a) Estimate /’(2002) and ^(2002). Give units with 
your answers and interpret each answer in terms of 
sales of CDs or cassettes. 

(b) Use /(2002) to estimate /(2003) and /(2010). In¬ 
terpret your answers in terms of sales of CDs. 


Year, t 

1994 

1996 

1998 

2000 

2002 

CD sales, f(t) 

662.1 

778.9 

847.0 

942.5 

803.3 

Cassette sales, g(t) 

345.4 

225.3 

158.5 

76.0 

31.1 


35. For each part below, sketch a graph of a function that 
satisfies the given conditions. There are many possible 
correct answers. 

(a) /， > 0 and /" > 0. 

(b) /， > 0 and /" < 0. 

(c) f < 0 and /" > 0. 

(d) /， < 0 and /" < 0. 


36. For each function, do the signs of the first and second 
derivatives of the function appear to be positive or nega¬ 
tive over the given interval? 


⑻ 


X 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

f(x) 

10.1 

11.2 

13.7 

16.0 

21.2 

27.7 


(b) 


X 

1.0 

1.1 

1 ?, 

1.3 

14 

1.5 

f(x) 

10.1 

9.9 

8.1 

6.0 

3.9 

0.1 


(c) 


X 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

f(x) 

1000 

1010 

1015 

1018 

1020 

1021 


37. The length L of the day in minutes (sunrise to sunset) x 
kilometers north of the equator on June 21 is given by 
L = f(x). What are the units of 

(a) /’(3000)? (b) /’’(3000)? 

38. Sketch the graph of a function whose first and second 
derivatives are everywhere positive. 

39. At which of the marked a>values in Figure 2.65 can the 
following statements be true? 

(a) f(x) < 0 

(b) f\x) < 0 

(c) f(x) is decreasing 

(d) f r (x) is decreasing 

(e) Slope of f(x) is positive 

(f) Slope of f(x) is increasing 



Figure 2.65 


40. Sketch the graph of the height of a particle against time 
if velocity is positive and acceleration is negative. 

41. Figure 2.66 gives the position, /(t), of a particle at time 
t. At which of the marked values of t can the following 
statements be true? 

(a) The position is positive 

(b) The velocity is positive 

(c) The acceleration is positive 

(d) The position is decreasing 

(e) The velocity is decreasing 


[ The World Almanac and Book of Facts 2005, p. 309 (New York). 
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Figure 2.66 


42. A high school principal is concerned about the drop in 
the percentage of students who graduate from her school, 
shown in the following table. 


Year entered school, t 

1992 

1995 

1998 

2001 

2004 

Percent graduating, P 

62.4 

54.1 

48.0 

43.5 

41.8 


⑻ 

(b) 


Calculate the average rate of change of P for each 
of the three-year intervals between 1992 and 2004. 
Does d 2 P/dt 2 appear to be positive or negative be¬ 
tween 1992 and 2004? 


(c) Explain why the values of P and dP/dt are trouble- 
some to the principal. 

(d) Explain why the sign of d 2 P/ dt 2 and the magnitude 
of dP/dt in the year 2001 may give the principal 
some cause for optimism. 


43. Students were asked to evaluate f (4) from the following 
table which shows values of the function /: 


X 

1 

2 

3 

4 

5 

6 

/ ⑷ 

49, 

4.1 

42 

4.5 

5.0 

5.7 


Student B estimated the derivative as /’ ⑷ ~ 

/ ⑷-/⑶ _ Q o 

4-3 

Student C suggested that they should split the differ¬ 
ence and estimate the average of these two results, 
that is, f'(4) « i (0.5+ 0.3) =0.4. 


(a) Sketch the graph of /, and indicate how the three 
estimates are represented on the graph. 

(b) Explain which answer is likely to be best. 


44. Figure 2.67 shows the rate at which energy, f(v), is con¬ 
sumed by a bird flying at speed v meters/sec. 

(a) What rate of energy consumption is needed by the 
bird to keep aloft, without moving forward? 

(b) What does the shape of the graph tell you about how 
birds fly? 

(c) Sketch f(v). 



v, speed (m/sec) 


Figure 2.67 


• Student A estimated the derivative as f (4) « 


CHECK YOUR UNDERSTANDING 

In Problems 1-55, indicate whether the statement is true or 
false. 

1. The derivative of / at a is the instantaneous rate of 
change of / at the point a. 

2. If f(x) = x 2 then /’(l) is positive. 

3. If g{t) = 2* then p’(l) « (2 1001 — 2 1 )/(1.001 - 1). 

4. The slope of the graph of H{x) = \fx is negative at 
x = 2. 

5. A function / cannot have both f(a) = 0 and f f (a) = 0. 

6. The average rate of change of / between 0 and 1 is al¬ 
ways less than the slope of the graph of / at 0. 

7. The function r in the following table appears to have a 
negative derivative att = 0.5: 


t 

0.3 

0.5 

0.7 

0.9 

r(t) 

1.2 

6.5 

9.7 

13.4 


8. The derivative of / at 3 is given by the difference quo¬ 
tient (/(3) -/(0))/(3 - 0). 

9. If R(w) = w 3 then R\—2) is negative. 

10. A function can have more than one point where the 
derivative is 0. 

11. If f > 0 on an interval, then / is increasing on that 
interval. 

12. The / is negative on an interval, then the derivative of / 
is decreasing on that interval. 

13. If / is always increasing, then /’ is always increasing. 
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14. If/(2)>^(2)then/ , (2)>^ , (2). 

15. The derivative of the constant function q(x) = 5 is 
q\x) = 0. 

16. The derivative of a function that is always decreasing is 
also always decreasing. 

17. The function g(t) = In ⑷ has ^(1) < 0. 

18. If / is a function with /(3) = 0 then /’(3) = 0. 

19. If f is zero at all points in an interval, then the graph of 
/ is a horizontal line on that interval. 

20. If f is negative at all points in an interval, then / is de¬ 
creasing on that interval. 

21. If the cost C (in dollars) of feeding x students in the din¬ 
ing center is given by C = f(x), then the units of dC/dx 
are dollars per student. 

22. lfy = f(x) then dy/dx and f\x) mean the same thing. 

23. If the cost C (in dollars) of extracting T tons of ore is 
given by C = f(T) then /’(2000) is the approximate 
cost to extract the 2001 st ton. 

24. If /(10) = 20 and / 7 (10) = 3, then 23 is a reasonable 
approximation of /(ll). 

25. The units of dA/dB are the units of A divided by the 
units of B. 

26. If A = f(B) then the units of f f (B) are the units of B 
divided by the units of A. 

27. If ,(100) = 2 and the derivative of / is not changing 
rapidly, then /(101) — /(100) « 2. 

28. If t (in minutes) is the time that a dose of D milligrams 
of morphine is effective as a painkiller, so that t = f(D), 
then the units of f (D) are minutes per milligram. 

29. If h = f(a) gives height h (in inches) of a child aged a 
years, then dh/da is positive when 0 < a < 10. 

30. \fW = f(R) and f(R) is negative, then we expect W 
to decrease as R increases. 

31. If /’’ > 0 on an interval, then / is increasing on that 
interval. 

32. If /’’ < 0 on an interval, then / is concave down on that 
interval. 

33. If /’’ > 0 on an interval, then /’ > 0 on that interval. 

34. If f is decreasing on an interval, then / is concave down 
on that interval. 

35. If a car is slowing down, then the second derivative of its 
distance as a function of time is negative. 

36. There is a function with / > 0 and /’ > 0 and /" > 0 
everywhere. 


37. There is a function with / > 0 and /’ < 0 and /" > 0 
everywhere. 

38. There is a function with /’’ = 0 everywhere. 

39. The function f(x) = e x has j" > 0 everywhere. 

40. The function f(x) = ln(rr) has /" > 0 for x > 0. 

41. Marginal cost is the instantaneous rate of change of cost 
with respect to quantity. 

42. Marginal revenue is the derivative of the revenue function 
with respect to quantity. 

43. If marginal revenue is greater than marginal cost when 
quantity is 1000, then increasing the quantity to 1001 
will increase the profit. 

44. Marginal cost is always greater than or equal to zero. 

45. If the revenue function is linear with slope 5, then 
marginal revenue is always zero. 

46. The units of marginal cost are quantity per dollar. 

47. The units of marginal revenue are the same as the units 
of marginal cost. 

48. Marginal cost is never equal to marginal revenue. 

49. If the graphs of the cost and revenue functions C(q) 
and R(q) cross at q*, then marginal revenue is equal to 
marginal cost at q*. 

50. If the graphs of the marginal cost and marginal revenue 
functions C f (q) and R f (q) cross at q*, then marginal rev¬ 
enue is equal to marginal cost at q *. 

51. If _P is a function of t, then the relative rate of change of 
Pis (l/P)(dP/dt). 

52. If /(25) = 10 gallons and / / (25) = 2 gallons per 
minute, then at t = 25, the function / is changing at 
a rate of 20% per minute. 

53. If a quantity is 100 and has relative rate of change —3% 
per minute, we expect the quantity to be about 97 one 
minute later. 

54. If a population of animals changes from 500 to 400 in 
one month, then the relative rate of change is about —100 
animals per month. 

55. Linear functions have constant rate of change and expo¬ 
nential functions have constant relative rate of change. 


PROJECTS FOR CHAPTER TWO 

1. Estimating the Temperature of a Yam 

Suppose you put a yam in a hot oven, maintained at a constant temperature of 200°C. As 
the yam picks up heat from the oven, its temperature rises. 22 

22 From Peter D. Taylor, Calculus: The Analysis of Functions (Toronto: Wall & Emerson, Inc., 1992). 





126 Chapter Two RATE OF CHANGE: THE DERIVATIVE 

(a) Draw a possible graph of the temperature T of the yam against time t (minutes) since it is 
put into the oven. Explain any interesting features of the graph, and in particular explain its 
concavity. 

(b) Suppose that, att = 30, the temperature T of the yam is 120° and increasing at the (instan¬ 
taneous) rate of 2°/min. Using this information, plus what you know about the shape of the 
T graph, estimate the temperature at time t = 40. 

(c) Suppose in addition you are told that ait = 60, the temperature of the yam is 165°. Can 
you improve your estimate of the temperature ait = 40? 

(d) Assuming all the data given so far, estimate the time at which the temperature of the yam 
is 150°. 

2. Temperature and Illumination 

Alone in your dim, unheated room, you light a single candle rather than curse the darkness. 
Depressed with the situation, you walk directly away from the candle, sighing. The temperature 
(in degrees Fahrenheit) and illumination (in % of one candle power) decrease as your distance 
(in feet) from the candle increases. In fact, you have tables showing this information. 


Distance (feet) 

Temperature (°F) 

0 

55 

1 

54.5 

2 

53.5 

3 

52 

4 

50 

5 

47 

6 

43.5 


Distance (feet) 

Illumination (%) 

0 

100 

1 

85 

2 

75 

3 

67 

4 

60 

5 

56 

6 

53 


You are cold when the temperature is below 40°. You are in the dark when the illumination is 
at most 50% of one candle power. 

(a) Two graphs are shown in Figures 2.68 and 2.69. One is temperature as a function of distance 
and one is illumination as a function of distance. Which is which? Explain. 


Figure 2.68 


Figure 2.69 


(b) What is the average rate at which the temperature is changing when the illumination drops 
from 75% to 56%? 

(c) You can still read your watch when the illumination is about 65%. Can you still read your 
watch at 3.5 feet? Explain. 

(d) Suppose you know that at 6 feet the instantaneous rate of change of the temperature is 
—4.5°F/ft and the instantaneous rate of change of illumination is —3% candle power/ft. 
Estimate the temperature and the illumination at 7 feet. 

(e) Are you in the dark before you are cold, or vice versa? 
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LIMITS, CONTINUITY, AND THE DEFINITION OF THE DERIVATIVE 


The velocity at a single instant in time is surprisingly difficult to define precisely. Consider the 
statement “At the instant it crossed the finish line, the horse was traveling at 42 mph.” How can such 
a claim be substantiated? A photograph taken at that instant will show the horse motionless — it is 
no help at all. There is some paradox in trying to quantify the property of motion at a particular 
instant in time, since by focusing on a single instant we stop the motion! 

A similar difficulty arises whenever we attempt to measure the rate of change of anything — for 
example, oil leaking out of a damaged tanker. The statement “One hour after the ship’s hull ruptured, 
oil was leaking at a rate of 200 barrels per second” seems not to make sense. We could argue that at 
any given instant no oil is leaking. 

Problems of motion were of central concern to Zeno and other philosophers as early as the fifth 
century BC. The approach that we took, made famous by Newton’s calculus, is to stop looking for a 
simple notion of speed at an instant, and instead to look at speed over small intervals containing the 
instant. This method sidesteps the philosophical problems mentioned earlier but brings new ones of 
its own. 


Definition of the Derivative Using Average Rates 

In Section 2.1, we defined the derivative as the instantaneous rate of change of a function. We can 
estimate a derivative by computing average rates of change over smaller and smaller intervals. We 
use this idea to give a symbolic definition of the derivative. Letting h represent the size of the 
interval, we have 

Average rate of change _ f{x -)rh) — f(x) _ f(x -\-h) — f(x) 
between x and x + h (x + h) — x h 

To find the derivative, or instantaneous rate of change at the point x, we use smaller and smaller 
intervals. To find the derivative exactly, we take the limit as h, the size of the interval, shrinks to 
zero, so we say 

Derivative = Limit, as h approaches zero, of 八尤 + ") —— ’⑷ . 

h 

Finally, instead of writing the phrase “limit, as /i approaches 0,” we use the notation lim. This leads 

h ― ►O 

to the following symbolic definition: 


For any function /, we define the derivative function, /’，by 


/’(X)= 


/O + h)~ f(x) 
h ; 


provided the limit exists. The function / is said to be differentiable at any point x at which 
the derivative function is defined. 


Notice that we have replaced the original difficulty of computing velocity at a point by an 
argument that the average rates of change approach a number as the time intervals shrink in size. In 
a sense, we have traded one hard question for another, since we don’t yet have any idea how to be 
certain what number the average velocities are approaching. 
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The Idea of a Limit 


Example 1 

Solution 


Example 2 


Solution 


We used a limit to define the derivative. Now we look a bit more at the idea of the limit of a function 
at the point c. Provided the limit exists: 


We write lim f(x) to represent the number approached by f(x) as x approaches c. 


Investigate lim x 2 . 

x —>2 

Notice that we can make x 2 as close to 4 as we like by taking x sufficiently close to 2. (Look at the 
values of 1.9 2 , 1.99 2 , 1.999 2 , and 2.1 2 , 2.01 2 , 2.001 2 in Table 2.11; they seem to be approaching 
4.) We write 

lima: 2 =4, 

which is read “the limit, as x approaches 2, of x 2 is 4.” Notice that the limit does not ask what 
happens at x = 2, so it is not sufficient to substitute 2 to find the answer. The limit describes 
behavior of a function near^L point, not at the point. 


Table 2.11 Values ofx 2 near x = 2 


X 

1.9 

1.99 

1.999 

2.001 

2.01 

2.1 

x 2 

3.61 

3.96 

3.996 

4.004 

4.04 

4.41 


2 X -1 

Use a graph to estimate lim - 



x 


2 X — 1 

Figure 2.70: Find the limit as x —> 0 of - 

x 


2 X -l 

Notice that the expression - is undefined at x = 0. To find out what happens to this expression 

x 2$ 1 

as x approaches 0, look at a graph of fix) = - . Figure 2.70 shows that as x approaches 0 

x 

2 X -l 

from either side, the value of - appears to approach 0.7. If we zoom in on the graph near 

x 

x = 0, we can estimate the limit with greater accuracy, giving 



x 


« 0.693. 
















LIMITS, CONTINUITY, AND THE DEFINITION OF THE DERIVATIVE 129 


Example 3 Estimate lim (3 + ^ -- numerically. 

Solution The limit is the value approached by this expression as h approaches 0. The values in Table 2.12 
seem to be approaching 6 as /i 0. So it is a reasonable guess that 

lim ( 3 + 々 ) 2 _ 9 = 6 
h ― >■() h 

However, we cannot be sure that the limit is exactly 6 by looking at the table. To calculate the limit 
exactly requires algebra. 

Table 2.12 Values of ((3h) 2 - 9) /h 


h 

-0.1 

-0.01 

-0.001 

0.001 

0.01 

0.1 

((3 + hf-9)/h 

5.9 

5.99 

5.999 

6.001 

6.01 

6.1 


Example 4 

Solution 


Use algebra to find lim 

h-^0 


(3 + /i) 2 - 9 
h 


Expanding the numerator gives 

(3 + /i) 2 - 9 _ 9 + 6/i + /i 2 - 9 _ 6/i + fe 2 
h h h 

Since taking the limit as /i —> 0 means looking at values of h near, but not equal, to 0, we can cancel 
a common factor of h, giving 


& 


(3 + ft) 2 - 9 
h 




6h + h 2 
~ h ~ 


=lim (6 + ft). 


As h approaches 0, the values of (6 + h) approach 6, so 


^0 


(3 + ft) 2 - 9 
h 


lim (6 + /i) = 6. 


Continuity 


Roughly speaking, a function is said to be continuous on an interval if its graph has no breaks, 
jumps, or holes in that interval. A continuous function has a graph that can be drawn without lifting 
the pencil from the paper. 

Example: The function f{x) = 3x 2 — x 2 + 2x + 1 is continuous on any interval. (See Fig¬ 
ure 2.71.) 

Example: The function f{pc) = l/xis not defined at x = 0. It is continuous on any interval not 
containing the origin. (See Figure 2.72.) 

Example: Suppose p(x) is the price of mailing a first-class letter weighing x ounces. It costs 
34^ for one ounce or less, 57^ between the first and second ounces, and so on. So the graph (in 
Figure 2.73) is a series of steps. This function is not continuous on intervals such as (0,2) because 
the graph jumps at x = 1. 



Figure 2.71: The graph of Figure2.72: Graph of f(x) = 1/x: 
f(x) = 3x 3 — x 2 -\-2x — 1 Not defined at 0 


Figure 2.73: Cost of mailing a letter 
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What Does Continuity Mean Numerically? 

Continuity is important in practical work because it means that small errors in the independent 
variable lead to small errors in the value of the function. 

Example: Suppose that f(x) = x 2 and that we want to compute /(7r). Knowing / is continuous 
tells us that taking x = 3.14 should give a good approximation to f(n), and that we can get a better 
approximation to /(7r) by using more decimals of 7r. 

Example: Ifp(x) is the cost of mailing a letter weighing x ounces, thenp(0.99) = p(l) = 34 必， 
whereas p(1.01) = 57 厶 because as soon as we get over 1 ounce, the price jumps up to 57(L So 
a small difference in the weight of a letter can lead to a significant difference in its mailing cost. 
Hence p is not continuous at x = 1. 

Definition of Continuity 

We now define continuity using limits. The idea of continuity rules out breaks, jumps, or holes by 
demanding that the behavior of a function near a. point be consistent with its behavior at the point: 


The function / is continuous at x = c if / is defined at x = c and 

lim/(a:) = /(c). 


The function is continuous on an interval (a, b) if it is continues 
interval. 

is at every point in the 


Which Functions Are Continuous? 

Requiring a function to be continuous on an interval is not asking very much，as any function whose 
graph is an unbroken curve over the interval is continuous. For example, exponential functions, 
polynomials, and sine and cosine are continuous on every interval. Functions created by adding, 
multiplying, or composing continuous functions are also continuous. 

Using the Definition to Calculate Derivatives 

By estimating the derivative of the function f(x) = x 2 at several points, we guessed in Example 5 
of Section 2.2 that the derivative of x 2 is f{x) = 2x. In order to show that this formula is correct, 
we have to use the symbolic definition of the derivative given earlier in this section. 

In evaluating the expression 

lim /O + h)~ f{x) 

h — h 

we simplify the difference quotient first, and then take the limit as h approaches zero. 


Example 5 Show that the derivative of f(x) = x 2 is f f (x) = 2x. 

Solution Using the definition of the derivative with f(x) = x 2 , we have 


m = 


lim /Qg + fe) - f{x) _ 咖 ■ 

h^O h h—Q 

x 2 + 2xh -\-h 2 — x 2 _ 
h — ^0 h h- 

h(2x + h) 


(x + h) 2 — x 2 
h 

2xh + h 2 


^ 0 - 


h 
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To take the limit, look at what happens when h is close to 0, but do not let h = 0. Since h ^0, 
we cancel the common factor of h, giving 


/’o)= 


h(2x + h) 
h — h 


=lim 

h—Q 


{2x h) = 2x, 


because as h gets close to zero, 2x-\-h gets close to 2x. So 
/’㈤ =^(a; 2 ) = 2x. 


Example 6 

Solution 


Show that if f(x) =3x-2, then f(x) = 3. 

Since the slope of the linear function f(x) = 3x — 2 is 3 and the derivative is the slope, we see that 
f\x) = 3. We can also use the definition to get this result: 


^) = 1^0 


+ ") - f{x) 
h 


^0 


(3{x + ft) - 2) - (3x - 2) 


lim 如 + 汕各鈿 + 2 ^ lim 
h—Q h h—0h 


To find the limit, look at what happens when h is close to, but not equal to, 0. Simplifying, we get 


3h 


， ㈤ 十 0 T = h 3 = 3 _ 


Problems on Limits and the Definition of the Derivative 


1. On Figure 2.74, mark lengths that represent the quantities 
in parts (a) - (e). (Pick any h, with h > 0.) 

⑻ a + /i (b) h (c) /(a) 

(d) /(a + h) (e) /(a+/i)-/ ⑷ 

(f) Using your answers to parts (a)-(e), show how the 
. f(a + h) - f(a) L 
quantity -- j- - can be represented as the 

slope of a line on the graph. 


2. On Figure 2.75, mark lengths that represent the quantities 
in parts (a)-(e). (Pick any h, with h > 0.) 

⑻ a + (b) h (c) f(a) 

(d) f(a + h) (e) /(a+/i )-/ ⑷ 

(£) Using your answers to parts (a)-(e), represent the 
... f(a + h) - f(a) ^ r 

quantity -- 七 - as the slope of a line on 

h 

the graph. 
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Use a graph to estimate the limits in Problems 3-4. 


3. 


lim s ^ nx (with x in radians) 
x—o x 



16. f(x) = 

17. /㈤ = 

18 - m = ^TI 


on 2 <x <3 
on 0 < x < 2 
on 0 < a; < 2 


Estimate the limits in Problems 5-8 by substituting smaller 
and smaller values of h. For trigonometric functions, use ra¬ 
dians. Give answers to one decimal place. 


lim 

h-^o 


(3 + Kf - 27 


7 h — l 
6. lim ^ 

h-*o h 

0 v cosh- 

8. lim --—— 


In Problems 9-12, does the function f(x) appear to be con¬ 
tinuous on the interval 0 < x < 2? If not, what about on the 
interval 0 < x < 0.5? 



2 


Are the functions in Problems 13-18 continuous on the given 
intervals? 

13. f(x) = x + 2 on -3 < x < 3 

14. f(x) = 2 X on 0 < x < 10 

15. f(x) = x 2 + 2 on 0 < x < 5 


Which of the functions described in Problems 19-23 are con¬ 
tinuous? 

19. The number of people in a village as a function of time. 

20. The weight of a baby as a function of time during the 
second month of the baby’s life. 

21. The number of pairs of pants as a function of the number 
of yards of cloth from which they are made. Each pair 



22. The distance traveled by a car in stop-and-go traffic as a 
function of time. 

23. You start in North Carolina and go westward on Inter¬ 
state 40 toward California. Consider the function giving 
the local time of day as a function of your distance from 
your starting point. 

Use the definition of the derivative to show how the formulas 

in Problems 24—33 are obtained. 

24. If f(x) = 5x, then f(x) = 5. 

25. If f(x) = 3x-2, then f\x) = 3. 

26. If f(x) =x 2 +4, then f(x) = 2x. 

27. If f(x) = 3x 2 , then f{x) = 6x. 

28. If f(x) = 一 2x 3 , then f f (x) = —6x 2 . 

29. If f(x) =x-x 2 t then f(x) = l-2x. 

30. If f(x) = l-x 3 , then f(x) = -3x 2 . 

31. If f(x) = bx 2 + 1, then f’(x) = IChr. 

32. If f(x) = 2x 2 + x, then f(x) = 4a; + 1. 

33. If/Or) = 1/x, then f(x) = -1/x 2 . 
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3.1 DERIVATIVE FORMULAS FOR POWERS AND POLYNOMIALS 


The derivative of a function at a point represents a slope and a rate of change. In Chapter 2, we 
learned how to estimate values of the derivative of a function given by a graph or by a table. Now, 
we learn how to find a formula for the derivative of a function given by a formula. 


Derivative of a Constant Function 

The graph of a constant function f(x) = fc is a horizontal line, with a slope of 0 everywhere. 
Therefore, its derivative is 0 everywhere. (See Figure 3.1.) 


If f(x) = k, then f r (x) = 0. 



f(x)~ 

/ 

Slope = Q 





Figure 3.1: A constant function 


Derivative of a Linear Function 

We already know that the slope of a line is constant. This tells us that the derivative of a linear 
function is constant. 


If f(x) = 6 + mx, then f’(x) = Slope = m. 


p , d tr , 3 N 3 

For example, — (5 — -x )=— 


Derivative of a Constant Times a Function 

Figure 3.2 shows the graph of y = f(x) and of three multiples: y = Sf(x), y = and 

y = What is the relationship between the derivatives of these functions? In other words, 

for a particular x-value, how are the slopes of these graphs related? 



Figure 3.2: A function and its multiples: Derivative of multiple is multiple of derivative 
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Multiplying by a constant stretches or shrinks the graph (and reflects it about the : c-axis if 
the constant is negative). This changes the slope of the curve at each point. If the graph has been 
stretched, the “rises” have all been increased by the same factor, whereas the “runs” remain the 
same. Thus, the slopes are all steeper by the same factor. If the graph has been shrunk, the slopes 
are all smaller by the same factor. If the graph has been reflected about the x-axis, the slopes will 
all have their signs reversed. Thus, if a function is multiplied by a constant, c, so is its derivative: 


Derivative of a Constant Multiple 


If c is a constant, 

^ [cf(x)] = c/’O). 


Derivatives of Sums and Differences 

Values of two functions, f(x) and g(x), and their sum f(x) + g(x), are listed in Table 3.1. 


Table 3.1 Sum of functions 


X 

m 

g(x) 

f(x) + g(x) 

0 

100 

0 

100 

1 

110 

0.2 

110.2 

2 

130 

0.4 

130.4 

3 

160 

0.6 

160.6 

4 

200 

0.8 

200.8 


We see that adding the increments of f(x) and the increments of g(x) gives the increments of 
f(x) + g(x). For example, as x increases from 0 to 1, f(x) increases by 10 and g(x) increases by 
0.2, while f(x) + g{x) increases by 110.2 — 100 = 10.2. Similarly, as x increases from 3 to 4, f(x) 
increases by 40 and g(x) by 0.2, while f(x) + g(x) increases by 200.8 — 160.6 = 40.2. 

From this example, we see that the rate at which f{x)+g{x) is increasing is the sum of the rates 
at which f(x) and g(pc) are increasing. Similar reasoning applies to the difference, f{x) — g{x). In 
terms of derivatives: 


Derivative of Sum and Difference 

4 ： [/O) + g(x)] = f(x) + g\x) and [f{x) - g{x)] = f’(x) — g'(x). 


Powers of x 

We start by looking at f(x) = x 2 and g(x) = x 3 . We show in the Focus on Theory section at the 
end of this chapter that 

f\x) = -^ (x 2 ) =2x and g\x) = ^ (x 3 ) = 3x 2 . 
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The graphs of f(x) = x 2 and g(pc) = x 3 and their derivatives are shown in Figures 3.3 and 3.4. 
Notice /’($) = 2x has the behavior we expect. It is negative for a: < 0 (when / is decreasing), 
zero for x = 0, and positive for x > 0 (when / is increasing). Similarly, g f (x) = 3x 2 is zero when 
x = 0, but positive everywhere else, as g is increasing everywhere else. These examples are special 
cases of the power rule. 



f(x) = 2x 


Figure 3.3: Graphs of f(x) = x 2 and 
its derivative f (x) = 2x 


9 f (x) = 3 



g(x) = x 3 


Figure 3.4: Graphs of g(x) = x 3 and its 
derivative g\x) = 3x 2 


The Power Rule 

For any constant real number n, 

^-{x n )=nx n ~ 1 . 


Example 1 Find the derivative of (a) h{x) = x s (b) P(t) = t 7 . 
Solution (a) h'{x) = 8a; 7 . (b) P'{t) = 7t 6 . 


Derivatives of Polynomials 

Using the derivatives of powers, constant multiples, and sums, we can differentiate any polynomial. 
Example 2 Differentiate: 

(a) A(t) = 3t 5 (b) r(p) =p 5 +p 3 

(c) f(x) = 5x 2 - 7x s ⑹ g{t) = — + 3 

Solution (a) Using the constant multiple rule: A\t) = ^(3t 5 ) = 3 盖 (t 5 ) = 3 • 5t 4 = 15t 4 . 

(b) Using the sum rule: r r (p) — 去 [p 5 +p 3 )= 去 (p 5 ) + ^-(p 3 ) = 5p 4 + 3p 2 . 

(c) Using both rules together: 

f\x) = ^-(5X 2 — 7X S ) = ^-(5X 2 ) — 去 (Jx 3 、 Derivative of difference 
= 5 ~rj— {pC^ ) — 7 {x^ ) Derivative of multiple 

= 5 ㈣ 一 7(3x 2 ) = lOx - 2lx 2 . 










(d) Using both rules: 
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、 d ft 2 \ 1 d , 9 、 d /n 、 


We can use the power rule to differentiate negative and fractional powers. 


Example 3 Use the power rule to differentiate (a) — (b) y/x (c) 2t 4-5 . 


Solution 


(a) Forn = -3: 丟 (^) = 丟 (^) = 七 - 3 - 1 = - 

(b) Forn = l/2: 盖 ㈤= 去 ( 叫 = ‘ 

(c) For n = 4.5: ^ (2i 4 . 5 ) = 2 (4.5i 4 ' 5_1 ) = 9t 3 5 . 


Using the Derivative Formulas 

Since the slope of the tangent line to a curve is given by the derivative, we use differentiation to find 
the equation of the tangent line. 

Example 4 Find an equation for the tangent line at x = 1 to the graph of 

y = X s 2x 2 — 5x + 7. 

Sketch the graph of the curve and its tangent line on the same axes. 

Solution Differentiating gives 

^ = 3a: 2 + 2{2x) — 5(1) + 0 = 3rc 2 + 4$ — 5, 
so the slope of the tangent line at x = 1 is 

m = 学 I = 3(1) 2 + 4(1) — 5 = 2. 

dx \x=i 

When x = 1, we have y = I s 2(1 2 ) — 5(1) + 7 = 5, so the point (1,5) lies on the tangent line. 
Using the formula y — y 0 = m(x — Xo) gives 

y — 5 = 2(x — 1) 
y = 3-\-2x. 

The equation of the tangent line is ? / = 3 + 2x. See Figure 3.5. 
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y 



Examples 

Solution 


Find and interpret the second derivatives of (a) f{x) = x 2 (b) g{pc) = x s . 


(a) Differentiating f(x) = x 2 gives f’(x) = 2x, so f f ’{x) = 去 (2x) = 2. Since /" is always pos¬ 
itive, the graph of / is concave up, as expected for a parabola opening upward. (See Figure 3.6.) 

(b) Differentiating g(x) = x 3 gives g r (x) = 3x 2 , so g f \x) = -^-(3x 2 ) = 3-^-(x 2 ) = 3-2x = 6x. 

ax ax 

This is positive for x > 0 and negative for x < 0, which means that the graph of g{x) = x 3 is 
concave up for x > 0 and concave down for x <0. (See Figure 3.7.) 




Figure 3.6: Graph of f(x) = x 2 with f\x) = 2 Figure 3.7: Graph of g(x) = x 3 with g ,, (x) = 6x 


Example 6 


Solution 


The revenue (in dollars) from producing q units of a product is given by 
R(q) = 1000g — 3q 2 . 

Find i?(125) and i?’(125). Give units and interpret your answers. 

We have 

丑 (125) = 100.125 _ 3.125 2 = 78,125 dollars. 

Since R\q) = 1000 - 6q, we have 

#(125) = 1000 — 6.125 = 250 dollars per unit. 

If 125 units are produced, the revenue is 78,125 dollars. If one additional unit is produced, revenue 
increases by about $250. 


Example 7 


Figure 3.8 shows the graph of a cubic polynomial. Both graphically and algebraically, describe the 
behavior of the derivative of this cubic. 













Solution 
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Graphical approach: Suppose we move along the curve from left to right. To the left of A, the slope 
is positive; it starts very positive and decreases until the curve reaches A, where the slope is 0. 
Between A and C the slope is negative. Between A and B the slope is decreasing (getting more 
negative); it is most negative at B. Between B and C the slope is negative but increasing; at C the 
slope is zero. From C to the right, the slope is positive and increasing. The graph of the derivative 
function is shown in Figure 3.9. 

Algebraic approach: / is a cubic that goes to +oo as x —^ +oo, so 


with a > 0. Hence, 


fix) = ax 3 + bx 2 -\-cx-\-d 
f\x) = 3ax 2 H- 2bx + c, 


whose graph is a parabola opening upward, as in Figure 3.9. 


Problems for Section 3.1 


For Problems 1-36, find the derivative. Assume a, b, c, k are 
constants. 


1. 

y = 5 

2. y = 3x 

3. 

y = x 12 

4. ?/ = x- 12 

5. 

y = x 4 ’ 3 

6. y = 8t 3 

7. 

y = 3t 4 - 2t 2 

8. y = 5x-\-13 

9. 

/( 和士 

10. f(q) = g 3 + 10 

11. 

y = x 2 5x 9 

12. y = 6a; 3 + 4x 2 — 2x 

13. 

y = 3x 2 -\-7x — 9 

14. y = 8t 3 -4t 2 + 12t-3 

15. 

16. 

y = 4 ： .2q 2 -0.5q-\-11.27 
y = —3x 4 — 4r 3 — 6x + 2 

17. 


18 - /( 和-士 

19. 

y =^ 

20. y = y/x 

21. 

m = Te 

22 - ⑽- 

23. 

y ^ 3^ — 5v^ ■(■ ~ 

24. V = z 2 + ^- z 

25. 

2 12 1 
y - 3t+ vi-^ 

26. h(t) — 

27. 

y = Vx(x + 1) 

28 . h(0) = e(e~ 1/2 -e~ 2 ) 

29. 

f(x) = kx 2 

30. y = ax 2 -\-bx-\- c 

31. 

Q = aP 2 + bP 3 

9 b 

32. v = at + 

33. 

P = a b\/i 

34. V = |7rr 2 6 

35. 

w = 3ab 2 q 

^ L/ 、 ax-\-b 

36. h[X)= - 

c 


37. (a) Use a graph of P(q) = Qq—q 2 to determine whether 

each of the following derivatives is positive, nega¬ 
tive, or zero: P^l), P ; (4). Explain. 

(b) Find P\q) and the three derivatives in part (a). 

38. Let f{x) = X s - 4x 2 + 7x - 11. Find /’(0) ， /’(2 )， 

/(-”、 

39. Let f(t) = t 2 — 4t -h 5. 

⑻ Find/， ⑷. 

(b) Find 尸 (1) and/ , (2). 

(c) Use a graph of f(t) to check that your answers to 
part (b) are reasonable. Explain. 

40. Find the rate of change of a population of size P(t)= 

t 3 + + 1 at time t = 2. 

41. The height of a sand dune (in centimeters) is represented 
by f(t) = 700 - 3t 2 , where t is measured in years since 
2005. Find /(5) and f ’ ⑸. Using units, explain what 
each means in terms of the sand dune. 

42. Zebra mussels are freshwater shellfish that first ap¬ 
peared in the St. Lawrence River in the early 1980s and 
have spread throughout the Great Lakes. Suppose that t 
months after they appeared in a small bay, the number 
of zebra mussels is given by Z(t) = 300t 2 . How many 
zebra mussels are in the bay after four months? At what 
rate is the population growing at that time? Give units. 

43. The quantity, Q, in tons, of material at a municipal waste 
site is a function of the number of years since 2000, with 

Q = f(t) = 3t 2 + 100. 

Find /(10), ,(10)，and the relative rate of change f/f 
at t = 10. Interpret your answers in terms of waste. 

44. The number, N, of acres of harvested land in a region is 
given by 

N = f(t) = 120Vt, 

where t is the number of years since farming began in the 
region. Find / ⑼，/’⑼， and the relative rate of change 
f/f at t = 9. Interpret your answers in terms of har¬ 
vested land. 

45. If f(t) = 2t 3 - 4t 2 + 3t - 1， find f{t) and /’’ ⑷. 

46. If f(t) =t 4 — 3t 2 + 5t, find f {t) and 
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47. The time, T, in seconds for one complete oscillation of a 
pendulum is given by T = /(L) = 1.111\/L, where L 
is the length of the pendulum in feet. Find the following 
quantities, with units, and interpret in terms of the pen¬ 
dulum. 

(a) /(100) (b) f(100). 

48. Kleiber’s Law states that the daily calorie requirement, 
C(w), of a mammal is proportional to the mammal’s 
body weight w raised to the 0.75 power. 1 If body weight 
is measured in pounds, the constant of proportionality is 
approximately 42. 

(a) Give formulas for C(w) and C f (w). 

(b) Find and interpret 

(i) CC^andC^lO) 

(ii) (7(100) and C ， (100) 

(iii) (7(1000) and C ， (1000) 

49. Find the equation of the line tangent to the graph of / at 
(1,1), where / is given by f(x) = 2x 3 — 2x 2 + 1. 

50. (a) Find the equation of the tangent line to f(x) = x 3 

at the point where x = 2. 

(b) Graph the tangent line and the function on the same 
axes. If the tangent line is used to estimate values of 
the function, will the estimates be overestimates or 
underestimates? 

51. Find the equation of the line tangent to the graph of 
f(t) = 6t — t 2 at t = 4. Sketch the graph of f(t) and 
the tangent line on the same axes. 

52. If you are outdoors, the wind may make it feel a lot colder 
than the thermometer reads. You feel the windchill tem¬ 
perature, which, if the air temperature is 20° F, is given in 
°F by W(v) = 48.17 - 27.2v 016 , where v is the wind 
velocity in mph for 5 < v < 60. 2 

(a) If the air temperature is 20° F, and the wind is blow¬ 
ing at 40 mph, what is the windchill temperature, to 
the nearest degree? 

(b) Find W^(40)，and explain what this means in terms 
of windchill. 

53. (a) Use the formula for the area of a circle of radius r, 

A = Trr 2 , to find dA/dr. 

(b) The result from part (a) should look familiar. What 
does dA/dr represent geometrically? 

(c) Use the difference quotient to explain the observa¬ 
tion you made in part (b)_ 

54. Suppose W is proportional to r 3 . The derivative dW/dr 
is proportional to what power of r? 

55. The cost to produce q items is C(q) = 1000 + 2q 2 dol¬ 
lars. Find the marginal cost of producing the 25 th item. 
Interpret your answer in terms of costs. 

56. The demand curve for a product is given by q = 300—3p, 
where p is the price of the product and q is the quantity 
that consumers buy at this price. 

(a) Write the revenue as a function, R(jp), of price. 


(b) Find _R’(10) and interpret your answer in terms of 
revenue. 

(c) For what prices is R\p) positive? For what prices is 
it negative? 

57. The yield, Y, of an apple orchard (measured in bushels of 
apples per acre) is a function of the amount x of fertilizer 
in pounds used per acre. Suppose 

Y = f{x) = 320 + 140k- 10x 2 . 

(a) What is the yield if 5 pounds of fertilizer is used per 
acre? 

(b) Find /’(5). Give units with your answer and inter¬ 
pret it in terms of apples and fertilizer. 

(c) Given your answer to part (b), should more or less 
fertilizer be used? Explain. 

58. The demand for a product is given, for p, ^ > 0, by 

p = f(q) = 50 - 0.03q 2 . 

(a) Find the p- and ^-intercepts for this function and in¬ 
terpret them in terms of demand for this product. 

(b) Find /(20) and give units with your answer. Explain 
what it tells you in terms of demand. 

(c) Find / 7 (20) and give units with your answer. Ex¬ 
plain what it tells you in terms of demand. 

59. The cost (in dollars) of producing q items is given by 
C(q) = 0.08g 3 + 75q + 1000. 

(a) Find the marginal cost function. 

(b) Find (7(50) and (7’(50). Give units with your an¬ 
swers and explain what each is telling you about 
costs of production. 

60. A ball is dropped from the top of the Empire State Build¬ 
ing. The height, y, of the ball above the ground (in feet) 
is given as a function of time, t, (in seconds) by 

y = 1250- 16t 2 . 

(a) Find the velocity of the ball at time t. What is the 
sign of the velocity? Why is this to be expected? 

(b) When does the ball hit the ground, and how fast is it 
going at that time? Give your answer in feet per sec¬ 
ond and in miles per hour (1 ft/sec = 15/22 mph). 

61. Let f(x) = x 3 — 6x 2 — 15a; + 20. Find f(x) and all val¬ 
ues of x for which f\x) = 0. Explain the relationship 
between these values of x and the graph of f(x). 

62. Show that for any power function f(x) = x n , we have 

m= 打 . 

63. If the demand curve is a line, we can write p = b- {- mq, 
where p is the price of the product, q is the quantity sold 
at that price, and b and m are constants. 

(a) Write the revenue as a function of quantity sold. 

(b) Find the marginal revenue function. 


^trogatz, S., ，’ Math and the City ”，The New York Times, May 20, 2009. 
2 www_ weather.gov/om/windchill/index.shtml Accessed on 4/21/09. 
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3.2 EXPONENTIAL AND LOGARITHMIC FUNCTIONS 

The Exponential Function 

What do we expect the graph of the derivative of the exponential function f{x) = a x to look like? 
The graph of an exponential function with a > 1 is shown in Figure 3.10. The function increases 
slowly for x < 0 and more rapidly for x > 0, so the values of j' are small for x < 0 and larger for 
x > 0_ Since the function is increasing for all values of x, the graph of the derivative must lie above 
the x-axis. In fact, the graph of f resembles the graph of / itself. We will see how this observation 
holds for f(x) = 2 X and g{x) = 3 X . 



The Derivatives of 2 X and 3* 

In Section 2.1,we estimated the derivative of f(x) = 2 X at x = 0: 

f(0) « 0.693. 

By estimating the derivative at other values of x, we obtain the graph in Figure 3.11. Since the 
graph of f r looks like the graph of / stretched vertically, we assume that f is a multiple of /. Since 
/’(0) s 0.693 = 0.693 - 1 = 0.693/(0), the multiplier is approximately 0.693, which suggests that 

^(2 x ) = f(x) « (0.693)2 X . 
ax 

Similarly, in Figure 3.12, the derivative of g(x) = 3 X is a multiple of g, with multiplier g f (0) « 
1.0986. So 

兵 (3*) = g'{x) « (1.0986)3 3： . 




derivative its derivative 
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The Derivative of a x and the Number e 

The calculation of the derivative of f(x) = a x , for a > 0, is similar to that of 2 X and 3' The 
derivative is again proportional to the original function. When a = 2, the constant of proportionality 
(0.6931) is less than 1, and the derivative is smaller than the original function. When o = 3, the 
constant of proportionality (1.0986) is more than 1, and the derivative is greater than the original 
function. Is there an in-between case, when derivative and function are exactly equal? In other 
words: 

Is there a value of a that makes — (a x ) = a x ? 

ax 

The answer is yes: the value is a « 2.718 …， the number e introduced in Chapter 1. This means 
that the function e x is its own derivative: 



It turns out that the constants involved in the derivatives of 2 X and 3 X are natural logarithms. In fact, 
since 0.6931 « ln2 and 1.0986 « In 3, we (correctly) guess that 

去 (2 X ) = (ln2)2 x and 去 (3*) = (ln3)3 x _ 

In the Focus on Theory section at the end of this chapter, we show that, in general: 

The Exponential Rule 

For any positive constant a, 

^-{a x ) = (lna)a x . 


Since In a is a constant, the derivative of a x is proportional to a x . Many quantities have rates of 
change that are proportional to themselves; for example, the simplest model of population growth 
has this property. The fact that the constant of proportionality is 1 when a = e makes e a particularly 
useful base for exponential functions. 

Example 1 Differentiate 2 • 3 X 4 - 5e x . 

Solution We have ^(2-3 K + 5e x ) = 2^(3*) + 5^(e x ) = 21n3-3 x + 5e x . 

The Derivative of e kt 

Since functions of the form e kt where fc is a constant are often useful, we calculate the derivative 
of e kt . Since e kt = (e fe ) i , the derivative is (ln(e fe ))(e & ) < = (fclne)(e w ) = ke H . Thus, if fc is a 
constant, 

Example 2 Find the derivative of P = 5 4 - Sx 2 — 7e - 0 
Solution The derivative is 

^ = 0 + 3(2a:) - 7(-0.2e _0 - 2x ) =6x+ lAe~°- 2x . 









The Derivative of In x 
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What does the graph of the derivative of the logarithmic function f(x) =lnx look like? Figure 3.13 
shows that In x is increasing, so its derivative is positive. The graph of f(x) = In x is concave down, 
so the derivative is decreasing. Furthermore, the slope of f(x) = In x is very large near x = 0 and 
very small for large x, so the derivative tends to +oo for x near 0 and tends to 0 for very large x. 
See Figure 3.14. It turns out that 



We give an algebraic justification for this rule in the Focus on Theory section. 



Example3 Differentiate y = Bint — At 2 + 12. 

Solution We have 

|(51ni + 7e* _ 4* 2 + 12) = 5|(lni) + 7 去 [e” - 4 去 (t 2 ) + 去 (12) 

= 5 ⑴ +7(e*) -4(2t)+0 
=—+ 7e* — 8t. 

Using the Derivative Formulas 


Example 4 In Chapter 1, we saw that the population of Nevada, P, in millions, can be approximated by 

P = 2.020(1.036)*, 

where t is years since the start of 2000. At what rate was the population growing at the beginning 
of 2009? Give units with your answer. 

Solution The instantaneous rate of growth is the derivative, so we want dP/dt when t = 9. We have: 

^ = 盖 (2.020(1.036)*) = 2.020(ln 1.036)(1.036)* = 0.0714(1.036)*. 

Substituting t = 9 gives 

0.0714(1.036) 9 = 0.0982. 

The population of Nevada was growing at a rate of about 0.0982 million, or 98,200, people per year 
at the start of 2009. 


Example 5 Find the equation of the tangent line to the graph of f(x) = In x at the point where x = 2. Draw a 
graph with f(x) and the tangent line on the same axes. 
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Solution Since f f (x) = 1 /x, the slope of the tangent line at x = 2 is /’(2) = 1/2 = 0.5. When x = 2, 
y = \n2 = 0.693, so a point on the tangent line is (2,0.693). Substituting into the equation for a 
line, we have: 


y- 0.693 = 0.5(x - 2) 

y = —0.307 + 0.5x. 

The equation of the tangent line is y = —0.307 + 0.5x. See Figure 3.15. 

y 

2 + y = -0.307 + O.dx 



Figure 3.15: Graph of f(x) = lnx and a tangent line 


Example 6 Suppose $1000 is deposited into a bank account that pays 8% annual interest, compounded contin¬ 
uously. 

(a) Find a formula f(t) for the balance t years after the initial deposit. 

(b) Find /(10) and /’(10) and explain what your answers mean in terms of money. 


Solution (a) The balance is f(t) = 1000e° ° 8t . 

(b) Substituting t = 10 gives 

/(10) = 1000e ( °'° 8)(10) = 2225.54. 


This means that the balance is $2225.54 after 10 years. 

To find /’(10)， we compute f(t) = 1000(0.08e O O8t ) = 80e 0 0 气 Therefore, 

f'(10) = 80e (0 - 08)(10) = 178.04. 


This means that after 10 years, the balance is growing at the rate of about $178 per year. 


Problems for Section 3.2 


Differentiate the functions in Problems 1-28. Assume that A, 
B, and C are constants. 


1. f(x) = 2e x + x 2 
3. j / = 5i 2 +4e* 

5 -y= 2X+ i 

7. f(x) =2 X +2-3 X 
9. y = 3x-2-4 X 
11. f(t) = e 3t 


2. P = 3t 3 + 2e* 

4. f(x) =x 3 +3 x 

6. j/= 5.5*+ 6.6* 

8. y = 4 ： ■ 10 x -x 3 
10. y = 5-2 x -5x + A 
12. y = e o n 


13. y = e~ 4t 

15. P = 50e _0 - et 

17. P(t) = 3000(1.02)* 

19. P(t) = Ce\ 

21. f(x)=Ae x -Bx 2 +C 

23. R = 3lnq 

25. y = t 2 5lnt 

27. y = x 2 4x — 3lnx 


14. P = e-° 2t 
16. P = 200e° 12t 
18. P{t) = 12.41(0.94)* 
20. y = B Ae* 

22. 2 / = 10 31 + — 

X 

24. D = 10- lnp 
26. R(q) = q 2 — 21nq 
28. f(t) = Ae t + Blnt 









29. For/(f) = 4-2e*, find f'(-l), f'{0), and Graph 
f(t )，and draw tangent lines at t = —1, t = 0, and 
t = 1. Do the slopes of the lines match the derivatives 
you found? 

30. Find the equation of the tangent line to the graph of 
y = 3 X a.t x = 1. Check your work by sketching a graph 
of the function and the tangent line on the same axes. 

31. Find the equation of the tangent line to y = e~ 2t at 
t = 0. Check by sketching the graphs of y = e~ 2t and 
the tangent line on the same axes. 

32. Find the equation of the tangent line to f{x) = 10e~ O 2x 
at rr = 4. 

33. A fish population is approximated by P(t) = 10e°' 6t , 
where t is in months. Calculate and use units to explain 
what each of the following tells us about the population: 

⑻ P(12) (b) P ; (12) 

34. The worlds population is about f(t) = 6.8e 0 012t bil¬ 
lion, 3 where t is time in years since 2009. Find /(0), 
/’(0) ， /(10)， and /’(10). Using units, interpret your an¬ 
swers in terms of population. 

35. The demand curve for a product is given by 

q = f(p) = 10,000e— O25p , 

where q is the quantity sold and pis the price of the prod¬ 
uct, in dollars. Find f(2) and /’(2). Explain in economic 
terms what information each of these answers gives you. 

36. Worldwide production of solar power, in megawatts, can 
be modeled by f(t) ^ 1040(1.3)*, where t is years 4 
since 2000. Find /(0), /’(0), /(15), and /’(15). Give 
units and interpret your answers in terms of solar power. 

37. A new DVD is available for sale in a store one week after 
its release. The cumulative revenue, from sales of the 
DVD in this store in week t after its release is 

R = f(t) = 350 In t with t > 1. 

Find /(5), / 7 (5), and the relative rate of change /’//at 
t = 5. Interpret your answers in terms of revenue. 

38. In 2009, the population of Hungary 5 was approximated 
by 

P = 9.906(0.997)*, 

where P is in millions and t is in years since 2009. As¬ 
sume the trend continues. 

(a) What does this model predict for the population of 
Hungary in the year 2020? 

(b) How fast (in people/year) does this model predict 
Hungary’s population will be decreasing in 2020? 
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39. With t in years since January 1, 2010, the population P 
of Slim Chance is predicted by 

P = 35,000(0.98)*. 

At what rate will the population be changing on January 
1, 2023? 

40. Some antique furniture increased very rapidly in price 
over the past decade. For example, the price of a particu¬ 
lar rocking chair is well approximated by 

V = 75(1.35)*, 

where V is in dollars and t is in years since 2000. Find 
the rate, in dollars per year, at which the price is increas- 



41. Find the value of c in Figure 3.16, where the line l tangent 
to the graph ofy = 2 x at (0,1) intersects the x-axis. 

y y = 2 x 



42. At a time t hours after it was administered, the concen¬ 
tration of a drug in the body is f(t) = 27e _0 14£ ng/ml. 
What is the concentration 4 hours after it was adminis¬ 
tered? At what rate is the concentration changing at that 
time? 

43. The cost of producing a quantity, of a product is given 
by 

C{q) = 1000 + 30e 0 069 dollars. 

Find the cost and the marginal cost when q = 50. Inter¬ 
pret these answers in economic terms. 

44. With time, t, in minutes, the temperature, H, in degrees 
Celsius, of a bottle of water put in the refrigerator at 
t = Ois given by 

H ~ 4 + 16e~ 0 02t . 

How fast is the water cooling initially? After 10 minutes? 





3 www.census/gov/ipc/www/popclockworld.html and 
www.cia.gov/library/publications/the-world-factbook/print/xx.html. 

4 https://www.solarbuzz.com/FastFactsIndustry.htm, accessed 4/14/09. 

5 https://www.cia.govAibrary/publications/the-world-factbook/print/hu.html, accessed 4/14/09. 
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45. Carbon-14 is a radioactive isotope used to date objects. 

If Aq represents the initial amount of carbon-14 in the 

object, then the quantity remaining at time t, in years, is 
A(t)^A 0 e- 0 000121t . 

(a) A tree, originally containing 185 micrograms of 
carbon-14, is now 500 years old. At what rate is the 
carbon-14 decaying? 

(b) In 1988, scientists found that the Shroud of Turin, 
which was reputed to be the burial cloth of Jesus, 
contained 91% of the amount of carbon-14 in freshly 
made cloth of the same material. 6 According to this 
data, how old was the Shroud of Turin in 1988? 


46. For the cost function C = 1000 + 300 lng (in dollars), 
find the cost and the marginal cost at a production level 
of 500. Interpret your answers in economic terms. 

47. In 2009, the population, P, of India was 1.166 billion and 
growing at 1.5% annually. 7 


(a) Give a formula for P in terms of time, t, measured 
in years since 2009. 

,t ,-，dP dP\ , dP\ 

( b) Find n 广 

lt=0 lt=25 

these represent in practical terms? 


What do each of 
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48. In 2009, the population of Mexico was 111 million and 
growing 1.13% annually, while the population of the US 
was 307 million and growing 0.975% annually. 8 If we 
measure growth rates in people/year, which population 
was growing faster in 2009? 

49. (a) Find the equation of the tangent line to t / = In x at 

x = 1. 

(b) Use it to calculate approximate values for ln(l.l) 
and ln(2). 

(c) Using a graph, explain whether the approximate val¬ 
ues are smaller or larger than the true values. Would 
the same result have held if you had used the tangent 
line to estimate ln(0.9) and ln(0.5)? Why? 

50. Find the quadratic polynomial g{x) = ax 2 -\- bx -\- c 
which best fits the function f(x) = e x at x = 0, in the 
sense that 


9 ( 0 ) = / ⑼， and /⑼ = /，⑼， and =/" ⑼. 


Using a computer or calculator, sketch graphs of / and g 
on the same axes. What do you notice? 


We now see how to differentiate composite functions such as f(t) = ln(3t) and g(x) = e - x2 . 


The Derivative of a Composition of Functions 

Suppose y = f(z) with 2 : = g(t) for some inside function g and outside function /, where / and g 
are differentiable. A small change in t, called At, generates a small change in 2 ：, called Az. In turn, 
Az generates a small change in y, called Ay. Provided At and Az are not zero, we can say 
Ay _ Ay Az 

Since the derivative ^ is the limit of the quotient as At gets smaller and smaller, this suggests 
dt At 

The Chain Rule 

If y = f(z) and z = g(t) are differentiable, then the derivative of y = f{g(t)) is given by 

dy — dy dz 
dt dz dt 

In words, the derivative of a composite function is the derivative of the outside function times 
the derivative of the inside function: 

4(/0 ⑷ )）= 


6 The New York Times, October 18, 1988. 

7 https: //www.cia.gov/library/publications/the-world-factbook/print/in.html, accessed 4/14/09. 

8 https:/www.cia.gov/library/publications/the-world-factbook/print/ms.html and https : //www.cia.gov/library/publications/the- 
world-factbook/print/us.html, accessed 4/14/09. 




3.3 THE CHAIN RULE 


The following example shows us how to interpret the chain rule in practical terms. 


Example 1 


Solution 


The amount of gas, G, in gallons, consumed by a car depends on the distance traveled, s, in miles, 
and s depends on the time, t, in hours. If 0.05 gallons of gas is consumed for each mile traveled, 
and the car is traveling at 30 miles/hr, how fast is gas being consumed? Give units. 

We expect the rate of gas consumption to be in gallons/hr. We are told that 


0.05 gallons/mile 


Rate gas is consumed _ dG 
with respect to distance 
Rate distance is increasing 
with respect to time 

We want to calculate the rate at which gas is being consumed with respect to time, or dG/dt. We 
think of G as a function of s, and 5 as a function of t. By the chain rule we know that 

孚 = 竽 • 字 =(■ ( 30^ =1.5 gallons/hour. 
at as at \ mile / \ hour ) 

Thus, gas is being consumed at a rate of 1.5 gallons/hour. 


The Chain Rule for Functions Given by Formulas 

In order to use the chain rule to differentiate a composite function, we first rewrite the function using 
a new variable z to represent the inside function: 

y = (t-\- 1) 4 is the same as y = z A where z = t-\-l. 

Example 2 Use a new variable 2： for the inside function to express each of the following as a composite function: 

⑻ y = ln(3t) (b) P = e~ omt (c) ^ = 5(2r + 3) 2 . 

Solution (a) The inside function is 3t, so we have y = In z with z = 3t. 

(b) The inside function is —0.03t, so we have P = e z with z = —0.03t. 

(c) The inside function is 2r + 3, so we have w = 5z 2 with z = 2r + 3. 


Example 3 

Solution 


Find the derivative of the following functions: (a) y = (At 2 + l) 7 (b) P = e 3t . 

(a) Here z = At 2 -\-l is the inside function; y = z 7 is the outside function. Since dy/dz = 7z 6 and 
dz/dt = St, we have 


% = %■% = ( 7z6 )( 8t ) = 7(4t 2 + l) 6 (8i) = 56t(At 2 + l) 6 . 


(b) Let z = 3t and P = e z . Then dP/dz = e z and dz/dt = 3, so 
dP dP dz 


dz dt 


=• 3 = e 3t • 3 = 3e 气 


Notice that the derivative formula for e kt introduced in Section 3.2 is just a special case of the 
chain rule. 


The derivative rules give us 

i ⑺ = ，- 1 




Using the chain rule in addition, we have the following results. 
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If z is a differentiable function of t, then 

“dz < 


Example 4 Differentiate (a) (3i 3 - tf (b) ln(g 2 + 1) (c) e - * 2 . 


Solution 


(a) Let z = 3t s — t, giving 


—(3t 3 - t) 5 = — (^ 5 ) = 5z 4 — = 5(3t 3 _ t) 4 (9t 2 - 1). 


(b) We have z = q 2 1, so 
d 


石 (1 吻 2 + 1)) = |(ln.) = \f q = ^( 29 ). 


(c) Since 2 ； = —x 2 , the derivative is 

l {e ~ x2) = Tx 


^ (e~ x2 ) = -j^(e z ) = eZ ^ = e~ x2 (—2x) = —2xe~ 


As we see in the following example, it is often faster to use the chain rule without introducing 
the new variable, 2 ：. 


Example 5 Differentiate 

(a) (x 2 +4) 3 (b) 51n(2 户 + 3) (c) Vl + 2e 5t 

Solution (a) We have 

去 ( p + 4)3 卜吩 2 + 4)2 •去 y + 4) 

= 3(x 2 + 4) 2 - 2x 
= 6x(x 2 + 4) 2 . 

(b) We have 

I (5ln(2* 2 + 3))=5- ^J-^.^(2t a +3) 

= 5 -WT3' 4t 

_ 20t 

= 2t 2 + 3. 

(c) Here we use the chain rule twice, giving 

|((1 + 2 e 5 r /2 ) =5(1 + 2 e 5t )~ 1/2 ' | (l + 2e«) 

=hl + 2e 5t )~ 1 / 2 -2e 5t -5 
5e Si 
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Example6 Let h(x) = f(g{x)) and k(x) = g(f(x)). Use Figure 3.17 to estimate: (a) ft’(l) (b)fc’(2) 

/ ㈤ 



Figure 3.17: Graphs of / and g for Example 6 
Solution (a) The chain rule tells us that h\x) = f’[g[x)) • g\x), so 

刚 = /(■• 〆 ⑴ 

= 0 *(- 1 ) 

= 0 . 

We use the slopes of the lines in Figure 3.17 to find the derivatives /’ ⑺ = 0 and 分 ’ ⑴ =—1. 
(b) The chain rule tells us that k\x) = - f(x), so 

k\2)=g\f{2)).f'{2) 

* 〆 ⑷ - /'(2) 

= (- 1)-2 
=- 2 . 

We use slopes to compute the derivatives 夕 ’⑷ =—1 and /’(2) = 2. 


Relative Rates and Logarithms 

In Section 2.3 we defined the relative rate of change of a function 2 ： = f(t) to be 

Relative rate of change = 气 ) = 

f{t) z dt 

Since 

d 、 1 dz 

(ln2)=-- 


dt 




we have the following result: 


For any positive function f{t). 

Relative rate of change 
of f(t) 


=巧請). 


Just as linear functions have constant rates of change, in the following example we see that 
exponential functions have constant relative rates of change. 


Example 7 Find the relative rate of change of the exponential function : = Poe kt . 

Solution Since 

ln 2 = ln(P 0 e a ) =lnP 0 + hx{e kt ) =]nP 0 + kt, 
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we have 

I 卜 ) = fc . 

The relative rate of change of the exponential function Poe kt is the constant k. 


Example8 The surface area 5 of a mammal, in cm 2 , is a function of the body mass, M, of the mammal, in 
kilograms, and is given by 5 = 1095 • M 2 〆 3 . Find the relative rate of change of S with respect to 
M and evaluate for a human with body mass 70 kilograms. Interpret your answer. 


Solution 


Thus, 


\nS = ln(1095 • M 2 / 3 ) = ln(1095) + ln(M 2 / 3 ) = ln(1095) + -lnM. 


Relative rate of change = 


dM 

d 

dM 

2 J_ 

3 ' M 


(In 5) 

(ln(1095) 


For a human with body mass M = 70 kilograms, we have 


The surface area of a human with body mass 70 kilograms increases by about 0.95% if body mass 
increases by 1 kilogram. 


Problems for Section 3.3 


Find the derivative of the functions in Problems 1-28. 


1. (4x 2 + l) 7 
3. R= (q 2 + l) 4 
5. w= (t 3 + l) 100 
7. y = ^Tl 
9. &m 12(3g 2 - 5) 3 
11. y = 5e 6t+1 
13. w = e' /s 
15. f(x) = ln(l — x) 
17. f(x) = ln(l - e~ x ) 
19. / ⑷ = 51n(5t + l) 
21. y = 5 + ln(3t + 2) 
23. y = bx In (: r + 2) 
25. P = (1 + lnx) 0 5 

27. f(x) = V 1 -* 2 


2 . f(x) ^(x + 1 )" 

4. w= {f + l) 100 
6. w = (5r - 6) 3 
8 . y = 12-^x 2 +2e 3x 

10. 綱 _ 6e 5x + e~ x2 

12. w = e -3 * 2 
14. y = ln(5t + 1) 

16. f(t) = ln(t 2 + 1) 

18. f(x) = \n(e x + 1) 
20. g(t) = ln(4t + 9) 

22. Q = 100(t 2 + 5) 0 - 5 
24. y = {5. + e x ) 2 
26 . y/e x + 1 

28. f(6) = (e e + e- e )- 1 


In Problems 29-34, find the relative rate of change, 
f(t)/f{t), of the function f{t). 


29. f(t) = lOt + 5 
31. fit) = 8e 6 * 

33. 麟 _&t 2 


30. f(t) = 15t + 12 
32. f(t) = 30e~ n 
34. f(t) s 35t~ 4 


In Problems 35-38, find the relative rate of change of f(t) 
using the formula ^ In /(t). 

35. f(t) 盖 5e l m 36. f(t) = 6.8e~°- 5t 

37. f(t) = 3t 2 38. f{t) = 4.5t~ 4 
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39. Find the equation of the tangent line to f(x) = (x — l) 3 
at the point where x = 2. 

40. A firm estimates that the total revenue, R, received from 
the sale of q goods is given by 

B«fc(l + 1000g 2 ). 

Calculate the marginal revenue when q = 10. 

41. The distance, s, of a moving body from a fixed point is 
given as a function of time by s = 20e^ 2 . Find the ve¬ 
locity, v t of the body as a function of t. 

42. If you invest P dollars in a bank account at an annual 
interest rate of r%, then after t years you will have B 
dollars, where 

s = p ( 1 + 4 )' 

(a) Find dB/dt, assuming P and r are constant. In 
terms of money, what does dB/dt represent? 

(b) Find dB/dr, assuming P and t are constant. In 
terms of money, what does dB/dr represent? 

43. The distance traveled, D in feet, is a function of time, 
t, in seconds, with D = f(t) = \/t 3 + 1. Find /(10), 
/’(10), and the relative rate of change /’// at t = 10. 
Interpret your answers in terms of distance traveled. 

In Problems 44 一 47, use Figure 3.18 to evaluate the derivative. 



Figure 3.18 


For Problems 48-51, let h(x) = f{g(x)) and k(x)= 
g(f(x)). Use Figure 3.19 to estimate the derivatives. 



-3 -3 

Figure 3.19 


48. ^(l) 49. A/(l) 

50. ^(2) 51. /c’(2) 


52. Some economists suggest that an extra year of education 
increases a person’s wages, on average, by about 14%. 
Assume you could make $10 per hour with your current 
level of education and that inflation increases wages at a 
continuous rate of 3.5% per year. 

(a) How much would you make per hour with four ad¬ 
ditional years of education? 

(b) What is the difference between your wages in 20 
years’ time with and without the additional four 
years of education? 

(c) Is the difference you found in part (b) increasing 
with time? If so, at what rate? (Assume the number 
of additional years of education stays fixed at four.) 


44 . ^f{g{^))\x=zo 
46 - £p(/(®))k=30 


45 . 去齡 ))1 cc=70 
47 . ^9(f(x))\x=70 


53. Show that if the graphs of f(t) and h(t) = Ae kt are tan¬ 
gent at t = a, then k is the relative rate of change of / at 
t = a. 


3.4 THE PRODUCT AND QUOTIENT RULES 


This section shows how to find the derivatives of products and quotients of functions. 

The Product Rule 

Suppose we know the derivatives of f(x) and g(x) and want to calculate the derivative of the 
product, f(x)g(x). We start by looking at an example. Let f(x) = x and g(x) = x 2 . Then 

f{x)g(x) = x • x 2 = x 3 , 

so the derivative of the product is 3x 2 . Notice that the derivative of the product is not equal to the 
product of the derivatives, since f f (x) = 1 and g f (x) = 2x, so f , {x)g , (x) = (l)(2x) = 2x. In 
general, we have the following rule, which is justified in the Focus on Theory section at the end of 
this chapter. 
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The Product Rule 

If u = f(x) and v = g(x) are differentiable functions, then 

{fa)' = f'g + fg'- 

The product rule can also be written 

du dv 

ax ax 

In words: 

The derivative of a product is the derivative of the first times the second, plus the 
first times the derivative of the second. 


We check that this rule gives the correct answers for f(x) = x and g(x) = x 2 . The derivative 
of f{x)g(x) is 

f(x)g(x) + f(x)g f (x) = l(x 2 ) + x(2x) = x 2 + 2x 2 = 3x 2 . 

This is the answer we expect for the derivative of f(x)g(x) = x • x 2 = x 3 . 

Example 1 Differentiate ⑻ x 2 e 2x (b) t s ln(t + 1) (c) (3x 2 H- 5x)e x . 

Solution (a) Using the product rule, we have 

= {2x)e 2x +x 2 {2e 2x ) 

= 2xe 2x + 2x 2 e 2x . 

(b) Differentiating using the product rule gives 

+ 1)) = ^(t 3 ) • hi(t + 1) + t s + 1)) 

= (3t 2 )ln(t + 1) +1 3 (《+ i) 

+3 

= 3t 2 ln(t + 1) +- . 

v J t-\-l 

(c) The product rule gives 

■^((3x 2 + 5x)e x ) = (^-{Zx 2 + e x + (3a; 2 + 5x)-^(e x ) 

=(6x + ^)e x 4 - (3x 2 + 5x)e x 
=(3x 2 + llx + 5)e' 

"e 2t 

Example 2 Find the derivative of C = —. 

Solution We write C = e 2t t— 1 and use the product rule: 

々〜會 ） 

=(2e 2t ) - r 1 + e 2t (-l)t~ 2 
2e 2t e 2t 

= —n- 







Example 3 
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Solution 


A demand curve for a product has the equation p = S0e~ O OOSq , where p is price and q is quantity. 

(a) Find the revenue as a function of quantity sold. 

(b) Find the marginal revenue function. 


(a) Since Revenue = Price x Quantity, we have R=pq = (80e 一 0 0039 )g = 80ge 一 0 00 气 

(b) The marginal revenue function is the derivative of revenue with respect to quantity. The product 
rule gives 


Marginal Revenue 


d_ 

dq 


{SOqe~ omSq ) 


=( ㈣ e— 请 ( 如 -。。，) 

=(80)e-° 003 « + 809(-0.003e-°° 039 ) 

=(80- 0.24g)e _0 0039 . 


The Quotient Rule 

Suppose we want to differentiate a function of the form Q(x) = f(x)/g(x). (Of course, we have 
to avoid points where g(x) = 0.) We want a formula for Q' in terms of f and g f . We have the 
following rule, which is justified in the Focus on Theory section at the end of this chapter. 


The Quotient Rule 


If it = f(x) and v = g(x) are differentiable functions, then 


ff\' _fg-fg' 

\5/ 9 2 

or equivalently, 

du dv 


d 

dx \vJ v 2 

In words: 


The derivative of a quotient is the derivative of the numerator times the denominator 
minus the numerator times the derivative of the denominator, all over the denomina- 

tor squared. 



Example 4 

Solution 


Differentiate (a) 


5x 2 
x 3 + 1 


(b) 


1 e x 


(c) 


e 1 " 


(a) Using the quotient rule 



_ (^ (5x2) ) (3：3 + 1) ~ 5x2 l {x3 + 1) _ lQ^ + l)- 5x 2 (3x 2 ) 
(x 3 + l) 2 (x 3 + l) 2 

_ —5x 4 + lOx 
= (# + l) 2 • 
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(b) Differentiating using the quotient rule yields 


( 1 \ = (1 (1) ) (1 + eg) _l^ (1+e ” = 0(l + e-)-l(0 + e-) 
Vl + e x ) — (1 + e x ) 2 _ (1 + e*) 2 


(l + ef 


(c) The quotient rule gives 


£ fe^\ = x2 ~ eX {l {x2) ) 

dx \x 2 ) (x 2 ) 2 


e x x 2 -e x (2x) 

X 4 


Problems for Section 3.4 


1. If f(x) = (2x + l)(3x — 2), find f{x) two ways: by 
using the product rule and by multiplying out. Do you get 
the same result? 

2. If f(x) = x 2 (x 3 + 5), find f (x) two ways: by using 
the product rule and by multiplying out before taking the 
derivative. Do you get the same result? Should you? 

For Problems 3-33, find the derivative. Assume that a, 6, c, 
and k are constants. 


28. y =—— 

1X12 ： 

30. f(x) = (ax 2 -h b) 3 
32. f(t) m ae bt 


29 . 制 5 

31. f(x) = axe~ 
33. g(cx) = e ae 


f(x) = xe x 

4. 

m=te- 2t 

2 

y = hxe 

6. 

y = t 2 (3t + lf 

y = x\nx 

8. 

y s (t 8 + 3)e* 

2； = (3t + l)(5t + 2) 

10. 

y = (f- 7t 2 + l)e* 

P = t 2 lni 

12. 

R= 3qe- q 


14. 

f( x ) = - 

X 

y = te~ z 

16. 

/o) = sfle~ z 

g(p) = p]n(2p-\-1) 

18. 

fit) = te 5 ~ 2t 

f(w) = (5w 2 + 3)e w2 

20. 

y = x-2 x 

w = (t 3 -h 5t)(t 2 - 7t + 2) 



23 - ， J 

3z 

25. 

1-t 

W — TT2z 

z = TTt 

e x 

y = TT^ 

27. 

3y + y 2 

w = - - 

5 + 2 / 


34. If f(x) = (3x + 8)(2x — 5), find f(x) and 

35. Find the equation of the tangent line to the graph of 
f(x) = x 2 e~ x at x = 0. Check by graphing this func¬ 
tion and the tangent line on the same axes. 

36. Find the equation of the tangent line to the graph of 

f(x) = - at the point at which x = 0. 

x-\-l 

37. The quantity of a drug, Q mg, present in the body t hours 
after an injection of the drug is given is 

Q = f(t) = 100te~°- 5t . 

Find /(l), /’(I) ， /(5), and /’(5). Give units and inter¬ 
pret the answers. 

38. A drug concentration curve is given by C = f(t)= 
20te _0 04t , with C in mg/ml and t in minutes. 

(a) Graph C against t. Is /’(15) positive or negative? Is 
/, (45) positive or negative? Explain. 

(b) Find /(30) and /’(30) analytically. Interpret them 
in terms of the concentration of the drug in the body. 

39. For positive constants c and k, the Monod growth curve 
describes the growth of a population, P, as a function of 
the available quantity of a resource, r: 


Find dP/dr and interpret it in terms of the growth of the 
population. 
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40. If p is price in dollars and q is quantity, demand for a 
product is given by 

q= 5000e-°° 8p . 

(a) What quantity is sold at a price of $10? 

(b) Find the derivative of demand with respect to price 
when the price is $10 and interpret your answer in 
terms of demand. 

41. The demand for a product is given in Problem 40. Find 
the revenue and the derivative of revenue with respect to 
price at a price of $10. Interpret your answers in eco¬ 
nomic terms. 

42. The quantity demanded of a certain product, q, is given 
in terms of p, the price, by 

q = 1000e _OO2p 

(a) Write revenue, R, as a function of price. 

(b) Find the rate of change of revenue with respect to 
price. 

(c) Find the revenue and rate of change of revenue with 
respect to price when the price is $10. Interpret your 
answers in economic terms. 

43. If ^(t/(t)) = 1 + f(t), what is /’ ⑷？ 


44. The quantity, q 9 of a certain skateboard sold depends on 
the selling price, p, in dollars, so we write q = f(jp). You 
are given that /(140) = 15,000 and / 7 (140) = —100. 

(a) What do /(140) = 15,000 and / 7 (140) = —100 
tell you about the sales of skateboards? 

(b) The total revenue, R, earned by the sale of skate- 
dR\ 


boards is given by R = pq. Find 




(c) What is the sign of 


lp=140 

? If the skateboards 

lp=140 

are currently selling for $140, what happens to rev¬ 
enue if the price is increased to $141? 




45. Show that the relative rate of change of a product fg is 
the sum of the relative rates of change of / and g. 

46. Show that the relative rate of change of a quotient f/g is 
the difference between the relative rates of change of / 
and g. 

47. If h = f n ， show that 
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Since the sine and cosine functions are periodic, their derivatives must be periodic also. (Why?) Let’s 
look at the graph of f(x) = sin x in Figure 3.20 and estimate the derivative function graphically. 


f(x) = sin x 



—2tt —7T 


Figure 3.20: The sine function 


First we might ask ourselves where the derivative is zero. (At x = 士 丌 /2, 士 3 兀 /2, 士 5 兀 /2, etc.) 
Then ask where the derivative is positive and where it is negative. (Positive for —n/2 < x < tt/2; 
negative for7r/2 < x < 3ir/2, etc.) Since the largest positive slopes are at a; = 0, 2tt, and so on, 
and the largest negative slopes are at a: = 7r, 3 丌 ， and so on, we get something like the graph in 
Figure 3.21. 


f(x) 



Figure 3.21: Derivative of f(x) = sinx 






156 Chapter Three SHORTCUTS TO DIFFERENTIATION 


The graph of the derivative in Figure 3.21 looks suspiciously like the graph of the cosine func¬ 
tion. This might lead us to conjecture, quite correctly, that the derivative of the sine is the cosine. 

Of course, we cannot be sure, just from the graphs, that the derivative of the sine really is the 
cosine. However, this is in fact true. 

One thing we can do is to check that the derivative function in Figure 3.21 has amplitude 1 
(as it must if it is the cosine). That means we have to convince ourselves that the derivative of 
f(x) = sin x is 1 when x = 0. The next example suggests that this is true when x is in radians. 


Example 1 

Solution 


Using a calculator, estimate the derivative of f(x) = sin x at x = 0. Make sure your calculator is 
set in radians. 


We use the average rate of change of sin x on the small interval 0 < x < 0.01 to compute 




sin(O.Ol) - sin(0) _ 0.0099998 - 0 


01 — 0 0.01 

The derivative of f(x) = sin x at x = 0 is approximately 1.0. 


= 0.99998 « 1.0. 


Warning: It is important to notice that in the previous example x was in radians .，any conclusions 
we have drawn about the derivative of smx are valid only when x is in radians. 


Example 2 

Solution 


Starting with the graph of the cosine function, sketch a graph of its derivative. 

The graph of g{pc) = cos a: is in Figure 3.22(a). Its derivative is 0 at a; = 0, 士丌，士 2 丌 ， and so on; it is 
positive for —7r < x <^,^ < x < 2 丌 ， and so on, and it is negative for 0 < a; < 7r, 27r < a: < 3 丌， 
and so on. The derivative is in Figure 3.22(b). 



Figure 3.22: g(x) = cos a: and its derivative, g\x) 


As we did with the sine, we’ll use the graphs to make a conjecture. The derivative of the cosine 
in Figure 3.22(b) looks exactly like the graph of sine, except reflected about the a>axis_ It turns out 
that the derivative of cos xis — sin x. 


For x in radians, 

-^-(sinx) = cos a; and -^-(cosx) = — sinx. 
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Example 3 Differentiate (a) 5 sin t — 8 cos t (b) 5 — 3 sin x + x 3 
Solution (a) Differentiating gives 

^(5 sint — 8 cost) = 5 去 (sint) — 8^ (cost) = 5 (cost) — 8( — sint) = 5 cost + 8sint 
(b) We have 

-^(5 — Ssmx-\-x 3 )= 去 (5) —3 去 (sin a;) + 去 (a; 3 ) = 0 —3(cosx)+3x 2 = —3cosa;+3a; 2 . 

The chain rule tells us how to differentiate composite functions involving the sine and cosine. 
Suppose y = sin(3t), soy = sin 2 ： and 2 ： = 3t, so 

字 = 字宇 =cos = , 3 = 3 cos ( 3t) . 

at dz at at 

In general, 

If 2 is a differentiable function of t, then 

d 、 dz d ( dz 

— {smz) = cos 2：— and — (cos^j = — sm^— 

In many applications, z = kt for some constant k. Then we have: 

If is a constant, then 

盖 (sin kt) = k cos kt and 盖 (cos kt) = —k sin kt 

Example 4 Differentiate: 

(a) sin(t 2 ) (b) 5 cos(2t) (c) tsint. 

Solution (a) We have y = sin z with 2 = t 2 , so 

去 (sin(t 2 y)= 去 (sinz) = cos = cos(t 2 ) - 2t = 2t cos(t 2 ). 

(b) We have y = 5 cosz with ^ = 2t, so 

^(5cos(2t)) = 5^(cos(2t)) = 5(—2sin(2t)) = — 10sin(2t). 

(c) We use the product rule: 

sin t) = * sint (sint) = 1 • sint + t(cos t) = sint-\-tcost. 
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Problems for Section 3.5 


Differentiate the functions in Problems 1-20. Assume that A 
and B are constants. 


y = h sin x 
2/ = t 2 + 5 cos t 
R(q) = q 2 — 2 cos q 
f(x) = sin(3x) 

W = 4cos(t 2 ) 

V = sin(x 2 ) 
z = cos (4 沒） 
f(x) = x 2 cosx 

f(e) = 0 3 cos0 
f(t)= — 


2. P = 3 + cos t 
4. y = B Asint 
y = h sin x — 5x + 4 
R = sin(5t) 
y = 2 cos(5t) 
y = A sin(Bt) 
y = 6 sin(2t) + cos (41) 
f(x) = 2x sin(3x) 

_ 〆 +t 

^ — sin(2t) 

m = s ^ 


21. Find the equation of the tangent line to the graph of 
y = sin x at x = tt. Graph the function and the tangent 
line on the same axes. 

22. If t is the number of months since June, the number of 
bird species, AT, found in an Ohio forest oscillates ap¬ 
proximately according to the formula 

N = f(t) = 19 + 9 cos ( 吾亡 ). 

(a) Graph f{t) for 0 < t < 24 and describe what it 
shows. Use the graph to decide whether /’(l) and 
/ 7 (10) are positive or negative. 

(b) Find/， ⑷. 

(c) Find and interpret /(I) ， /’(I)， / (10)，and /’(10). 

23. Is the graph of y = sin(a; 4 ) increasing or decreasing 
when x = 10? Is it concave up or concave down? 

24. Find equations of the tangent lines to the graph of f(x) = 
sin x at x = 0 and at x = 7r/3. Use each tangent line to 
approximate sin(7r/6). Would you expect these results to 
be equally accurate, since they are taken equally far away 
from x = 7r/6 but on opposite sides? If the accuracy is 
different, can you account for the difference? 

25. A company’s monthly sales, S(t), are seasonal and given 
as a function of time, t, in months, by 

S(t) = 2000 + 600 sin (吾 i). 

(a) Graph S(t) for t = 0 to t = 12. What is the maxi¬ 
mum monthly sales? What is the minimum monthly 
sales? If t = 0 is January 1, when during the year 
are sales highest? 

(b) Find 5(2) and 5 / (2). Interpret in terms of sales. 


26. A boat at anchor is bobbing up and down in the sea. The 
vertical distance, y, in feet, between the sea floor and the 
boat is given as a function of time, t, in minutes, by 

2 / = 15 + sin(2?rt). 

(a) Find the vertical velocity, v, of the boat at time t. 

(b) Make rough sketches of y and v against t. 

27. The depth of the water, y, in meters, in the Bay of Fundy, 
Canada, is given as a function of time, t, in hours after 
midnight, by the function 

2 / = 10 + 7.5cos(0.507t). 

How quickly is the tide rising or falling (in meters/hour) 
at each of the following times? 

(a) 6:00 am (b) 9:00 am 

(c) Noon (d) 6:00 pm 

28. The average adult takes about 12 breaths per minute. As 
a patient inhales, the volume of air in the lung increases. 
As the patient exhales, the volume of air in the lung de¬ 
creases. For t in seconds since start of the breathing cy¬ 
cle, the volume of air inhaled or exhaled since t = 0 is 
given 9 , in hundreds of cubic centimeters, by 

A(t) = —2 cos ( 警尤 )+ 2. 

(a) How long is one breathing cycle? 

(b) Find A r {l) and explain what it means. 

29. On July 7, 2009, there was a full moon in the Eastern 
time zone. 10 If t is the number of days since July 7th, the 
percent of moon illuminated can be represented by 

H(t) = 50 -}- 50 cos ("^0 • 

(a) Find H\t). Explain what this tells about the moon. 

(b) ForO < t < 30, when is H\t) = 0? What does this 
tell us about the moon? 

(c) For 0 < t < 30, when is H r (t) negative? When is it 
positive? Explain what positive and negative values 
of H\t) tell us about the moon. 

30. Paris, France, has a latitude of approximately 49° N. If t 
is the number of days since the start of 2009, the number 
of hours of daylight in Paris can be approximated by 

邱 )= 4cO - 172)) + 12. 

(a) Find D(40) and 1/(40). Explain what this tells 
about daylight in Paris. 

(b) Find D(172) and D / (172). Explain what this tells 
about daylight in Paris. 


9 Based upon information obtained from Dr. Gadi Avshalomov on August 14, 2008. 

10 www.aa.usno.navy.mil/feq/docs/moon_phases.php, accessed on April 14, 2009. 
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Product and quotient rules 
Relative rates of change 
Using logarithms 
Tangent line approximation 
Interpreting derivatives found using formulas 

REVIEW PROBLEMS FOR CHAPTER THREE 



Powers, polynomials, exponential functions, logarithms, 
periodic functions 

• Derivatives of sums, differences, constant multiples 

• Chain rule 


Find the derivatives for the functions in Problems 1-40. As- 


sume kisa. constant. 


1. 

f(t) = 6t 4 

2. f(x) = x 3 - 3x 2 + 5x 

3. 

Pit) = e 2t 

4. W = r 3 + 5r-12 

5. 

C = e 0 08q 

6. y = 5e~°- 2t 

7. 

y = xe 3x 

8. s(t) = (t 2 + 4)(5t-l) 

9. 

git) s e ( 1+3t ) 2 

10. f(x)=x 2 +31nx 

11. 

Q{t) = 5t + 3e 12t 

12. g(z) = (z 2 + 5f 

13. 

f(x) — 6(5x - l) 3 

14. f(z) = ln(z 2 + 1) 

15. 

h{x) = (1 + e x ) 10 

16. q= 100e _005p 

17. 

y = x 2 In x 

18. s(t)=t 2 + 2]nt 

19. 

+ 7sinf 

20. R(t)^(sint) a 

21. 

h(t) = In (e _t — t) 

22. f(pc) = sin(2x) 

23. 

25? 

9{X) = ^ 

24. 吣卜岩 

25. 

y = x 2 cosx 

26. h(x) = ln(l^e x ) 

27. 

h(w) = e lnw+1 

28. h(x) = ln(a; 3 + x) 

29. 

t s l + e x 

30_ 9( 一 击 

31. 

f(x)^xe x 

32. h(x) = sin(e” 

33. 

h(x) = cos (re 3 ) 

n + 1 

34 ^ = 5FT2 


亡 2 + + 2 

36 - h(p)= H^ 


Z t + 3 

37. 

3 X 33 

38. f(t) = smVe r +l 

39. 

g(y) = e 2e( * 3 ) 

40. g(t) = l ^\ + t 

幻 ln(kt) -1 


41. Let f(x) = x 2 -\-l. Compute the derivatives f\0), /’(I )， 
/’(2)，and /’(一 1). Check your answers graphically. 

42. Let f{x) ^x 2 + 3x-5. Find /’(0 )， f ⑶， 

43. Find the equation of the line tangent to the graph of 
f(x) = 2x 3 - 5x 2 + 3x - 5 at x = 1. 

In Problems 44-47, find the relative rate of change f(t) / f[t) 
of the function at the given value of t. Assume t is in years and 
give your answer as a percent. 

44. f(t) = + 2; t = 5 

45. f{t) = 2e°' 3t ; t = 7 

46. f{t) = 2t 3 + 10; t = 4 

47. f(t) = ln(t 2 + 1); t = 2 

48. With a yearly inflation rate of 5%, prices are given by 

P = ^(1.05 )*， 

where Po is the price in dollars when t = 0 and t is time 
in years. Suppose Po = 1- How fast (in cents/year) are 
prices rising when t = 10? 

49. According to the US Census, the world population P, in 
billions，was approximately 11 

P = 6.8e_ 

where t is in years since January 1, 2009. At what rate 
was the world’s population increasing on that date? Give 
your answer in millions of people per year. 

50. Let f(x) = a; 2 —4x+8.Forwhata;-valuesis/ / (x) = 0? 

51. A football player kicks a ball at an angle of 30° from the 
ground with an initial velocity of 64 feet per second. Its 
height t seconds later is h(t) = 32t — 16t 2 . 

(a) Graph the height of the ball as a function of the time. 

(b) Find v(t), the velocity of the ball at time t. 

(c) Find i;(l), and explain what is happening to the ball 
at this time. What is the height of the ball at this 
time? 


11 www.census.gov/ipc/www/popclockworld.html and 
www.cia.gov/library/publications/the-world-factbook/print/xx.html. 
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52. The graph ofy = x z — 9x 2 — 16x + 1 has a slope of 5 
at two points. Find the coordinates of the points. 

53. (a) Find the slope of the graph of f{x) = 1 — e x at the 

point where it crosses the ar-axis. 

(b) Find the equation of the tangent line to the curve at 



54. Find the equation of the tangent line to the graph of 
P(t) = tint at t = 2. Graph the function P(t) and 
the tangent line Q(t) on the same axes. 

55. The balance, $B, in a bank account t years after a de¬ 
posit of $5000 is given by B = 5000e O O8t . At what rate 
is the balance in the account changing at t = 5 years? 
Use units to interpret your answer in financial terms. 

56. If a cup of coffee is left on a counter top, it cools off 
slowly. The temperature in degrees Fahrenheit t minutes 
after it was left on the counter is given by 

C(i) = f4 + 103e-° 033t . 

(a) What was the temperature of the coffee when it was 
left on the counter? 

(b) If the coffee was left on the counter for a long time, 
what is the lowest temperature the coffee would 
reach? What does that temperature represent? 

(c) Find (7(5) and C\h). Explain what this tells about 
the temperature of the coffee. 

(d) Without calculation, decide if the magnitude of 
(7’(50) is greater or less than the magnitude of 
C^5)?Why? 

57. With length, l, in meters, the period T, in seconds, of a 
pendulum is given by 

，錢猛 . 

(a) How fast does the period increase as l increases? 

(b) Does this rate of change increase or decrease as l 
increases? 

58. One gram of radioactive carbon-14 decays according to 
the formula 

g = e -0.000121t ? 

where Q is the number of grams of carbon-14 remaining 



(a) Find the rate at which carbon-14 is decaying (in 
grams/year). 

(b) Sketch the rate you found in part (a) against time. 

59. The temperature, H, in degrees Fahrenheit (°F), of a can 
of soda that is put into a refrigerator to cool is given as a 
function of time, t, in hours, by 

丑 ■ = 40 + 30e _2t . 

(a) Find the rate at which the temperature of the soda is 
changing (in °F/hour). 


(b) What is the sign of dH/dtl Explain. 

(c) When, for t > 0, is the magnitude of dH/dt largest? 
In terms of the can of soda, why is this? 

60. Explain for which values of a the function a x is increas- 
ing and for which values it is decreasing. Use the fact 
that, for a > 0, 

■^(a x ) = {lna)a x . 

61. The value of an automobile purchased in 2009 can be ap¬ 
proximated by the function V{t) = 25(0.85”，where t 
is the time, in years, from the date of purchase, and V (t) 
is the value, in thousands of dollars. 

(a) Evaluate and interpret V (4). 

(b) Find an expression for V f (t), including units. 

(c) Evaluate and interpret V 7 ⑷. 

(d) Use V(t), V r (t), and any other considerations you 
think are relevant to write a paragraph in support of 
or in opposition to the following statement: “From a 
monetary point of view, it is best to keep this vehicle 
as long as possible.” 

62. The temperature Y in degrees Fahrenheit of a yam in a 
hot oven t minutes after it is placed there is given by 

F(t)' = 350(1-0.7e-° 008t ). 

(a) What was the temperature of the yam when it was 
placed in the oven? 

(b) What is the temperature of the oven? 

(c) When does the yam reach 175° F? 

(d) Estimate the rate at which the temperature of the 
yam is increasing when t = 20. 

63. Kepler’s third law of planetary motion states that, P 2 = 
kd 3 , where P represents the time, in earth days, it takes 
a planet to orbit the sun once, d is the planet’s average 
distance, in miles, from the sun, and k is a constant. 12 

(a) If k = 1.65864 • 10 一 19 ， write P as a function of d. 

(b) Mercury is approximately 36 million miles from the 
sun. How long does it take Mercury to orbit the sun? 

(c) Find P f (d). What does the sign of the derivative tell 
us about the time it takes a planet to orbit the sun? 
Why does this make sense from a practical view¬ 
point? 

64. Imagine you are zooming in on the graph of each of the 
following functions near the origin: 

y = x y = y/x y = x 2 

y = x 3 -\- \x 2 y = x 3 y = ]n(x + 1) 

y = ^ hi(x 2 -\-l) y = y/2x — x 2 

Which of them look the same? Group together those 
functions which become indistinguishable near the ori¬ 
gin, and give the equations of the lines they look like. 


12 www.exploratorium.edu/ronh/age/index.html, accessed on 5/3/09. 



65. Given a power function of the form f(x) = ax n , with 
/’(2) = 3 and /'(4) = 24, find n and a. 

66. Given r(2) = 4, s(2) = 1, s(4) = 2, r’(2) = — 1, 
s / (2) = 3, and s’(4) = 3, compute the following deriva¬ 
tives, or state what additional information you would 
need to be able to compute the derivative. 

(a) 丑 ’(2) if H{x) = r(x) + s(x) 

(b) H\2) ifiJ(a:) = 5s(x) 

(c) ^(2) ifH(x) = r(x). s(x) 

(d) # ⑵ if 丑 ㈤ = 

67. Given F(2) = 1,^(2) = 5,^(4) = 3, 浐 (4) = 7 and 
G(4) « 2, G， ⑷ = 6, G ⑶ = 4, G' ⑶ = 8, find: 

(a) 丑⑷过丑㈦等声设㈦） 

(b) 丑 , ⑷ ifH{x) = F{G{x)) 

(c) H(4) if H{x) = G{F(x)) 

(d) H'(4) if H(x) = G(F(x)) 

(e) 丑 , ⑷ if 丑 ㈦- ，⑷ /G(aO 

68. A dose, D, of a drug causes a temperature change, T, in 
a patient. For C a positive constant, T is given by 



(a) What is the rate of change of temperature change 
with respect to dose? 

(b) For what doses does the temperature change increase 
as the dose increases? 

69. A yam is put in a hot oven, maintained at a constant tem¬ 
perature 200° C. At time t = SO minutes, the temperature 
T of the yam is 120° and is increasing at an (instanta¬ 
neous) rate of 2 。 /min. Newton’s law of cooling (or, in 
our case, warming) implies that the temperature at time t 
is given by 

T(i) = 200 — ae~ bt . 

Find a and b. 

For Problems 70-75, let h{x) = f(x) - g(x), and k(x)= 
f(x)/g(x), and l(pc) = g(x)/f{x). Use Figure 3.23 to esti¬ 
mate the derivatives. 



76. On what intervals is the function f(x) = x 4 — 4 ： x 3 both 
decreasing and concave up? 

77. Given p(x) = x n — x, find the intervals over which p is 
a decreasing function when: 

(a) n = 2 (b) n = | (c) n = —1 

78. Using the equation of the tangent line to the graph of e x 
at x = 0, show that 

e x >l-\-x 

for all values of x. A sketch may be helpful. 

79. In Section 1.10 the depth, y, in feet, of water in Portland, 
Maine is given in terms of t, the number of hours since 
midnight, by 

2 / = 4.9 + 4.4 cos - 

(a) Find dy/dt. What does dy/dt represent, in terms of 
water level? 

(b) For 0 < t < 24, when is dy/dt zero? (Figure 1.98 
may be helpful.) Explain what it means (in terms of 
water level) for dy/dt to be zero. 

80. Using a graph to help you, find the equations of all lines 
through the origin tangent to the parabola 

y = x 2 — 2x-\-4：. 

Sketch the lines on the graph. 

81. A museum has decided to sell one of its paintings and 
to invest the proceeds. If the picture is sold between the 
years 2000 and 2020 and the money from the sale is in¬ 
vested in a bank account earning 5% interest per year 
compounded annually, then B(t), the balance in the year 
2020, depends on the year, t, in which the painting is 
sold and the sale price P{t). If t is measured from the 
year 2000 so that 0 < t < 20 then 

(a) Explain why B(t) is given by this formula. 

(b) Show that the formula for B(t) is equivalent to 


1 1 1 M 聯 ― 。 成 . 

(c) Find BXlO), given that P(10) * 150,000 and 
_P’(10) = 5000. 


70. ^(1) 
72. h'(2) 

74. r(i) 


71. fc’(l) 
73. k'[2) 
75. I'(2) 


82. Find the mean and variance of the normal distribution of 


statistics using parts (a) and (b) with m(t) = e ^+cr 2 * 2 /2 > 


⑻ Mean = 771 ’ ⑼ 

(b) Variance = m" ⑼ — （ m’ ⑼ ) 2 
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83. Given a number a > 1, the equation 

a x = l-\- x 

has the solution x = 0. Are there any other solutions? 
How does your answer depend on the value of a? [Hint: 
Graph the functions on both sides of the equation.] 

84. Suppose that / is a positive function such that f(to)= 
Po and f(ti) = Pi. If h(t) = Ae kt is the exponential 
function taking the same values as f att = to and t = ti, 
show that k = (In Pi — lnPo)/(^i — to). 

85. Figure 3.24 shows the number of gallons, G, of gasoline 
used on a trip of M miles. 

(a) The function / is linear on each of the intervals 
0 < M < 70 and 70 < M < 100. What is the slope 
of these lines? What are the units of these slopes? 

(b) What is gas consumption (in miles per gallon) dur¬ 
ing the first 70 miles of this trip? During the next 30 
miles? 

( c ) Figure 3.25 shows distance traveled, M (in miles), 
as a function of time t, in hours since the start of 
the trip. Describe this trip in words. Give a possible 
explanation for what happens one hour into the trip. 
What do your answers to part (b) tell you about the 
trip? 

(d) If we let G = k(t) = f(h(tY), estimate (0.5) and 
interpret your answer in terms of the trip. 

(e) Find A/(0.5) and /c’(1.5). Give units and interpret 


your answers. 
G (gallons) 



70 100 


M (miles) 



Figure 3.25 ： 


86. On October 17, 2006, the US population was 300 mil¬ 
lion and growing exponentially. If the population was in¬ 
creasing at a rate of 2.9 million a year on that date, find 
a formula for the population as a function of time, t, in 
years since that date. 

87. The speed of sound in dry air is 

f(T) = 331.3y 1 + 273 15 meters / second 

where T is the temperature in ° Celsius. Find a linear 
function that approximates the speed of sound for tem¬ 
peratures near 0°C. 


Figure 3.24 


CHECK YOUR UNDERSTANDING 


In Problems 1-50, indicate whether the statement is true or 
false. 

1. If/Or) = 5x 2 + 1 then f\-l) = -10. 

2. The two functions f(x) = Sx 5 and g(x) = 3x 5 + 7 have 
the same derivative. 

3. The derivative of h(t) = (3t 2 + 1)(2^) is h\t)= 
(6t)(2) = 12t. 

4. If k(s) = \/s^then k’(s) = V3s 2 . 

5. The equation of the line tangent to f(x) = x 5 + 5 at 
x = 1 is y = 9x — 3. 

6. The derivative of f(r) = 1/r 5 is f’(r) = l/5r 4 . 

7. The function g(w) = w 3 — 3w has exactly two places 
where g^w) = 0. 


8. If f(x) = 3x 3 — x 2 -\-2x then / is decreasing atx = 1. 

9. If f(x) = 3x 3 — x 2 + 2x then the graph of / is concave 
up at a; = 1. 

10. If g(t) = t n then g\l) = tt. 

11. Jff(x) = e x then f(x) = xe^ 1 . 

12. If g{s) = 5 ln(s) then g\2) = 5/2. 

13. The function f(x) = 3e x + x has tangent line at x = 0 

with equation y = 4：x 3. 

14. The function h{x) = 2 In a; — x 2 is decreasing dXx = 1. 

15. The graph of h{x) = 2 In a; — x 2 is concave down at 
x = 1. 

16. If f(x) = In 2 then f’(x) = 1/2. 
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17. If/(x) = e 2x then f(x) = e 2x . 

18. If w(qj = 10 g then w\q) = log(10) - 10 、 

19. If k(jp) = 5 • e p then k\p) = In 5 . e p . 

20. If/(x) = 3e 5x then f(x) = 15e 5 ' 

21. The derivative of f(t) = e <2 is f’(t) = 2e 2t . 

22. lfy = (x-\- x 2 f then dy/dx = 5(1 + 2x) 4 . 

23. Ify = ln(x 2 + 4) then dy/dx = (2x)/(x 2 + 4). 

24. \fy = VI-2t then y' = 1/(2^^). 

25. lfy = e~ x then dy/dx = -e~ x . 

26. The chain rule says d/dt(f(g(t))) = f(g f (t)) - g{t). 

27. If g{pc) = ln(x 2 + 3x) then g 1 (pc) = (l/x)(2x + 3). 

28. The function f(x) = e x ~ x is decreasing at x = 1. 

29. The graph of f(x) = e 1 ~ x is concave up at x = 1. 

30. IfB = 30(1 + 2r) 5 then dB/dr = 150(1 + 2r) 4 . 

31. If y = e x ln(x) then y f = e x /x. 

32. If y = (x 2 + l)2 x then y 1 = 2x(ln2)2 x . 

33. Iff = x/e x then y f = (e x — xe x )/e 2x = (1 — x)/e x . 

34. If 2 = 2/(1 +1 2 ) then z' = -4"(1 + t 2 ) 2 . 

35. If s = w 2 e w then s，= 2we w . 

PROJECTS FOR CHAPTER THREE 


36. If P = q]n(q 2 + 1) then P' = q/(q 2 + 1) + ln(g 2 +1). 

37. Ify = e xlnx then〆=+ Inx). 

38. Using the product rule to differentiate x 2 - x 2 gives the 
same result as differentiating x 4 directly. 

39. The derivative of the product of two functions is the prod¬ 
uct of their derivatives. 

40. The derivative of the quotient of two functions is the quo¬ 
tient of their derivatives. 

41. The derivative of sint + cos t is cost — sin t. 

42. The second derivative of f(t) = sint is f\t) = sint. 

43. The second derivative of g(t) ^ cost is g”(t)= 
— cost. 

44. lfy = sin 2t then y' = cos 2t. 

45. If y = cos t 2 then y f = — sin 2t. 

46. If 2 = (sin 2t) cos 3t then z' = —6(cos 2t) sin 3t. 

47. If y = sin (cos t) then y' = cos (cos t) + sin (— sin t). 

48. If P = 1 / sin g then dP/dq = 1/cosg. 

49. If Q = cos(7r — t) then dQ/dt = sin(7r — t). 

50. If Q = sin(7rf + 1) then dQ/dt = 7rcos(7rt + 1). 


1. Coroner’s Rule of Thumb 

Coroners estimate time of death using the rule of thumb that a body cools about 2°F during 
the first hour after death and about 1°F for each additional hour. Assuming an air temperature 
of 68°F and a living body temperature of 98.6°F, the temperature T(t) in 0 F of a body at a time 
t hours since death is given by 

T(t) =68 + 30.6e- a . 

(a) For what value of k will the body cool by 2°F in the first hour? 

(b) Using the value of k found in part (a), after how many hours will the temperature of the 
body be decreasing at a rate of 1°F per hour? 

(c) Using the value of k found in part (a), show that, 24 hours after death, the coroner’s rule of 
thumb gives approximately the same temperature as the formula. 

2. Air Pressure and Altitude 

Air pressure at sea level is 30 inches of mercury. At an altitude of h feet above sea level, 
the air pressure, P, in inches of mercury, is given by 

P = 306-3.23x10 、 


(a) Sketch a graph of P against h. 

(b) Find the equation of the tangent line at /i = 0. 

(c) A rule of thumb used by travelers is that air pressure drops about 1 inch for every 1000-foot 
increase in height above sea level. Write a formula for the air pressure given by this rule of 
thumb. 

(d) What is the relation between your answers to parts (b) and (c)? Explain why the rule of 
thumb works. 

(e) Are the predictions made by the rule of thumb too large or too small? Why? 
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3. Relative Growth Rates: Population, GDP, and GDP per capita 

(a) Let Y be the world’s annual production (GDP). The world GDP per capita is given by Y/P 
where P is world population. Figure 3.26 shows relative growth rate of GDP and GDP per 
capita for 1952-2000. 13 


(i) Explain why the vertical distance between the two curves gives the relative rate of 
growth of the world population. 

(ii) Estimate the relative rate of population growth in 1970 and 2000. 


(b) In 2006 the relative rate of change of the GDP in developing countries was 4.5% per year, 
and the relative rate of change of the population was 1.2%. What was the relative rate of 
change of the per capita GDP in developing countries? 

(c) In 2006 the relative rate of change of the world’s total production (GDP) was 3.8% per 
year, and the relative rate of change of the world’s per capita production was 2.6% per year. 
What was the relative rate of change of the world population? 


relative growth 
rate per year 


8% 

6% 

4% 

2% 

0% 

1950 1960 1970 1980 1990 2000 



year 


Figure 3.26 


J Angus Maddison, The World Economy: Historical Statistics, OECD, 2003. 
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ESTABLISHING THE DERIVATIVE FORMULAS 


The graph of f(x) = x 2 suggests that the derivative of x 2 is f(x) = 2x. However, as we saw in 


the Focus on Theory section in Chapter 2, to be sure that this formula is correct, we have to use the 
definition: 


作 )=h 


f{x + fe) ~ f{x) 
h 


As in Chapter 2, we simplify the difference quotient and then take the limit as h approaches zero. 


Example 1 

Solution 


Confirm that the derivative of g(x) = x s is g r {x) = 3x 2 . 
Using the definition, we calculate g\x): 


9'(x)= 


(x + h) s — X s 


lim g{x) - ^_ 

h ― ►O h h — ►o h 

x s + 3x 2 h + 3xh 2 + h 3 — x 3 


Multiplying out —— > — 


=^0 


3x 2 h + 3xh 2 + h s 


Simplifying — > = (3x 3xh + ) = 3x • 


、 Looking at what happens as h - 


So g’(x) = —(a; 3 ) = 3x 2 . 
ax 


Example 2 

Solution 


Give an informal justification that the derivative of f(x) = e x is f f (x) = e x . 
Using f(x) = e x , we have 


/’ ㈤ =鰓 

=lim 
h—Q 


/0 + ft) - f(x) 


h 

e x e h — e x 


=lim e x 


e x-\-h _ e x 

lim --- 

h-^0 h 

m- 


— 1 ^ — 1 

What is the limit of ——-— as ft —> 0? The graph of ——-— in Figure 3.27 suggests that —-— 
h h h 

approaches 1 as " —> 0. In fact, it can be proved that the limit equals 1, so 


，⑷， ，(¥)=& 1 = e ' 



-- L h 

1 

Figure 3.27: What is lim — 

/i—o 
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Example 3 Show that if f{x) = 2x 2 + 1, then f r (x) = 4x. 

Solution We use the definition of the derivative with f(x) = 2x 2 H- 1: 

f'(x) = lim + ") - 八 x ) = lim (2Qr + /Q 2 + 1) - (2a: 2 + 1) 
h — ^0 h h ― ^0 h 

.. 2( 工 2 + 2xh + + 1 - 2x^ — 1 2x^ + Axh - {- 2/i^ + 1 — 2x^ — 1 

h —^0 h h ― h 

Axh + 2h 2 h(Ax + 2h) 

=lim --- = lim --- 

h ―^0 h h ― ►o h 

To find the limit, look at what happens when h is close to 0, but h ^0. Simplifying, we have 

f'(x) = Um h ( 4x + 2h l = lim (4a ； + 2/1) = 4a: 
h—^Q h h—^o'' 

because as h gets close to 0, we know that 4x + 2h gets close to 4x. 


Using the Chain Rule to Establish Derivative Formulas 

We use the chain rule to justify the formulas for derivatives of In x and of a x . 

Derivative of In x 


We’ll differentiate an identity that involves In x. In Section 1.6, we have e lnx = x. Differentiating 
gives 

^ (elnx) = = 1 - 

On the left side, since e x is the outside function and In x is the inside function, the chain rule gives 

釦， = e - •去 ㈣ 

Thus, as we said in Sections 3.2, 

d 


dx 


(lnx)= 


Derivative of a x 

Graphical arguments suggest that the derivative of a x is proportional to a x . Now we show that the 
constant of proportionality is In a. For a > 0, we use the identity from Section 1.6: 

ln(a x ) = xln a. 

On the left side, using 去 (In x) = — and the chain rule gives 




Since In a is a constant, differentiating the right side gives 

(x In a) = In a. 
dx 

Since the two sides are equal, we have 


a x dx 


(a x ) = In a. 


Solving for —(a x ) gives the result of Section 3.2. For a > 0, 
dx 


^(a x ) = (lna)^. 
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Suppose we want to calculate the derivative of the product of differentiable functions, f(x)g(x), 
using the definition of the derivative. Notice that in the second step below, we are adding and sub¬ 
tracting the same quantity: f(x)g(x + h). 


d[f(x)g(x)] 

dx 


lim f(x + h)g(x + h)~ f{x)g(x) 

h—0 h 

/O + h)g{x + ft) — f{x)g(x + ft) + f(x)g(x + h)~ f{x)g(x) 


lim - 
h—Q 

lim [ 
h^O I 


n-+h)-m _ g{x+h)+m 9 (x+h)- 9 ( X y 


h ^v / h 」 

Taking the limit as /i — 0 gives the product rule: 

{f(x)g(x))' = f'(x) ■ g(x) + f{x) - g'{x). 

The Quotient Rule 

Let Q{x) = f{x)/g(x) be the quotient of differentiable functions. Assuming that Q(x) is differer 
tiable, we can use the product rule on f(x) = Q(x)g(x): 


Substituting for Q(x) gives 

Solving for Q r {x) gives 


f(x) = Q'{x)g{x) + Q{x)g'{x). 


f(x) = Q'(x)g{x) + ^^g'{x). 


Q\x)= 


， ㈤- 静 ' ㈤ 

3 ㈤ ' 


Multiplying the top and bottom by g{x) to simplify gives the quotient rule: 

( / ㈤ 丫 = f(x)g{x) - f{x)g'{x) 

\9(x)J (9 ㈤ ) 2 ' 


Problems on Establishing the Derivative Formulas 


For Problems 1-7, use the definition of the derivative to obtain 
the following results. 

1. If f(x) = 2x-\-l, then f{x) = 2. 

2. If f(pc) = hx 2 , then f {pc) = IChr. 

3. If f(x) = 2x 2 + 3, then f f (x) = 4x. 

4. If f(x) = x 2 -h x, then f(x) = 2x + 1. 

5. If f(x) = 4x 2 + 1, then f(x) = 8x. 

6. If f(x) = x 4 , then f(x) = 4x 3 . [Hint: (x + hf = 
: r 4 + 4 x 3 /H- 6x 2 h 2 + Axh 3 + h 4 .] 

7. If f(x) = x 5 , then f(x) = 5a: 4 . [Hint: (x + hf = 
x 5 + 5 x 4 /i + 10x 3 h 2 + 10x 2 h 3 + 5x/i 4 + /i 5 .] 

8. (a) Use a graph of g(h) = ― - to explain why we 

h 

2 h -1 

believe that lim — - —— « 0.6931. 
h—0 h 


(b) Use the definition of the derivative and the result 
from part (a) to explain why, if f(x) = 2' we be¬ 
lieve that f(x) « (0.6931)2 X . 

9. Use the definition of the derivative to show that if f(x) = 
C, where C is a constant, then f (a:) = 0. 

10. Use the definition of the derivative to show that if f{pc)= 
6 + mx, for constants m and b, then f(x) = m. 

11. Use the definition of the derivative to show that if f(x)= 
k-u(x), where /cisa constant and u (: c) is a function, then 
f (x) = k • u\x). 

12. Use the definition of the derivative to show that if f{x)= 
u(x) + v(x), for functions u{x) and v(pc), then f\x) = 
u f (x) -\-v\x). 
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FOCUS ON PRACTICE 


Find derivatives for the functions in Problems 

/(t) =t 2 +t 4 2 

s(t) = + 3t 3 - 4t 1/2 5 

f(x) = 5e 2x -2 -3 x 8 

y = t 2 e 5t 11 

s(t) = 8 In (2t + 1) 14 

P(t) = \/i2T4 17 

P(t) = be kt 20 

/(t) = (e* + 4) 3 23 

沒 ⑷ = 3sin(5t) + 4 26 

/⑷ = 3t 2 - 4t + 1 29 

f(x) = hx 4 


x 2 


w 


Q(r)= 


9(t) = 


5r + 2 


t + 4 

f(x) = ln(sin x + cos x) 
, jx 2 -^9 

h(x) 叫 W 

g(9) « e sine 

勝 

m = 2tet ~7l 

x 2 + V^ + 


z 2 + i 


9{x )= 
w(r)= 


x 3 / 2 


6 + r 3 


1-63. Assume a, 6, c, and /c are constants. 
g(x) = 5x 4 3 

/( 和 ▲+5W-7 6 

P(i) = 1,000(1.07)* 9 

y = x 2 y/x 2 + 1 12 

p(iy) = ty 2 In (ty) 15 

C( 5 ) = (2g+1) 3 18 

f{pc) = ax 2 + + c 21 

/(x) = 5 sin (2x) 24 

2 / = e 3t sin (2t) 27 

2 / = 17x + 24r 1/2 30 


e 2 " 

'x 2 ： 


g(x) = sin (2 — 3x) 
y = xlnx — x 2 
h(w) = (w 4 - 2w) 5 
w(r) = \/r 4 + 1 
v(t) = t 2 e~ ct 

P(t) = e^ 

r 2 

h(r)= - 

" 2r + 1 

5-3 么 

w = -—— — 

5 + 3 么 

y= (a: 2 +5) 3 (3a: 3 -2 ) ： 
H{t) = (at 2 + 6)e~ a 


57 


y = 5x 3 + 7x 2 — 3x + 1 

P{t) = 100e OO5t 

D(p) = e p2 + 5p 2 

f{x) = In (x 2 + l) 

f{x) = 2 X + x 2 + 1 

g{x) = 5x(x + 3) 2 

y = x 2 In (2x + 1) 

W (r) = r 2 cos r 

2 / = 2e x + 3 sin a; + 5 

9( x ) = ~\(p^ + 2$ - 9) 

… x 2 + 3x + 2 

/ ⑻ = - r-; — 


m ： 


z 2 - 


3z 

j(x) = ln(e ax + b) 
h(w) = w 3 ln(10iy) 
h(w) = —2w~ 3 + 3y/w 

j(x) = --\-^x 2 -cx 


fl(*) = 2 a: - - 3 ^= + 

f(x) = y(31na:-l) 
a 2 -x 2 


3 x -e 


/(*)= 


sW = 


a 2 + x 2 


(a 2 - 切 2)2 
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4 .* LOCAL MAXIMA AND MINIMA 

What Derivatives Tell Us About a Function and Its Graph 

When we graph a function on a computer or calculator, we often see only part of the picture. Infor¬ 
mation given by the first and second derivatives can help identify regions with interesting behavior. 

Example 1 Use a computer or calculator to sketch a useful graph of the function 

f(x) = X s — 9x 2 — 48x + 52. 

Solution Since / is a cubic polynomial, we expect a graph that is roughly S-shaped. Graphing this function 

with —10 < x < 10, —10 < y < 10 gives the two nearly vertical lines in Figure 4.1. We know that 
there is more going on than this, but how do we know where to look? 

V 



10 - 



-10 

-6 

-2 

一 10 - 


2 

6 

10 


Figure 4.1 : Unhelpful graph of f{pc) = x 3 — 9x 2 — 48x + 52 

We use the derivative to determine where the function is increasing and where it is decreasing. 
The derivative of / is 

f{x) = 3a; 2 — 18a? — 48. 

To find where /’ > 0 or /’ < 0, we first find where /’ = 0, that is, where Sx 2 — lSx — 48 = 0. 
Factoring gives 3(x — S)(x + 2) = 0, so a: = —2 or a; = 8. Since f f = 0 only at x = —2 and 
x = 8, and since f is continuous, f r cannot change sign on any of the three intervals x < —2, or 
—2 < a; < 8, or 8 < x. How can we tell the sign of f on each of these intervals? The easiest way is 
to pick a point and substitute into /’• For example, since /’(一 3) = 33 > 0, we know /’ is positive 
for x < —2, so / is increasing for x < —2. Similarly, since /’(0) = —48 and /’(10) = 72, we 
know that / decreases between x = —2 and x = 8 and increases for x > 8. Summarizing: 

x = —2 x = 8 

f increasing | f decreasing \ | f increasing 

f >0 f = 0 f <0 f = 0 f >0 

We find that /(—2) = 104 and /(8) = —396. Hence, on the interval —2 < x < 8 the function 
decreases from a high of 104 to a low of —396. (Now we see why not much showed up in our first 
calculator graph.) One more point on the graph is easy to get: the ^/-intercept, f ⑼ = 52. With 
just these three points we can get a much more helpful graph. By setting the plotting window to 
—10 g a? £ 20 and —400 < y < 400, we get Figure 4.2, which gives much more insight into the 
behavior of f(x) than the graph in Figure 4.1. 



Figure 4.2: Useful graph of f(x) = x 3 — 9x 2 — 48a; + 52. Notice that the scales on the x-and p-axes are different 
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We are often interested in points such as those marked local maximum and local minimum in Fig¬ 
ure 4.2. We have the following definition: 


Suppose p is a point in the domain of /: 

• f has a local minimum at p if f(p) is less than or equal to the values of / for points 
near p. 

• f has a local maximum at p if f(p) is greater than or equal to the values of / for points 
near p. 


We use the adjective “local” because we are describing only what happens near p. 


How Do We Detect a Local Maximum or Minimum? 

In the preceding example, the points x = —2 and x = S, where f r (x) = 0, played a key role in 
leading us to local maxima and minima. We give a name to such points: 


For any function /， a point p in the domain of / where f(p) = 0 or f f (p) is undefined is 
called a critical point of the function. In addition, the point (p, f(p)) on the graph of / is 
also called a critical point. A critical value of / is the value, f(p), of the function at a critical 



Notice that “critical point of /’’ can refer either to points in the domain of / or to points on the graph 
of /. You will know which meaning is intended from the context. 

Geometrically, at a critical point where f f (p) = 0, the line tangent to the graph of / at p is 
horizontal. At a critical point where f r (p) is undefined, there is no horizontal tangent to the graph_ 
there is either a vertical tangent or no tangent at all. (For example, x = 0 is a critical point for the 
absolute value function f(x) = \x\.) However, most of the functions we will work with will be 
differentiable everywhere, and therefore most of our critical points will be of the f f (p) = 0 variety. 

The critical points divide the domain of / into intervals on which the sign of the derivative 
remains the same, either positive or negative. Therefore, if / is defined on the interval between two 
successive critical points, its graph cannot change direction on that interval; it is either going up or 
it is going down. We have the following result: 


If a function, continuous on an interval (its domain), has a local maximum or minimum at p, 
then p is a critical point or an endpoint of the interval. 


A function may have any number of critical points or none at all. (See Figures 4.3-4.5.) 













172 Chapter Four USING THE DERIVATIVE 


Testing For Local Maxima and Minima 

If f has different signs on either side of a critical point p with f\p) = 0, then the graph changes 
direction at p and looks like one of those in Figure 4.6. We have the following criteria: 


First Derivative Test for Local Maxima and Minima 

Suppose p is a critical point of a continuous function /. Then, as we go from left to right: 

• If f changes from decreasing to increasing at p, then / has a local minimum at p. 

• If / changes from increasing to decreasing at p, then / has a local maximum at p. 


Alternatively, the concavity of the graph of / gives another way of distinguishing between local 
maxima and minima: 


Second Derivative Test for Local Maxima and Minima 

Suppose p is a critical point of a continuous function /, and f f (p) = 0. 

• If / is concave up at p, then / has a local minimum at p. 

• If / is concave down at p, then / has a local maximum at p. 


Local max 



Figure 4.6: Changes in direction at a critical point, p: Local maxima and minima 


Example 2 Use the second derivative test to confirm that f(x) = x 3 — 9x 2 — 48$ + 52 has a local maximum at 
x = —2 and a local minimum at x = 8. 

Solution In Example 1, we calculated f(x) = 3x 2 — 18x — 48 = 3(x — 8)(x + 2), so /’(8) = /’( 一 2) = 0. 

Differentiating again gives f ,r {x) = 6x - 18. Since /"(8) = 6 • 8 — 18 = 30 and /"(-2)= 
6(—2) — 18 = —30, the second derivative test confirms that x = 8 is a local minimum and x = —2 
is a local maximum. 


Example 3 (a) Graph a function / with the following properties: 

• f(x) has critical points at x = 2 and x = 5; 

• f\x) is positive to the left of 2 and positive to the right of 5; 

• f\x) is negative between 2 and 5. 

(b) Identify the critical points as local maxima, local minima, or neither. 

Solution (a) We know that f(x) is increasing when f'(x)is positive, and f(x) is decreasing when f ; (x) is 

negative. The function is increasing to the left of 2 and increasing to the right of 5, and it is 
decreasing between 2 and 5. A possible sketch is given in Figure 4.7. 

(b) We see that the function has a local maximum at a; = 2 and a local minimum at x = 5. 
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/ ⑻ 


Example 4 


Solution 



Figure 4.7: A function with critical points a.tx = 2 and x = h 


Warning! 

Not every critical point of a function is a local maximum or minimum. For instance, consider f(x)= 
x 3 , graphed in Figure 4.8. The derivative is f’(x) = 3x 2 so a; = 0 is a critical point. But /’($) = 
3x 2 is positive on both sides of x = 0, so / increases on both sides of a; = 0. There is neither a 
local maximum nor a local minimum for f(x) atx = 0. 



Figure 4.8: A critical point which is neither a local maximum nor minimum. 


The value of an investment at time t is given by S(t). The rate of change, S^t), of the value of the 
investment is shown in Figure 4.9. 

(a) What are the critical points of the function S(t)l 

(b) Identify each critical point as a local maximum, a local minimum, or neither. 

(c) Explain the financial significance of each of the critical points. 



S'if) 


t (time) 


Figure 4.9: Graph of the rate of change of the value of the investment 

(a) The critical points of S occur at times t when S f (t) = 0. We see in Figure 4.9 that = 0 at 
t = 1, 4, and 6, so the critical points occur ait = 1, 4, and 6. 

(b) In Figure 4.9, we see that S r (t) is positive to the left of 1 and between 1 and 4, that S f (i) is 
negative between 4 and 6, and that S^t) is positive to the right of 6. Therefore S(t) is increasing 
to the left of 1 and between 1 and 4 (with a slope of zero at 1), decreasing between 4 and 6, and 
increasing again to the right of 6. A possible sketch of S(t) is given in Figure 4.10. We see that 
S has neither a local maximum nor a local minimum at the critical point t = 1 ， but that it has a 
local maximum att = 4 and a local minimum att = 6. 



Figure 4.10: Possible graph of the function representing the value of the investment at time t 
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(c) At time t = 1 the investment momentarily stopped increasing in value, though it started increas- 
ing again immediately afterward. At t = 4, the value peaked and began to decline. At t = 6, it 
started increasing again. 


Examples 

Solution 


Find the critical point of the function f(x) = x 2 bx c. What is its graphical significance? 

Since f(x) = 2x + b ，the critical point x satisfies the equation 2x b = 0. Thus, the critical point 
is at x = —6/2. The graph of / is a parabola and the critical point is its vertex. See Figure 4.11. 



Figure 4.11: Critical point of the parabola f{x) = x 2 bx c. (Sketched with 6, c > 0) 


Problems for Section 4.1 


In Problems 1-4, indicate all critical points of the function 
f. How many critical points are there? Identify each critical 
point as a local maximum, a local minimum, or neither. 



7. Graph two continuous functions / and g, each of which 
has exactly five critical points, the points A-E in Fig¬ 
ure 4.12, and which satisfy the following conditions: 

(a) f(x) cx) as x — ► —oo and 

f(x) oo as a; —> oo 

(b) g(x) —oo as x —^ —oo and 

g(x) 0 as a; ^ oo 


B 

- x 

參 

C . 

E 


5. (a) Graph a function with two local minima and one lo¬ 

cal maximum. 

(b) Graph a function with two critical points. One of 
these critical points should be a local minimum, and 
the other should be neither a local maximum nor a 
local minimum. 

6. During an illness a person ran a fever. His temperature 
rose steadily for eighteen hours, then went steadily down 
for twenty hours. When was there a critical point for his 
temperature as a function of time? 


Figure 4.12 


Problems 8-9 show the graph of a derivative function /’. In¬ 
dicate on a sketch the x-values that are critical points of the 
function / itself. Identify each critical point as a local maxi¬ 
mum, a local minimum, or neither. 
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Using a calculator or computer, graph the functions in Prob¬ 
lems 10-15. Describe in words the interesting features of the 
graph, including the location of the critical points and where 
the function is monotonic (that is, increasing or decreasing). 
Then use the derivative and algebra to explain the shape of the 
graph. 

10. f(x) = X s — 6x-\-l 11. f(x) = x 3 -h 6x + 1 

12. f(x) = 3x 5 - 5x 3 13. f(x) =e x - lOx 

14. f(x) = xlax, x > 0 15. f(x) = x 2 sin x 

16. Figure 4.13 is a graph of /’. For what values of x does / 
have a local maximum? A local minimum? 



17. On the graph of j' in Figure 4.14, indicate the rr-values 
that are critical points of the function / itself. Are they 
local maxima, local minima, or neither? 



Figure 4.14: Graph off (not /) 

18. The derivative of f(t) is given by f{t) =t 3 — 6t 2 + St 
for 0 < t < 5. Graph f r (t) 9 and describe how the func¬ 
tion f{t) changes over the interval t = 0 tot = 5. When 
is f(t) increasing and when is it decreasing? Where does 
f(t) have a local maximum and where does it have a lo¬ 
cal minimum? 

19. If U and V are positive constants, find all critical points 
of 

F(t) = Ue t + Ve- t . 


20. Consumer demand for a certain product is changing over 
time, and the rate of change of this demand, /’(t)，in 
units/week, is given, in week t, in the following table. 


t 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

m 

12 

10 

4 

-2 

-3 

-1 

3 

7 

11 

15 

10 


(a) When is the demand for this product increasing? 
When is it decreasing? 

(b) Approximately when is demand at a local maxi¬ 
mum? A local minimum? 


21. Suppose / has a continuous derivative whose values are 
given in the following table. 

(a) Estimate the ^-coordinates of critical points of / for 
0 < a: < 10. 

(b) For each critical point, indicate if it is a local maxi¬ 
mum of /, local minimum, or neither. 


X 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

尸 ㈤ 

5 

2 

1 

-2 

-5 

-3 

-1 

2 

3 

1 

-1 


22. The function f(x) = x 4 — 4x 3 + 8x has a critical point 
at a; = 1. Use the second derivative test to identify it as a 
local maximum or local minimum. 

23. Find and classify the critical points of f(x) = x 3 (l—x) 4 
as local maxima and minima. 

In Problems 24-26, investigate the one-parameter family of 

functions. Assume that a is positive. 

(a) Graph f(x) using three different values for a. 

(b) Using your graph in part (a), describe the critical points 
of / and how they appear to move as a increases. 

(c) Find a formula for the ^-coordinates of the critical 
point(s) of / in terms of a. 

24. f(pc) = (x — a) 2 

25 . f(x) = ® 3 — ax 

26 . f(x) = x 2 e~ ax 

In Problems 27-28, find constants a and b so that the mini¬ 
mum for the parabola f(x) = x 2 ax b is at the given 

point. [Hint: Begin by finding the critical point in terms of a.] 

27. (3,5) 28. (-2,-3) 

29. Sketch several members of the family y = x 3 — ax 2 on 
the same axes. Discuss the effect of the parameter a on 
the graph. Find all critical points for this function. 

30. For what values of a and b does f(x) = a(x — blnx) 
have a local minimum at the point (2,5)? Figure 4.15 
shows a graph of f(x) with a = 1 and 6 = 1. 



31. Find the value of a so that the function f(x) = xe ax has 
a critical point at a; = 3. 
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32. (a) If 6 is a positive constant and x > 0, find all critical 

points of f(x) = x — blnx. 

(b) Use the second derivative test to determine whether 
the function has a local maximum or local minimum 
at each critical point. 

33. (a) For a a positive constant, find all critical points of 

f(x) —x — ay/x. 

(b) What value of a gives a critical point at x = 5? Does 
f(x) have a local maximum or a local minimum at 
this critical point? 

34. Let g(x) = x — ke x ，where k is any constant. For what 
value(s) of k does the function g have a critical point? 

35. If a and b are nonzero constants, find the domain and all 



36. Assume / has a derivative everywhere and has just one 
critical point, at x = 3. In parts (a)-(d), you are given ad¬ 
ditional conditions. In each case decide whether x = 3is 
a local maximum, a local minimum, or neither. Explain 
your reasoning. Sketch possible graphs for all four cases. 

(a) / , (l) = 3and/ , (5) = -l 

(b) f(x) —^ oo as x —^ oo and as a; —oo 

(c) /(l) = 1 ， /(2) = 2, /(4) = 4, /(5) = 5 

(d) f(2) = -1, /(3) = 1 ， f(x) — 3 as x -mx) 

37. (a) On a computer or calculator, graph f(0) = 6 — sin 沒 . 

Can you tell whether the function has any zeros in 
the interval 0 < 0 < 1? 

(b) Find f. What does the sign of f tell you about the 
zeros of / in the interval 0 < 0 < 1? 


4.2 INFLECTION POINTS 

Concavity and Inflection Points 

A study of the points on the graph of a function where the slope changes sign led us to critical points. 
Now we will study the points on the graph where the concavity changes, either from concave up to 
concave down, or from concave down to concave up. 


A point at which the graph of a function / changes concavity is called an inflection point of /. 


The words “inflection point of /’’ can refer either to a point in the domain of / or to a point on 
the graph of /• The context of the problem will tell you which is meant. 

How Do You Locate an Inflection Point? 

Since the concavity of the graph of / changes at an inflection point, the sign of /’’ changes there: it 
is positive on one side of the inflection point and negative on the other. Thus, at the inflection point, 
/’’is zero or undefined. (See Figure 4.16.) 



Figure 4.16: Change in concavity (from positive to negative or vice versa) at point p 


Example 1 Find the inflection points of f(x) = x s — 9x 2 — 48$ + 52. 

Solution In Figure 4.17, part of the graph of / is concave up and part is concave down, so the function must 

have an inflection point. However, it is difficult to locate the inflection point accurately by examining 
the graph. To find the inflection point exactly, calculate where the second derivative is zero. 1 Since 
// ⑻ = 3:r 2 — 18a; — 48 ， 


l For a polynomial, the second derivative cannot be undefined. 









Example 2 

Solution 


Example 3 


Solution 


4.2 INFLECTION POINTS 


f n {x) = 6a; — 18 so /’’(x) = 0 when x = 3. 
The graph of f(x) changes concavity at x = 3, so x = 3 is an inflection point. 



Figure 4.17: Graph of f(x) = x 3 — 9x 2 — 48a; + 52 showing the inflection point at : 


Graph a function / with the following properties: / has a critical point at x = 4 ： and an inflection 
point at a: = 8; the value of f r is negative to the left of 4 and positive to the right of 4; the value of 
/’’is positive to the left of 8 and negative to the right of 8. 

Since /’ is negative to the left of 4 and positive to the right of 4, the value of f(x) is decreasing to 
the left of 4 and increasing to the right of 4. The values of j" tell us that the graph of f(x) is concave 
up to the left of 8 and concave down to the right of 8. A possible sketch is given in Figure 4.18. 



Figure 4.18: A function with a critical point at x = 4 and 
an inflection point at x = 8 


Figure 4.19 shows a population growing toward a limiting population, L. There is an inflection point 
on the graph at the point where the population reaches L/2. What is the significance of the inflection 
point to the population? 

population 



Figure 4.19: Inflection point on graph of a population growing toward a limiting population, L 

At times before the inflection point, the population is increasing faster every year. At times after the 
inflection point the population is increasing slower every year. At the inflection point, the population 
is growing fastest. 
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Example 4 (a) How many critical points and how many inflection points does the function f(x) = xe~ x have? 

(b) Use derivatives to find the critical points and inflection points exactly. 



Solution (a) Figure 4.20 shows the graph of f(x) = xe~ x . It appears to have one critical point, which is a 
local maximum. Are there any inflection points? Since the graph of the function is concave down 
at the critical point and concave up for large x, the graph of the function changes concavity, so 
there must be an inflection point to the right of the critical point. 

(b) To find the critical point, find the point where the first derivative of / is zero or undefined. The 
product rule gives 

f\x) = x(-e~ x ) + (l)(e- x ) = (1- x)e~ x . 

We have f r (x) = 0 when x = 1， so the critical point is at x = 1. To find the inflection point, we 
find where the second derivative of / changes sign. Using the product rule on the first derivative, 
we have 

/ 〃 ㈤ =(1 - x)(-e-*) + C-l)(e-*) = (x- 2)e~\ 

We have f r, (x) = 0 when x = 2. Since f n (x) > 0 for a; > 2 and f n (x) < 0 for ^ < 2, the 
concavity changes sign at x = 2. So the inflection point is at x = 2. 


Warning! 

Not every point x where f’’ {pc) = 0 (or f n is undefined) is an inflection point (just as not every 
point where /’ = 0 is a local maximum or minimum). For instance, f(x) = x A has f n {x) = 12x 2 
so /"(0) = 0, but /" > 0 when : r > 0 and when x < 0, so the graph of / is concave up on both 
sides of x = 0. There is no change in concavity at x = 0. (See Figure 4.21.) 


\ 

广 = 0but / 

V 

no inflection / 

point here / 

u 


Figure 4.21 : Graph of f(x) = x 4 


Example 5 Suppose that water is being poured into the vase in Figure 4.22 at a constant rate measured in liters 
per minute. Graph y = f(t), the depth of the water against time, t. Explain the concavity, and 
indicate the inflection points. 
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Solution Notice that the volume of water in the vase increases at a constant rate. 

At first the water level, y, rises quite slowly because the base of the vase is wide, and so it takes 
a lot of water to make the depth increase. However, as the vase narrows, the rate at which the water 
level rises increases. This means that initially y is increasing at an increasing rate, and the graph is 
concave up. The water level is rising fastest, so the rate of change of the depth y is at a maximum, 
when the water reaches the middle of the vase, where the diameter is smallest; this is an inflection 
point. (See Figure 4.23.) After that, the rate at which the water level changes starts to decrease, and 
so the graph is concave down. 



Figure 4.22: A vase 


y (depth of water) 



Figure 4.23: Graph of depth of water in the vase, y, against time, t 


Example 6 

Solution 


What is the concavity of the graph of f{x) = ax 2 -\-bx-\-cl 

We have f r {x) = 2ax + b and f n {x) = 2a. The second derivative of / has the same sign as a. If 
a > 0, the graph is concave up everywhere, an upward-opening parabola. If a < 0, the graph is 
concave down everywhere, a downward-opening parabola. (See Figure 4.24.) 




x 


Figure 4.24: Concavity of f(x) = ax 2 -\-bx-\- c 


Problems for Section 4.2 


In Problems 1-4, indicate the approximate locations of all in¬ 
flection points. How many inflection points are there? 


m 
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5. (a) Graph a polynomial with two local maxima and two 

local minima. 

(b) What is the least number of inflection points this 
function must have? Label the inflection points. 

6. Graph a function with only one critical point (at x = 5) 
and one inflection point (at x = 10). Label the critical 
point and the inflection point on your graph. 


22. (a) Find all critical points and all inflection points of the 
function f(x) = x 4 — 2ax 2 + b. Assume a and b are 
positive constants. 

(b) Find values of the parameters a and 6 if / has a crit¬ 
ical point at the point (2,5). 

(c) If there is a critical point at (2,5), where are the in¬ 
flection points? 


7. Graph a function which has a critical point and an inflec¬ 
tion point at the same place. 

8. During a flood, the water level in a river first rose faster 
and faster, then rose more and more slowly until it 
reached its highest point, then went back down to its pre¬ 
flood level. Consider water depth as a function of time. 

(a) Is the time of highest water level a critical point or 
an inflection point of this function? 

(b) Is the time when the water first began to rise more 
slowly a critical point or an inflection point? 

9. When I got up in the morning I put on only a light 
jacket because, although the temperature was dropping, 
it seemed that the temperature would not go much lower. 
But I was wrong. Around noon a northerly wind blew up 
and the temperature began to drop faster and faster. The 
worst was around 6 pm when, fortunately, the tempera¬ 
ture started going back up. 

(a) When was there a critical point in the graph of tem- 
perature as a function of time? 

(b) When was there an inflection point in the graph of 
temperature as a function of time? 

10. For f(x) = x 3 — 18x 2 — 10x + 6, find the inflection 
point algebraically. Graph the function with a calculator 
or computer and confirm your answer. 

In each of Problems 11-20, use the first derivative to find all 
critical points and use the second derivative to find all inflec¬ 
tion points. Use a graph to identify each critical point as a 
local maximum, a local minimum, or neither. 

11 . f(x) = x 2 — 5x 3 

12. f{x) = ® 3 - 3a: + 10 

13. f(x) = 2x 3 + 3x 2 - 36x + 5 

14. f(x) = ^ + T _ X + 2 

15. f(x) = a； 4 - 2x 2 

16. f(x) = 3x 4 — 4x 3 + 6 

17. f(x) ^ x 4 - 8x 2 + 5 

18. f(x) = a: 4 - Ax 3 + 10 

19. f{x) =x 5 - 5x 4 + 35 

20. f(x) = 3a: 5 - 5x 3 

21. Find the inflection points of f(x) = x 4 + a: 3 — 3x 2 + 2. 


For Problems 23-26, sketch a possible graph of y = f(x), 
using the given information about the derivatives y f = f\x) 
and y" = Assume that the function is defined and 

continuous for all real x. 


23. 


24. 


25. 


26. 


於 250 

^>0 

y' >0 

y =0 
\y'<o 

Xl 


X3 

y"'=0 

y f, = o 

1 

1 

1 

y" <0> y">0 | 

y n '< o 

y r <0 

Xl 

X2 


y ,f =0 

y ,f =0 

y ,f = 0 

y " > 0 | 2 /〃 < 0 | y ,f >0 \ y ,f < 0 

1 ^ >0 

y ’ >0 

XI 


, 2 

y f, '=o 



丨 2/〃<0 

y ,f >0 

2/"<0 

y ’ = 2 

y f = 2 

1 

1 

y'>o 


i 

xi 



y " = o 


y n = o 

i 

y ,f >o 


27. In 1774, Captain James Cook left 10 rabbits on a small 
Pacific island. The rabbit population is approximated by 


p{t) 


e 5.3-0.4t 


with t measured in years since 1774. Using a calculator 
or computer: 

(a) Graph P. Does the population level off? 
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(b) Estimate when the rabbit population grew most 
rapidly. How large was the population at that time? 

(c) Find the inflection point on the graph and explain its 
significance for the rabbit population. 

(d) What natural causes could lead to the shape of the 
graph of P? 

28. (a) Water is flowing at a constant rate (i.e., constant vol¬ 

ume per unit time) into a cylindrical container stand¬ 
ing vertically. Sketch a graph showing the depth of 
water against time. 

(b) Water is flowing at a constant rate into a cone-shaped 
container standing on its point. Sketch a graph show¬ 
ing the depth of the water against time. 

29. If water is flowing at a constant rate (i.e., constant volume 
per unit time) into the Grecian um in Figure 4.25, sketch 
a graph of the depth of the water against time. Mark on 
the graph the time at which the water reaches the widest 
point of the um. 



Figure 4.25 


30. If water is flowing at a constant rate (i.e., constant vol¬ 
ume per unit time) into the vase in Figure 4.26, sketch a 
graph of the depth of the water against time. Mark on the 
graph the time at which the water reaches the comer of 
the vase. 



Figure 4.26 


31. Water flows at a constant rate into the left side of the W- 
shaped container in Figure 4.27. Sketch a graph of the 
height, H, of the water in the left side of the container as 
a function of time, t. The container starts empty. 



Figure 4.27 


32. The vase in Figure 4.28 is filled with water at a constant 
rate (i.e., constant volume per unit time). 

(a) Graph y = /(t),the depth of the water, against time, 
t. Show on your graph the points at which the con¬ 
cavity changes. 

(b) At what depth is y = f(t) growing most quickly? 
Most slowly? Estimate the ratio between the growth 
rates at these two depths. 


y 



Figure 4.28 


Find formulas for the functions described in Problems 33-34. 

33. A cubic polynomial, ax 3 + bx 2 + ex + d，with a critical 
point atx = 2, an inflection point at (1,4), and a leading 
coefficient of 1. 

34. A function of the form y = bxe~ ax with a local maxi¬ 
mum at (3,6). 

35. Indicate on Figure 4.29 approximately where the inflec¬ 
tion points of f(x) are if the graph shows 

(a) The function f(x) (b) The derivative f(x) 

(c) The second derivative /’’ (x) 



36. Assume that the polynomial / has exactly two local max¬ 
ima and one local minimum, and that these are the only 
critical points of /. 

(a) Sketch a possible graph of /. 

(b) What is the largest number of zeros / could have? 

(c) What is the least number of zeros / could have? 

(d) What is the least number of inflection points / could 
have? 

(e) What is the smallest degree / could have? 

(f) Find a possible formula for f(x). 
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4.3 GLOBAL MAXIMA AND MINIMA 

Global Maxima and Minima 

The techniques for finding maximum and minimum values make up the field called optimization. 
Local maxima and minima occur where a function takes larger or smaller values than at nearby 
points. However, we are often interested in where a function is larger or smaller than at all other 
points. For example, a firm trying to maximize its profit may do so by minimizing its costs. We 
make the following definition: 



• f has a global minimum at p if f(p) is less than or equal to all values of /. 

• f has a global maximum at p if f(p) is greater than or equal to all values of /. 


How Do We Find Global Maxima and Minima? 

If / is a continuous function defined on an interval a < x <b (including its endpoints), Figure 4.30 
illustrates that the global maximum or minimum of / occurs either at a local maximum or a local 
minimum, respectively, or at one of the endpoints, x = aor x = b, of the interval. 


To find the global maximum and minimum of a continuous function on an interval in¬ 
cluding endpoints: Compare values of the function at all the critical points in the interval 
and at the endpoints. 


What if the continuous function is defined on an interval a < x < b (excluding its endpoints), 
or on the entire real line which has no endpoints? The function graphed in Figure 4.31 has no global 
maximum because the function has no largest value. The global minimum of this function coincides 
with one of the local minima and is marked. A function defined on the entire real line or on an 
interval excluding endpoints may or may not have a global maximum or a global minimum. 


To find the global maximum and minimum of a continuous function on an interval ex¬ 
cluding endpoints or on the entire real line: Find the values of the function at all the critical 
points and sketch a graph. 



Figure 4.30: Global maximum and minimum on an 
interval domain, a < x <b 



on the entire real line 












Example 1 
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Solution 


Example 2 


Solution 


Find the global maximum and minimum of f(x) = X s — 9x 2 — 48$ + 52 on the interval —5<x< 
14. 

We have calculated the critical points of this function previously using 
f{x) = 3x 2 — lSx — 48 = 3(x + 2)(x — 8), 

so 丨 =—2 and x = 8 are critical points. Since the global maxima and minima occur at a critical 
point or at an endpoint of the interval, we evaluate f at these four points: 

/(-5) = -58, /(-2) = 104, 八 8) = -396, /(14) = 360. 

Comparing these four values, we see that the global maximum is 360 and occurs atx = 14, and that 
the global minimum is —396 and occurs atx = 8. See Figure 4.32. 



rate of photosynthesis 
(oxygen/time) 



20.12 50 100 1 (d3yS) 

Figure 4.33: Maximum rate of photosynthesis 


For time, t > 0, in days, the rate at which photosynthesis takes place in the leaf of a plant, repre¬ 
sented by the rate at which oxygen is produced, is approximated by 2 

p(t) = 100(e-° ° 2i - e~ 01t ). 

When is photosynthesis occurring fastest? What is that rate? 


To find the global maximum value of p(t), we first find critical points. We differentiate, set equal to 
zero, and solve fort: 


p'(t) = 100(-0.02e~ 0 02t + O.le 一 0 . w ) = 0 

-0.02e _0 '° 2t = -O.le -0 14 


e-°- 02t _ 0.1 
e~ 01t = 002 

e -0.02t+0.1t _ g 

e°- 08t = 5 


Differentiating again gives 


0.08t = ln5 
_ ln5 
l ~ 008 


= 20.12 days. 


V '\t) = 100(0.0004e- O O2t - 0.01e -o u ) 

and substituting t = 20.12 gives p // (20.12) = —0.107, sot = 20.12 is a local maximum. However, 
there is only one critical point, so this local maximum is the global maximum. See Figure 4.33. 
When t = 20.12 days, the rate, in units of oxygen per unit time, is 


p(20.12) = 100 ( e -0.02(20.12) — e -0.1(20.12)) = 53 5Q 


2 Examples adapted from Rodney Gentry, Introduction to Calculus for the Biological and Health Sciences (Reading: 
Addison-Wesley, 1978). 











184 Chapter Four USING THE DERIVATIVE 

A Graphical Example: Minimizing Gas Consumption 

Next we look at an example in which a function is given graphically and the optimum values are 
read from a graph. You already know how to estimate the optimum values of f(x) from a graph of 
f(x ) — read off the highest and lowest values. In this example, we see how to estimate the optimum 
value of the quantity f(x)/x from a graph of f(x) against x. 

The question we investigate is how to set driving speeds to maximize fuel efficiency. 3 We 
assume that gas consumption, g (in gallons/hour), as a function of velocity, v (in mph) is as shown in 
Figure 4.34. We want to minimize the gas consumption per mile, not the gas consumption per hour. 
Let G = g/v represent the average gas consumption per mile. (The units of G are gallons/mile.) 


g (gal/hour) 


2 


1.5 



- 1 ^ 1 ^ 1 ^ 1 ^v (mph) 

20 30 40 50 60 

Figure 4.34: Gas consumption versus velocity 


Example 3 Using Figure 4.34, estimate the velocity which minimizes G = g/v. 

Solution We want to find the minimum value ofG = g/v when g andv are related by the graph in Figure 4.34. 

We could use Figure 4.34 to sketch a graph of G against v and estimate a critical point. But there 
is an easier way. Figure 4.35 shows that g/v is the slope of the line from the origin to the point P. 
Where on the curve should P be to make the slope a minimum? From the possible positions of the 
line shown in Figure 4.35, we see that the slope of the line is both a local and global minimum when 
the line is tangent to the curve. From Figure 4.36, we can see that the velocity at this point is about 
50 mph. Thus to minimize gas consumption per mile, we should drive about 50 mph. 


g (gal/hour) 



Figure 4.35: Graphical representation of gas 
consumption per mile, G = g/v 


g (gal/hour) 



3 Adapted from Peter D. Taylor, Calculus: The Analysis of Functions (Toronto: Wall & Emerson, 1992). 
















Problems for Section 4.3 
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For Problems 1-2, indicate all critical points on the given 
graphs. Which correspond to local minima, local maxima, 
global maxima, global minima, or none of these? (Note that 
the graphs are on closed intervals.) 



I I I I I I j. 

1 2 3 4 5 6 1 2 3 4 5 


3. For each interval, use Figure 4.37 to choose the statement 
that gives the location of the global maximum and global 
minimum of / on the interval. 

⑻ 4 < x < 12 (b) 11 < a; < 16 

(c) 4 < x < 9 (d) 8 < a; < 18 

(I) Maximum at right endpoint, minimum at left end¬ 
point. 

(II) Maximum at right endpoint, minimum at critical 
point. 

(III) Maximum at left endpoint, minimum at right end¬ 
point. 

(IV) Maximum at left endpoint, minimum at critical 



10 20 

Figure 4.37 


In Problems 4-7, graph a function with the given properties. 

4. Has local minimum and global minimum atx = 3 but no 
local or global maximum. 

5. Has local minimum at x = 3, local maximum at 丨 = 8, 
but no global maximum or minimum. 

6. Has local and global minimum at x = 3, local and global 
maximum at a: = 8. 

7. Has no local or global maxima or minima. 

8. True or false? Give an explanation for your answer. 

The global maximum of f(x) = x 2 on every closed in¬ 
terval is at one of the endpoints of the interval. 

In Problems 9-12, sketch the graph of a function on the inter¬ 
val 0 < a: < 10 with the given properties. 


9. Has local minimum at x = 3, local maximum at a; = 8, 
but global maximum and global minimum at the end¬ 
points of the interval. 

10. Has local and global maximum at x = 3, local and global 
minimum at x = 10. 

11. Has local and global minimum at x = 3, local and global 
maximum at x = 8. 

12. Has global maximum at x = 0, global minimum at 
x = 10, and no other local maxima or minima. 

13. A grapefruit is tossed straight up with an initial veloc¬ 
ity of 50 ft/sec. The grapefruit is 5 feet above the ground 
when it is released. Its height at time t is given by 

y = _ 16 尤 2 + 50 尤 + 5. 

How high does it go before returning to the ground? 

14. Find the value of x that maximizes y = 12 + 18x — 5x 2 
and the corresponding value of y, by 

(a) Estimating the values from a graph of y. 

(b) Finding the values using calculus. 

15. Plot the graph of f(x) = x 3 — e x using a graphing calcu¬ 

lator or computer to find all local and global maxima and 
minima for: (a) —1 < x < 4 (b) —3 < a; < 2 

16. Figure 4.38 shows the rate at which photosynthesis is tak¬ 
ing place in a leaf. 

(a) At what time, approximately, is photosynthesis pro¬ 
ceeding fastest for t > 0? 

(b) If the leaf grows at a rate proportional to the rate of 
photosynthesis, for what part of the interval 0 < t < 
200 is the leaf growing? When is it growing fastest? 

rate of photosynthesis 
(oxygen/time) 



100 200 

Figure 4.38 


17. For some positive constant C, a patient’s temperature 
change, T, due to a dose, D, of a drug is given by 



(a) What dosage maximizes the temperature change? 

(b) The sensitivity of the body to the drug is defined as 
dT/dD. What dosage maximizes sensitivity? 

For the functions in Problems 18-22, do the following: 

(a) Find f and f". 
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(b) Find the critical points of /. 

(c) Find any inflection points of /. 

(d) Evaluate / at its critical points and at the endpoints of 
the given interval. Identify local and global maxima and 
minima of / in the interval. 

(e) Graph /. 

18. f(x) =x 3 - 3x 2 (~l<x< 3) 

19. f(x) = 2x 3 - 9x 2 + 12 怎 + 1 (-0.5 <x<3) 

20. f(x) =x 3 - 3x 2 - 9x + 15 (-5 < x < 4) 

21. f(x) = x + sin x (0 < x < 27r) 

22. f(x) = e~ x sinx (0 < x < 2tt) 

In Problems 23-28, find the exact global maximum and min¬ 
imum values of the function. The domain is all real numbers 
unless otherwise specified. 

23. g{x) = 4x — x 2 — 5 

24. f(x) = x-h 1/x for x > 0 

25. = te _t fort > 0 

26. f(pc) = x- lnxforx>0 

27 - m s TT^ 

28. f(t) = (sin 2 1 + 2) cos t 

29. Find the value(s) of x that give critical points of y = 

ax 2 + + c，where a, 6, c are constants. Under what 

conditions on a, b, c is the critical value a maximum? A 
minimum? 

30. What value of w minimizes Sif S — hpw = 3qw 2 — 6pq 
mdp and q are positive constants? 

31. Figure 4.39 gives the derivative of g(x) on —2 < x < 2. 

(a) Write a few sentences describing the behavior of 
g{x) on this interval. 

(b) Does the graph of g(x) have any inflection points? 
If so, give the approximate ^-coordinates of their lo¬ 
cations. Explain your reasoning. 

(c) What are the global maxima and minima of g on 

[- 2 , 2 ]? 

(d) If g(—2) = 5, what do you know about p(0) and 
p (2)? Explain. 



32. The energy expended by a bird per day, E ，depends on 
the time spent foraging for food per day, F hours. Forag¬ 
ing for a shorter time requires better territory, which then 
requires more energy for its defense. 4 Find the foraging 
time that minimizes energy expenditure if 

£ = 0.25^+^. 

33. If you have 100 feet of fencing and want to enclose a 
rectangular area up against a long, straight wall, what is 
the largest area you can enclose? 

34. A closed box has a fixed surface area ^4 and a square base 
with side x. 

(a) Find a formula for its volume, V, as a function of x. 

(b) Sketch a graph of V against x. 

(c) Find the maximum value of V. 

35. On the west coast of Canada, crows eat whelks (a shell¬ 
fish). To open the whelks, the crows drop them from 
the air onto a rock. If the shell does not smash the first 
time, the whelk is dropped again. 5 The average number 
of drops, n, needed when the whelk is dropped from a 
height of x meters is approximated by 

27 

n(x) = l-\- 

(a) Give the total vertical distance the crow travels up¬ 
ward to open a whelk as a function of drop height, x. 

(b) Crows are observed to drop whelks from the height 
that minimizes the total vertical upward distance 
traveled per whelk. What is this height? 

36. During a flu outbreak in a school of 763 children, the 
number of infected children, /, was expressed in terms 
of the number of susceptible (but still healthy) children, 
S, by the expression 6 

f " 1921n (4)- s+763 - 

What is the maximum possible number of infected chil¬ 
dren? 

37. An apple tree produces, on average, 400 kg of fruit each 
season. However, if more than 200 trees are planted per 
km 2 , crowding reduces the yield by 1 kg for each tree 
over 200. 

(a) Express the total yield from one square kilometer as 
a function of the number of trees on it. Graph this 
function. 


(dj now many trees snouia a iarmer plant on 
square kilometer to maximize yield? 


4 Adapted from Graham Pyke, reported by J. R. Krebs and N. B. Davis in An Introduction to Behavioural Ecology (Ox¬ 
ford: Blackwell, 1987). 

5 Adapted from Reto Zach, reported by J. R. Krebs and N. B. Davis in An Introduction to Behavioural Ecology (Oxford: 
Blackwell, 1987). 

6 Data from Communicable Disease Surveillance Centre (UK), reported in “Influenza in a Boarding School ”， British 
Medical Journal, March 4, 1978. 
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38. The number of offspring in a population may not be a lin¬ 
ear function of the number of adults. The Ricker curve, 
used to model fish populations, claims that y = axe~ bx , 
where x is the number of adults, y is the number of off¬ 
spring, and a and b are positive constants. 

(a) Find and classify all critical points of the Ricker 
curve. 

(b) Is there a global maximum? What does this imply 
about populations? 



39. The oxygen supply, S, in the blood depends on the hema¬ 
tocrit, H ，the percentage of red blood cells in the blood: 

S = aHe_ bH for positive constants a, b. 


(a) What value of H maximizes the oxygen supply? 
What is the maximum oxygen supply? 

(b) How does increasing the value of the constants a and 
b change the maximum value of SI 


42. Let f(v) be the amount of energy consumed by a fly¬ 
ing bird, measured in joules per second (a joule is a unit 
of energy), as a function of its speed v (in meters/sec). 
Let a(v) be the amount of energy consumed by the same 
bird, measured in joules per meter. 

(a) Suggest a reason (in terms of the way birds fly) for 
the shape of the graph of f(y) in Figure 4.41. 

(b) What is the relationship between f(v) and a{v)l 

(c) Where is a(v) a minimum? 

(d) Should the bird try to minimize f(v) or a(v) when 
it is flying? Why? 


40. The quantity of a drug in the bloodstream t hours after a 
tablet is swallowed is given, in mg, by 


q(t) = 20(e _t -e _2t ). 


(a) How much of the drug is in the bloodstream at time 
t = 0? 

(b) When is the maximum quantity of drug in the blood¬ 
stream? What is that maximum? 

(c) In the long run, what happens to the quantity? 

41. When birds lay eggs, they do so in clutches of several 
at a time. When the eggs hatch, each clutch gives rise to 
a brood of baby birds. We want to determine the clutch 
size which maximizes the number of birds surviving to 
adulthood per brood. If the clutch is small, there are few 
baby birds in the brood; if the clutch is large, there are 
so many baby birds to feed that most die of starvation. 
The number of surviving birds per brood as a function of 
clutch size is shown by the benefit curve in Figure 4.40. 7 

(a) Estimate the clutch size which maximizes the num¬ 
ber of survivors per brood. 

(b) Suppose also that there is a biological cost to having 
a larger clutch: the female survival rate is reduced by 
large clutches. This cost is represented by the dotted 
line in Figure 4.40. If we take cost into account by 
assuming that the optimal clutch size in fact maxi¬ 
mizes the vertical distance between the curves, what 
is the new optimal clutch size? 


energy (joules/sec) 



Figure 4.41 


43. As an epidemic spreads through a population, the num¬ 
ber of infected people, /, is expressed as a function of the 
number of susceptible people, S, by 

I = kln(^j -S + S 0 + I 0 , forfc,5o,/o>0. 

(a) Find the maximum number of infected people. 

(b) The constant A; is a characteristic of the particular 
disease; the constants So and Io are the values of S 
and I when the disease starts. Which of the follow¬ 
ing affects the maximum possible value of J? Ex¬ 
plain. 

• The particular disease, but not how it starts. 

• How the disease starts, but not the particular 
disease. 

• Both the particular disease and how it starts. 

44. The hypotenuse of a right triangle has one end at the ori¬ 
gin and one end on the curve y = x 2 e~ 3x , with a; > 0. 
One of the other two sides is on the rr-axis, the other side 
is parallel to the y-axis. Find the maximum area of such 
a triangle. At what rr-value does it occur? 


7 Data from C. M. Perrins and D. Lack, reported by J. R. Krebs and N. B. Davies in An Introduction to Behavioural 
Ecology (Oxford: Blackwell, 1987). 
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45. A person’s blood pressure, p, in millimeters of mercury 
(mm Hg) is given, for t in seconds, by 

p = 100 + 20sin(2.57rt). 

(a) What are the maximum and minimum values of 
blood pressure? 

(b) What is the interval between successive maxima? 

(c) Show your answers on a graph of blood pressure 



46. A chemical reaction converts substance A to substance 
Y\ the presence of Y catalyzes the reaction. At the start 
of the reaction, the quantity of A present is a grams. At 
timet seconds later, the quantity of Y present is y grams. 
The rate of the reaction, in grams/sec, is given by 

Rate = ky(a — y), /c is a positive constant. 
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(a) For what values of y is the rate nonnegative? Graph 
the rate against y. 

(b) For what values of y is the rate a maximum? 

47. In a chemical reaction, substance A combines with sub¬ 
stance B to form substance At the start of the reaction, 
the quantity of A present is a grams, and the quantity of 
B present is b grams. At time t seconds after the start of 
the reaction, the quantity of Y present is y grams. As¬ 
sume a < b and y < a. For certain types of reactions, 
the rate of the reaction, in grams/sec, is given by 

Rate = k(a — y)(b — y), /c is a positive constant. 

(a) For what values of y is the rate nonnegative? Graph 
the rate against y. 

(b) Use your graph to find the value of y at which the 
rate of the reaction is fastest. 


Maximizing Profit 


A fundamental issue for a producer of goods is how to maximize profit. For a quantity, q, the profit 
7v(q) is the difference between the revenue, R(q), and the cost, C(q), of supplying that quantity. 
Thus, 7r(q) = R(q) — C(q). The marginal cost, MG = C r , is the derivative of G\ marginal revenue 
is MR = R. 

Now we look at how to maximize total profit, given functions for revenue and cost. The next 
example suggests a criterion for identifying the optimal production level. 


Example 1 Estimate the maximum profit if the revenue and cost are given by the curves R and C, respectively, 
in Figure 4.42. 



Solution Since profit is revenue minus cost, the profit is represented by the vertical distance between the 

cost and revenue curves, marked by the vertical arrows in Figure 4.42. When revenue is below cost, 
the company is taking a loss; when revenue is above cost, the company is making a profit. The 
maximum profit must occur between about q = 70 and q = 200, which is the interval in which the 
company is making a profit. Profit is maximized when the vertical distance between the curves is 
largest (and revenue is above cost). This occurs at approximately q = 140. 

The profit accrued at q = 140 is the vertical distance between the curves, so the maximum 
profit = $80,000 - $60,000 = $20,000. 









Maximum Profit Can Occur Where MR = MC 
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We now analyze the marginal costs and marginal revenues near the optimal point. Zooming in on 
Figure 4.42 around q = 140 gives Figure 4.43. 

At a production level q\ to the left of 140 in Figure 4.43, marginal cost is less than marginal 
revenue. The company would make more money by producing more units, so production should be 
increased (toward a production level of 140). At any production level q 2 to the right of 140, marginal 
cost is greater than marginal revenue. The company would lose money by producing more units and 
would make more money by producing fewer units. Production should be adjusted down toward 
140. 

What about the marginal revenue and marginal cost 3.tq = 140? Since MC < MR to the left 
of 140, and MC > MR to the right of 140, we expect MC = MR at 140. In this example, profit 
is maximized at the point where the slopes of the cost and revenue graphs are equal. 


MC> MR 



Figure 4.43: Example 1: Maximum profit occurs where MC = MR 


We can get the same result analytically. Global maxima and minima of a function can only 
occur at critical points of the function or at the endpoints of the interval. To find critical points of 丌， 
look for zeros of the derivative: 

兀 ’⑷ = - C\q) = 0 . 

So 

R\q) = C\q), 

that is, the slopes of the graphs of R(q) and C(q) are equal at q. In economic language, 


The maximum (or minimum) profit can occur where 

Marginal profit = 0, 



Marginal revenue = Marginal cost. 


Of course, maximum or minimum profit does not have to occur where MR = MG\ either one 
could occur at an endpoint. Example 2 shows how to visualize maxima and minima of the profit on 
a graph of marginal revenue and marginal cost. 


Example 2 The total revenue and total cost curves for a product are given in Figure 4.44. 

(a) Sketch the marginal revenue and marginal cost, MR and MC, on the same axes. Mark the two 
quantities where marginal revenue equals marginal cost. What is the significance of these two 
quantities? At which quantity is profit maximized? 

(b) Graph the profit function 7r(q). 
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Q3 q4 


Figure 4.44: Total revenue and total cost 


Solution 


(a) Since R(q) is a straight line with positive slope, the graph of its derivative, MR, is a horizontal 
line. (See Figure 4.45.) Since C(q) is always increasing, its derivative, MC, is always positive. 
As q increases, the cost curve changes from concave down to concave up, so the derivative of 
the cost function, MC, changes from decreasing to increasing. (See Figure 4.45.) The local 
minimum on the marginal cost curve corresponds to the inflection point of C(q). 

Where is profit maximized? We know that the maximum profit can occur when Marginal 
revenue = Marginal cost, that is where the curves in Figure 4.45 cross at qi and Do these 
points give the maximum profit? 

We first consider q\. To the left of qi, we have MR < MC, soV = MR—MCis negative 
and the profit function is decreasing there. To the right of qi, we have MR > MC, so 7T 7 is 
positive and the profit function is increasing. This behavior, decreasing and then increasing, 
means that the profit function has a local minimum at qi. This is certainly not the production 
level we want. 

What happens at 奶？ To the left of 奶 ， we have MR > MC，so 〆 is positive and the 
profit function is increasing. To the right of q 2 , we have MR < MC，so 7T, is negative and 
the profit function is decreasing. This behavior, increasing and then decreasing, means that the 
profit function has a local maximum at q^. The global maximum profit occurs either at the 
production level q 2 or at an endpoint (the largest and smallest possible production levels). Since 
the profit is negative at the endpoints (see Figure 4.44)，the global maximum occurs at q^. 


$/unit 


q (units) 



Figure 4.45: Marginal revenue and marginal cost Figure 4.46: Profit function 

(b) The graph of the profit function is in Figure 4.46. At the maximum and minimum, the slope of 
the profit curve is zero: 

TT’Ol) = 7T’(> 2 ) = 0. 

Note that since R(0) = 0 and (7(0) represents the fixed costs of production, we have 
?r(0) = i?(0)-C(0) 二一 C(0). 

Therefore the vertical intercept of the profit function is a negative number, equal in magnitude 
to the size of the fixed cost. 
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Example 3 

Find the quantity which maximizes profit if the total revenue and total cost (in dollars) are given by 

R{q) =5q- 0.003g 2 

C(q) = 300 + l.lq 

where q is quantity and 0 < ^ < 1000 units. What production level gives the minimum profit? 

Solution 

We begin by looking for production levels that give Marginal revenue = Marginal cost. Since 

MR = R\q) = 5 - 0.006g 

MC = C\q) = 1.1, 

MR = MC leads to 

5 -0.006g= 1.1 

3.9 

q = —— = 650 units. 

0.006 

Does this represent a local maximum or minimum of the profit 7r? To decide, look to the left and 
right of 650 units. 

When q = 649, we have MR = $1.106 per unit, which is greater than MC = $1.10 per unit. 

Thus, producing one more unit (the 650 th ) brings in more revenue than it costs, so profit increases. 

When q = 651, we have MR = $1.094 per unit, which is less than MC = $1.10 per unit. 

It is not profitable to produce the 651 st unit. We conclude that q = 650 gives a local maximum for 
the profit function 7r. 

To check whether q = 650 gives a global maximum, we compare the profit at the endpoints, 
q = 0 and q = 1000, with the profit atq = 650. 

Atq = 0, the only cost is $300 (the fixed costs) and there is no revenue, so 7r(0) = — $300. 
Atq= 1000, we have i?(1000) = $2000 and (7(1000) = $1400, so 7r(1000) = $600. 

Atq = 650, we have i?(650) = $1982.50 and C(650) = $1015, so tt(650) = $967.50. 
Therefore, the maximum profit is obtained at a production level of q = 650 units. The minimum 
profit (a loss) occurs when q = 0 and there is no production at all. 


Maximizing Revenue 

For some companies, costs do not depend on the number of items sold. For example, a city bus 



company with a fixed schedule has the same costs no matter how many people ride the buses. In 
such a situation, profit is maximized by maximizing revenue. 

Example 4 

At a price of $80 for a half-day trip, a white-water rafting company attracts 300 customers. Every 
$5 decrease in price attracts an additional 30 customers. 

(a) Find the demand equation. 

(b) Express revenue as a function of price. 

(c) What price should the company charge per trip to maximize revenue? 

Solution 

(a) We first find the equation relating price to demand. If price, p, is 80, the number of trips sold, q, 
is 300. If p is 75, then q is 330, and so on. See Table 4.1. Because demand changes by a constant 
(30 people) for every $5 drop in price, g is a linear function of p. Then 

C1 300-330 30 ^ ; „ 

Slope = 80 _ 75 = 5 = 6 people/dollar, 


80-75 
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so the demand equation is q = —6p H- b. Since p = 80 when q = 300, we have 

300 =-6*80 + 6 
6 = 300 + 6 • 80 = 780. 

The demand equation is q = — 6p + 780. 

(b) Since revenue R = p • q, revenue as a function of price is 

R(p) = p(—6p + 780) = —6p 2 + 780p. 

(c) Figure 4.47 shows this revenue function has a maximum. To find it, we differentiate: 

R\q) = -12p +780 = 0 


The maximum revenue is achieved when the price is $65. 


Table 4.1 Demand for rafting trips 


Price, p 

Number of trips sold, q 

80 

300 

75 

330 

70 

360 

65 

390 



Problems for Section 4.4 


1. Figure 4.48 shows cost and revenue. For what production 
levels is the profit function positive? Negative? Estimate 
the production at which profit is maximized. 



2. Using the cost and revenue graphs in Figure 4.49, sketch 
the following functions. Label the points q\ and 

(a) Total profit (b) Marginal cost 

(c) Marginal revenue 



Figure 4.48 


Figure 4.49 
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3. Table 4.2 shows cost, C(q), and revenue, R(q). 

(a) At approximately what production level, q, is profit 
maximized? Explain your reasoning. 

(b) What is the price of the product? 

(c) What are the fixed costs? 


7. Table 4.3 shows marginal cost, MC ，and marginal rev¬ 
enue, MR. 

(a) Use the marginal cost and marginal revenue at a pro¬ 
duction of g = 5000 to determine whether produc¬ 
tion should be increased or decreased from 5000. 

(b) Estimate the production level that maximizes profit. 


Table 4.2 Table 4.3 


Q 

0 

500 

1000 

1500 

2000 

2500 

3000 

Q 

5000 

6000 

7000 

8000 

9000 

10000 

R(q) 

0 

1500 

3000 

4500 

6000 

7500 

9000 

MR 

60 

58 

56 

55 

54 

53 

呢） 

3000 

3800 

4200 

4500 

4800 

5500 

7400 

MC 

48 

52 

54 

55 

58 

63 


4. A demand function isp = 400 — 2q, where q is the quan¬ 
tity of the good sold for price $p. 


8. Marginal revenue and marginal cost are given in the fol¬ 
lowing table. Estimate the production levels that could 
maximize profit. Explain. 


(a) Find an expression for the total revenue, R, in terms 
ofq. 

(b) Differentiate R with respect to q to find the marginal 
revenue, MR, in terms of q. Calculate the marginal 
revenue when q = 10. 

(c) Calculate the change in total revenue when produc¬ 
tion increases from q = 10 to g = 11 units. Confirm 
that a one-unit increase in q gives a reasonable ap¬ 
proximation to the exact value of MR obtained in 
part (b). 

5. Let C(q) represent the cost, R(q) the revenue, and 7r(q) 

the total profit, in dollars, of producing q items. 

(a) If (7’(50) = 75 and _R’(50) = 84, approximately 
how much profit is earned by the 51 st item? 

(b) If C’(90) = 71 and _R’(90) = 68, approximately 
how much profit is earned by the 91 st item? 

(c) If 7r(q) is a maximum when q = 78, how do you 
think C’ (78) and 7^ (78) compare? Explain. 

6. Figure 4.45 in Section 4.4 shows the points, q\ and q 2 , 

where marginal revenue equals marginal cost. 

(a) On the graph of the corresponding total cost and to¬ 
tal revenue functions in Figure 4.50, label the points 
qi and q 2 . Using slopes, explain the significance of 
these points. 

(b) Explain in terms of profit why one is a local mini¬ 
mum and one is a local maximum. 


q 1000 
MR 78 
MC 100 


2000 

76 

80 


3000 

74 

70 


4000 

72 

65 


5000 

70 

75 


6000 

68 

90 


9. A company estimates that the total revenue, R, in dollars, 
received from the sale of q items is = ln(l + 1000c? 2 ). 
Calculate and interpret the marginal revenue if ^ = 10. 
10. Figure 4.51 shows cost and revenue for a product. 

(a) Estimate the production level that maximizes profit. 

(b) Graph marginal revenue and marginal cost for this 
product on the same axes. Label on this graph the 
production level that maximizes profit. 



11. Figure 4.52 shows graphs of marginal cost and marginal 
revenue. Estimate the production levels that could maxi¬ 
mize profit. Explain your reasoning. 



1000 3000 


Figure 4.50 


Figure 4.52 
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12. The marginal cost and marginal revenue of a company 
are MC(q) = 0.03g 2 — lAq + 34 and MR(q) = 30, 
where q is the number of items manufactured. To increase 
profits, should the company increase or decrease produc¬ 
tion from each of the following levels? 

(a) 25 items (b) 50 items (c) 80 items 

13. A manufacturing process has marginal costs given in the 
table; the item sells for $30 per unit. At how many quan¬ 
tities, q, does the profit appear to be a maximum? In what 
intervals do these quantities appear to lie? 


C ⑷ 



200 400 600 

Figure 4.54 


MC ($/unit) 


60 

58 


14. Cost and revenue functions are given in Figure 4.53. Ap¬ 
proximately what quantity maximizes profits? 


20. The following table gives the cost and revenue, in dollars, 
for different production levels, q. 

(a) At approximately what production level is profit 
maximized? 

(b) What price is charged per unit for this product? 

( c ) What are the fixed costs of production? 


CR 



. q 

7000 

Figure 4.53 


15. Cost and revenue functions are given in Figure 4.53. 

(a) At a production level of g = 3000, is marginal cost 
or marginal revenue greater? Explain what this tells 
you about whether production should be increased 
or decreased. 

(b) Answer the same questions for q = 5000. 

16. When production is 2000, marginal revenue is $4 per unit 
and marginal cost is $3.25 per unit. Do you expect maxi- 

profit to occur at a production level above or below 
? Explain. 

17. Revenue is given by R(q) = 450g and cost is given by 
C(q) = 10,000 -f 3q 2 . At what quantity is profit maxi¬ 
mized? What is the total profit at this production level? 

18. The demand equation for a product is p = 45 — O.Olg. 
Write the revenue as a function of q and find the quantity 
that maximizes revenue. What price corresponds to this 
quantity? What is the total revenue at this price? 

19. Revenue and cost functions for a company are given in 
Figure 4.54. 

(a) Estimate the marginal cost a.tq = 400. 

(b) Should the company produce the 500 th item? Why? 

(c) Estimate the quantity which maximizes profit. 


Q 

0 

100 

200 

300 

400 

500 

物） 

0 

500 

1000 

1500 

2000 

2500 

C ( q ) 

700 

900 

1000 

1100 

1300 

1900 


21. The demand for tickets to an amusement park is given by 
p = 70 — 0.02q, where p is the price of a ticket in dollars 
and q is the number of people attending at that price. 

(a) What price generates an attendance of 3000 people? 
What is the total revenue at that price? What is the 
total revenue if the price is $20? 

(b) Write the revenue function as a function of atten¬ 
dance, q, at the amusement park. 

(c) What attendance maximizes revenue? 

(d) What price should be charged to maximize revenue? 

(e) What is the maximum revenue? Can we determine 
the corresponding profit? 

22. An ice cream company finds that at a price of $4.00, de¬ 
mand is 4000 units. For every $0.25 decrease in price, 
demand increases by 200 units. Find the price and quan¬ 
tity sold that maximize revenue. 

23. At a price of $8 per ticket, a musical theater group can 
fill every seat in the theater, which has a capacity of 1500. 
For every additional dollar charged, the number of people 
buying tickets decreases by 75. What ticket price maxi¬ 
mizes revenue? 

24. The demand equation for a quantity g of a product at 
price p, in dollars, isp = —5q + 4000. Companies pro¬ 
ducing the product report the cost, C, in dollars, to pro¬ 
duce a quantity qisC = 6q-\-5 dollars. 

(a) Express a company’s profit, in dollars, as a function 
of q. 

(b) What production level earns the company the largest 
profit? 

(c) What is the largest profit possible? 
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25. (a) Production of an item has fixed costs of $10,000 and 

variable costs of $2 per item. Express the cost, C, of 
producing q items. 

(b) The relationship between price, p, and quantity, 
q, demanded is linear. Market research shows that 
10,100 items are sold when the price is $5 and 
12,872 items are sold when the price is $4.50. Ex¬ 
press q as a function of price p. 

(c) Express the profit earned as a function of q. 

(d) How many items should the company produce to 
maximize profit? (Give your answer to the nearest 
integer.) What is the profit at that production level? 

26. A landscape architect plans to enclose a 3000 square-foot 
rectangular region in a botanical garden. She will use 
shrubs costing $45 per foot along three sides and fenc¬ 
ing costing $20 per foot along the fourth side. Find the 
minimum total cost. 

27. You run a small furniture business. You sign a deal with 
a customer to deliver up to 400 chairs, the exact number 
to be determined by the customer later. The price will be 
$90 per chair up to 300 chairs, and above 300, the price 
will be reduced by $0.25 per chair (on the whole order) 
for every additional chair over 300 ordered. What are the 
largest and smallest revenues your company can make 
under this deal? 

28. A warehouse selling cement has to decide how often and 
in what quantities to reorder. It is cheaper, on average, to 
place large orders, because this reduces the ordering cost 
per unit. On the other hand, larger orders mean higher 
storage costs. The warehouse always reorders cement in 
the same quantity, q. The total weekly cost, (7, of order¬ 
ing and storage is given by 

C = — bq, where a, b are positive constants. 

Q 

(a) Which of the terms, a/q and bq, represents the or¬ 
dering cost and which represents the storage cost? 

(b) What value of q gives the minimum total cost? 

29. A business sells an item at a constant rate of r units per 
month. It reorders in batches of q units, at a cost of a-\-bq 
dollars per order. Storage costs are k dollars per item per 
month, and, on average, q/2 items are in storage, waiting 
to be sold. [Assume r, a, 6, k are positive constants.] 

(a) How often does the business reorder? 

(b) What is the average monthly cost of reordering? 

(c) What is the total monthly cost, C of ordering and 
storage? 

(d) Obtain Wilson’s lot size formula, the optimal batch 
size which minimizes cost. 

30. (a) A cruise line offers a trip for $2000 per passenger. If 

at least 100 passengers sign up, the price is reduced 
for all the passengers by $10 for every additional 


passenger (beyond 100) who goes on the trip. The 
boat can accommodate 250 passengers. What num¬ 
ber of passengers maximizes the cruise line’s total 
revenue? What price does each passenger pay then? 
(b) The cost to the cruise line for n passengers is 
80,000+400n. What is the maximum profit that the 
cruise line can make on one trip? How many passen¬ 
gers must sign up for the maximum to be reached 
and what price will each pay? 

31. A company manufactures only one product. The quan¬ 
tity, q, of this product produced per month depends on 
the amount of capital, K, invested (i.e., the number of 
machines the company owns, the size of its building, and 
so on) and the amount of labor, L, available each month. 
We assume that q can be expressed as a Cobb-Douglas 
production function: 

g = cK a L p 

where c, a, (3 are positive constants, with 0 < a < 1 
and 0 < /3 < 1. In this problem we will see how the 
Russian government could use a Cobb-Douglas function 
to estimate how many people a newly privatized industry 
might employ. A company in such an industry has only a 
small amount of capital available to it and needs to use all 
of it, so K is fixed. Suppose L is measured in man-hours 
per month, and that each man-hour costs the company w 
rubles (a ruble is the unit of Russian currency). Suppose 
the company has no other costs besides labor, and that 
each unit of the good can be sold for a fixed price of p 
rubles. How many man-hours of labor per month should 
the company use in order to maximize its profit? 

32. A company can produce and sell f(L) tons of a product 
per month using L hours of labor per month. The wage of 
the workers is w dollars per hour, and the finished prod¬ 
uct sells for p dollars per ton. 

(a) The function /(L) is the company’s production 
function. Give the units of /(L). What is the practi¬ 
cal significance of /(1000) = 400? 

(b) The derivative f f (L) is the company’s marginal 
product of labor. Give the units of f(L). What is 
the practical significance of / r (1000) = 2? 

(c) The real wage of the workers is the quantity of prod¬ 
uct that can be bought with one hour’s wages. Show 
that the real wage is w/p tons per hour. 

(d) Show that the monthly profit of the company is 

7r(L)=pf(L)-wL. 

(e) Show that when operating at maximum profit, the 
company’s marginal product of labor equals the real 
wage: 
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4.5 AVERAGE COST 

To maximize profit，a company arranges production to equalize marginal cost and marginal revenue. 
But how do we know if the company makes money? It turns out that whether the maximum profit 
is positive or negative is determined by the company’s average cost of production. Average cost 
also tells us about the behavior of similar companies in an industry. If average costs are low, more 
companies will enter the market; if average costs are high, companies will leave the market. 

In this section, we see how average cost can be calculated and visualized, and the relationship 
between average and marginal cost. 

What Is Average Cost? 

The average cost is the cost per unit of producing a certain quantity; it is the total cost divided by 
the number of units produced. 


If the cost of producing a quantity q is C(q), then the average cost, a(q), of producing a 
quantity q is given by 


a(?)= 


C(q) 


Although both are measured in the same units, for example, dollars per item, be careful not to 
confuse the average cost with the marginal cost (the cost of producing the next item). 


Example 1 A salsa company has cost function C{q) = O.Olg 3 — 0.6g 2 + 13g + 1000 (in dollars), where q is 

the number of cases of salsa produced. If 100 cases are produced, find the average cost per case. 

Solution The total cost of producing the 100 cases is given by 

C(100) = 0.01 (100 3 ) - 0.6(100 2 ) + 13(100) + 1000 = $6300. 

We find the average cost per case by dividing by 100, the number of cases produced. 

6300 


Average cost = 


100 


63 dollars/case. 


If 100 cases of salsa are produced, the average cost is $63 per case. 


Visualizing Average Cost on the Total Cost Curve 


We know that average cost is a(q) = C{q)/q. Since we can subtract zero from any number without 
changing it, we can write 


a(g) 


C(q) 

Q 


C(q) - 0 

9-0 


This expression gives the slope of the line joining the points (0,0) and (q, C(q)) on the cost curve. 
See Figure 4.55. 


Average cost _ C(q) _ Slope of the line from the origin 
to produce q items 0. to point (g, C(q)) on cost curve. 







$ (cost) 
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C(q) 



Figure 4.55: Average cost is the slope of the line from the origin to a point on the cost curve 


Minimizing Average Cost 

We use the graphical representation of average cost to investigate the relationship between average 
and marginal cost, and to identify the production level which minimizes average cost. 


Example 2 A cost function, in dollars, is C(q) = 1000 + 20q, where q is the number of units produced. Find 
and compare the marginal cost to produce the 100 th unit and the average cost of producing 100 
units. Illustrate your answer on a graph. 

Solution The cost function is linear with fixed costs of $1000 and variable costs of $20 per unit. Thus, 
Marginal cost = C\q) = 20 dollars per unit. 

This means that after 99 units have been produced, it costs an additional $20 to produce the next 
unit. In contrast, 


Average cost of producing 100 units = a(100) = H:) = = 30 dollars/unit. 

Notice that the average cost includes the fixed costs of $1000 spread over the entire production, 
whereas marginal cost does not. Thus, the average cost is greater than the marginal cost in this 
example. See Figure 4.56. 
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Example 3 Mark on the cost graph in Figure 4.57 the quantity at which the average cost is minimized. 

Solution In Figure 4.58, the average costs at qi, q 2 , q^, and are given by the slopes of the lines from the 

origin to the curve. These slopes are steep for small q, become less steep as q increases, and then 
get steeper again. Thus, as q increases, the average cost decreases and then increases, so there is a 
minimum value. In Figure 4.58 the minimum occurs at the point qo where the line from the origin 
is tangent to the cost curve. 




Figure 4.58: Minimum average cost occurs at qo 
where line is tangent to cost curve 


In Figure 4.58, notice that average cost is a minimum (at 如 ） when average cost equals marginal 
cost. The next example shows what happens when marginal cost and average cost are not equal. 


Example 4 Suppose 100 items are produced at an average cost of $2 per item. Find the average cost of producing 

101 items if the marginal cost to produce the 101 st item is: (a) $1 (b) $3. 

Solution If 100 items are produced at an average cost of $2 per item, the total cost of producing the items is 

100 - $2 = $ 200 . 

(a) Since the marginal, or additional, cost to produce the 101 st item is $1, the total cost of producing 
101 items is $200 + $1 = $201. The average cost to produce these items is 201/101, or $1.99 
per item. The average cost has gone down. 

(b) In this case, the marginal cost to produce the 101 st item is $3. The total cost to produce 101 
items is $203 and the average cost is 203/101, or $2.01 per item. The average cost has gone up. 


Notice that in Example 4 (a), where it costs less than the average to produce an additional 
item, average cost decreases as production increases. In Example 4 (b), where it costs more than the 
average to produce an additional item, average cost increases with production. We summarize: 

Relationship Between Average Cost and Marginal Cost 

• If marginal cost is less than average cost, then increasing production decreases average 
cost. 

• If marginal cost is greater than average cost, then increasing production increases average 
cost. 

• Marginal cost equals average cost at critical points of average cost. 
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Example 5 Show analytically that critical points of average cost occur when marginal cost equals average cost. 
Solution Since a(q) = C(q)/q = C(q)q~ 1 , we use the product rule to find a f (q): 

C f (q) , ~C(q) qC f (q)-C(q) 

丁 + 了 = ^^• 


a'(q) = C 1 ’ ⑷ (g _1 ) + C{q)(-q~ 2 ) 
At critical points we have a 1 {q) = 0, so 


Therefore, we have 


In other words, at a critical point: 


qC ， iq)—C(q) n 

? 

< ⑷ - C ⑷ = 0 

gC’ ⑷ =(7 ⑷ 


Marginal cost = Average cost. 


Example 6 A total cost function, in thousands of dollars, is given by C(q) = q 3 — 6q 2 + 15q, where q is in 
thousands and 0 < ^ < 5. 

(a) Graph C(q). Estimate visually the quantity at which average cost is minimized. 

(b) Graph the average cost function. Use it to estimate the minimum average cost. 

(c) Determine analytically the exact value of q at which average cost is minimized. 

(d) Graph the marginal cost function on the same axes as the average cost. 

(e) Show that at the minimum average cost, Marginal cost = Average cost. Explain how you can 
see this result on your graph of average and marginal costs. 

Solution (a) A graph of C(q) is in Figure 4.59. Average cost is minimized at the point where a line from the 
origin to the point on the curve has minimum slope. This occurs where the line is tangent to the 
curve, which is at approximately g = 3, corresponding to a production of 3000 units. 

(b) Since average cost is total cost divided by quantity, we have 

%) = ^ = g3 ~ 6g g 2 + 15g =g 2 -6 g +15. 

Figure 4.60 suggests that the minimum average cost occurs at g = 3. 

(c) Average cost is minimized at a critical point of a(q) = q 2 -6q-\- 15. Differentiating gives 

ci’ ⑷ = 2^ — 6 = 0 

q = 3. 


The minimum occurs at g = 3. 

(d) See Figure 4.60. Marginal cost is the derivative of C(q) = q s — 6q 2 + 15g, 

MC(q) = 3q 2 - 12q + 15. 

(e) Atq = 3, we have 

Marginal cost = 3 • 3 2 — 12 • 3 + 15 = 6. 

Average cost = 3 2 _ 6.3 + 15 = 6. 

Thus, marginal and average cost are equal at g = 3. This result can be seen in Figure 4.60 since 
the marginal cost curve cuts the average cost curve at the minimum average cost. 
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$ (thousands) 



Figure 4.59: Cost function, showing the minimum 
average cost 


$ (thousands) per unit 



」 - 1 - 1 - 1 - 匕 q (thousands) 

1 2 3 4 5 


Figure 4.60: Average and marginal cost functions, showing 
minimum average cost 


Problems for Section 4.5 


1. For each cost function in Figure 4.61, is there a value of q 
at which average cost is minimized? If so, approximately 
where? Explain your answer. 

⑻ (cost) (b) 


q (quantity) - q (quantity) 

Figure 4.61 

2. The graph of a cost function is given in Figure 4.62. 

(a) At q = 25, estimate the following quantities and 
represent your answers graphically. 

(i) Average cost (ii) Marginal cost 

(b) At approximately what value of q is average cost 
minimized? 



10 20 30 40 50 

Figure 4.62 
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Figure 4.63 


4. The cost of producing q items is C(q) = 2500 + 12q 
dollars. 

(a) What is the marginal cost of producing the 100 th 
item? the 1000 th item? 

(b) What is the average cost of producing 100 items? 
1000 items? 


5. The cost function is C(q) = 1000 + 20q. Find the 
marginal cost to produce the 200 th unit and the average 
cost of producing 200 units. 

6. Graph the average cost function corresponding to the to¬ 
tal cost function shown in Figure 4.64. 

cost 



. g (quantity) 

500 1000 


3. Figure 4.63 shows cost with q = 10,000 marked. 

(a) Find the average cost when the production level is 
10,000 units and interpret it. 

(b) Represent your answer to part (a) graphically. 

(c) At approximately what production level is average 
cost minimized? 


Figure 4.64 

7. The total cost of production, in thousands of dollars, is 
C(q) = q 3 — 12q 2 + 60q, where q is in thousands and 
0 < ^ < 8. 

(a) Graph C(q). Estimate visually the quantity at which 
average cost is minimized. 

(b) Determine analytically the exact value of q at which 
average cost is minimized. 
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8. You are the manager of a firm that produces slippers 
that sell for $20 a pair. You are producing 1200 pairs of 
slippers each month, at an average cost of $2 each. The 
marginal cost at a production level of 1200 is $3 per pair. 

(a) Are you making or losing money? 

(b) Will increasing production increase or decrease your 
average cost? Your profit? 

(c) Would you recommend that production be increased 
or decreased? 

9. The average cost per item to produce q items is given by 

a(q) = O.Olq 2 — 0.6q -f 13, for ^ > 0. 

(a) What is the total cost, C(q) t of producing q goods? 

(b) What is the minimum marginal cost? What is the 
practical interpretation of this result? 

(c) At what production level is the average cost a mini¬ 
mum? What is the lowest average cost? 

(d) Compute the marginal cost at q = 30. How does 
this relate to your answer to part (c)? Explain this 
relationship both analytically and in words. 

10 . The marginal cost at a production level of 2000 units of 
an item is $10 per unit and the average cost of produc¬ 
ing 2000 units is $15 per unit. If the production level 
were increased slightly above 2000, would the following 
quantities increase or decrease, or is it impossible to tell? 

(a) Average cost (b) Profit 

11 . An agricultural worker in Uganda is planting clover to 
increase the number of bees making their home in the re¬ 
gion. There are 100 bees in the region naturally, and for 
every acre put under clover, 20 more bees are found in 
the region. 

(a) Draw a graph of the total number, N(x) t of bees as a 
function of x, the number of acres devoted to clover. 

(b) Explain, both geometrically and algebraically, the 
shape of the graph of: 

(i) The marginal rate of increase of the number of 
bees with acres of clover, N». 

(ii) The average number of bees per acre of clover, 
N{x)/x. 

12. A developer has recently purchased a laundromat and 
an adjacent factory. For years, the laundromat has taken 
pains to keep the smoke from the factory from soiling 
the air used by its clothes dryers. Now that the devel¬ 
oper owns both the laundromat and the factory, she could 
install filters in the factory’s smokestacks to reduce the 
emission of smoke, instead of merely protecting the laun¬ 
dromat from it. The cost of filters for the factory and the 
cost of protecting the laundromat against smoke depend 
on the number of filters used, as shown in the table. 


Number of filters 

Total cost 
of filters 

Total cost of protecting 
laundromat from smoke 

0 

$0 

$127 

1 

$5 

$63 

2 

$11 

$31 

3 

$18 

$15 

4 

$26 

$6 

5 

$35 

$3 

6 

$45 

$0 

7 

$56 

$0 


(a) Make a table which shows, for each possible num¬ 
ber of filters (0 through 7), the marginal cost of the 
filter, the average cost of the filters, and the marginal 
savings in protecting the laundromat from smoke. 

(b) Since the developer wishes to minimize the total 
costs to both her businesses, what should she do? 
Use the table from part (a) to explain your answer. 

(c) What should the developer do if, in addition to the 
cost of the filters, the filters must be mounted on a 
rack which costs $100? 

(d) What should the developer do if the rack costs $50? 

13. Figure 4.65 shows the average cost, a(q) = 6 + mq. 

(a) Show that C\q) = b-\- 2mq. 

(b) Graph the marginal cost C\q). 

$/unit 



- Q 

Figure 4.65 

14 . Show analytically that if marginal cost is less than aver¬ 
age cost, then the derivative of average cost with respect 
to quantity satisfies a f (q) < 0. 

15 . Show analytically that if marginal cost is greater than av¬ 
erage cost, then the derivative of average cost with re¬ 
spect to quantity satisfies a f (q) > 0. 

16 . A reasonably realistic model of a firm’s costs is given by 
the short-run Cobb-Douglas cost curve 

C(q) = Kq 1/a + F, 

where a is a positive constant, F is the fixed cost, and K 
measures the technology available to the firm. 

(a) Show that C is concave down if a > 1. 

(b) Assuming that a < 1, find what value of q mini¬ 
mizes the average cost. 
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4.6 ELASTICITY OF DEMAND 

The sensitivity of demand to changes in price varies with the product. For example, a change in the 
price of light bulbs may not affect the demand for light bulbs much, because people need light bulbs 
no matter what their price. However, a change in the price of a particular make of car may have a 
significant effect on the demand for that car, because people can switch to another make. 

Elasticity of Demand 

We want to find a way to measure this sensitivity of demand to price changes. Our measure should 
work for products as diverse as light bulbs and cars. The prices of these two items are so different 
that it makes little sense to talk about absolute changes in price: Changing the price of light bulbs 
by $1 is a substantial change, whereas changing the price of a car by $1 is not. Instead, we use the 
percent change in price. How, for example, does a 1% increase in price affect the demand for the 
product? 

Let Ap denote the change in the price p of a product and Aq denote the corresponding change 
in quantity q demanded. The percent change in price is Ap/p and the percent change in quantity 
demanded is Aq/q. We assume in this book that Ap and Aq have opposite signs (because increasing 
the price usually decreases the quantity demanded). Then the effect of a price change on demand is 
measured by the absolute value of the ratio 

Percent change in demand I I Aq/q I I Aq p I \p Aq 

Percent change in price | | Ap/p \ | q Ap \ \ q Ap 

For small changes in p, we approximate Aq/ Ap by the derivative dq/dp. We define: 


The elasticity of demand 8 for a product, E, is given approximately by 


E « 


\Mi\ 

I ^P/P\ 


or exactly by 


E = 


\Q dp\ 


Increasing the price of an item by 1% causes a drop of approximately E% in the quantity of 
goods demanded. For small changes, Ap, in price, 


Q P 


If E > 1, a 1% increase in price causes demand to drop by more than 1%, and we say that demand 
is elastic. If 0 < ^ < 1, a 1% increase in price causes demand to drop by less than 1%, and we say 
that demand is inelastic. In general, a larger elasticity causes a larger percent change in demand for 
a given percent change in price. 


Example 1 Raising the price of hotel rooms from $75 to $80 per night reduces weekly sales from 100 rooms to 
90 rooms. 

(a) Approximate the elasticity of demand for rooms at a price of $75. 

(b) Should the owner raise the price? 

8 When it is necessary to distinguish it from other elasticities, this quantity is called the elasticity of demand with respect 
to price, or the price elasticity of demand. 







Solution 


(a) The percent change in the price is 
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^ = 1=0.067 = 6.7% 


and the percent change in demand is 


Aq _ -10 

~q = TOO 


=— 0.1 = — 10 %. 


The elasticity of demand is approximated by the ratio 

E A Aq,q \ - °- 10 -15 

涵 _1 _ 5 . 

The elasticity is greater than 1 because the percent change in the demand is greater than the 
percent change in the price. 

(b) At a price of $75 per room, 


Revenue = (100 rooms) ($75 per room) = $7500 per week. 


At a price of $80 per room, 


Revenue = (90 rooms) ($80 per room) = $7200 per week. 


A price increase results in loss of revenue, so the price should not be raised. 


Example 2 The demand curve for a product is given by g = 1000 — 2p 2 , where p is the price. Find the elasticity 
at p = 10 and at p = 15. Interpret your answers. 

Solution We first find the derivative dq/dp = —4p. At a price of p = 10, we have dq/dp = —4 • 10 = —40, 
and the quantity demanded is q = 1000 — 2 • 10 2 = 800. At this price, the elasticity is 


T P \ 


I 800 


(-40)| =0.5. 


The demand is inelastic at a price of p = 10: a 1% increase in price results in approximately a 0.5% 
decrease in demand. 

At a price of $15, we have q = 550 and dq/dp = —60. The elasticity is 


\VT P \ 


(-60)| = 1.64. 


The demand is elastic: a 1% increase in price results in approximately a 1.64% decrease in demand. 


Revenue and Elasticity of Demand 

Elasticity enables us to analyze the effect of a price change on revenue. An increase in price usually 
leads to a fall in demand. However, the revenue may increase or decrease. The revenue R = pq 
is the product of two quantities, and as one increases, the other decreases. Elasticity measures the 
relative significance of these two competing changes. 
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Example 3 Three hundred units of an item are sold when the price of the item is $10. When the price of the 
item is raised by $1 ， what is the effect on revenue if the quantity sold drops by 
(a) 10 units? (b) 100 units? 

Solution Since Revenue = Price • Quantity, when the price is $10, we have 

Revenue = 10 • 300 = $3000. 

(a) At a price of $11, the quantity sold is 300 — 10 = 290, so 

Revenue = 11 • 290 = $3190. 

Thus, raising the price has increased revenue. 

(b) At a price of $11, the quantity sold is 300 — 100 = 200, so 

Revenue = 11.200 = $2200. 

Thus, raising the price has decreased revenue. 


Elasticity allows us to predict whether revenue increases or decreases with a price increase. 


Example 4 


Solution 


The item in Example 3 (a) is wool whose demand equation is q = 400 — lOp. The item in Exam¬ 
ple 3 (b) is houseplants, whose demand equation is q = 1300 — lOOp. Find the elasticity of wool 
and houseplants. 

For wool, q = 400 - lOp, so dq/dp = -10. Thus, 


^ 1 = l?ll = 




For houseplants, q = 1300 — 100p, so dq/dp = —100. Thus, 


\Qdp\ 


300 


(-100) 


10 

y 


Notice that E Wool < 1 and revenue increases with an increase in price; -^Houseplants > 1 and revenue 
decreases with an increase in price. In the next example we see the relationship between elasticity 
and maximum revenue. 


Example 5 Table 4.4 shows the demand, q, revenue, R, and elasticity, E, for the product in Example 2 at several 
prices. What price brings in the greatest revenue? What is the elasticity at that price? 

Solution Table 4.4 suggests that maximum revenue is achieved at a price of about $13, and at that price, E 
is about 1. At prices below $13, we have E < 1, so the reduction in demand caused by a price 
increase is small; thus, raising the price increases revenue. At prices above $13, we have E > 1, 
so the increase in demand caused by a price decrease is relatively large; thus lowering the price 
increases revenue. 

Table 4.4 Revenue and elasticity at different points 


Price p 

10 

11 

12 

13 

14 

15 

Demand q 

800 

758 

712 

662 

608 

550 

Revenue R 

8000 

8338 

8544 

8606 

8512 

8250 

Elasticity E 

0.5 

0.64 

0.81 

1.02 

1.29 

1.64 


Inelastic 

Inelastic 

Inelastic 

Elastic 

Elastic 

Elastic 
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Example 6 shows that revenue does have a local maximum when E = 1. We summarize as 
follows: 


Relationship Between Elasticity and Revenue 

• If E < 1, demand is inelastic and revenue is increased by raising the price. 

• If E > 1, demand is elastic and revenue is increased by lowering the price. 

• E = 1 occurs at critical points of the revenue function. 


Example 6 

Solution 


Show analytically that critical points of the revenue function occur when E = 1. 


We think of revenue as a function of price. Using the product rule to differentiate R = pq, we have 

dR d , x dq dp dq 

-y- = 丁 (pq) = P~r + tQ = P~r +Q- 

dp dp dp dp dp 

At a critical point the derivative dR/dp equals zero, so we have 


dq ^ 

p T P + q =0 

dq 


Pdq 

qdp 


E =1. 


Elasticity of Demand for Different Products 

Different products generally have different elasticities. See Table 4.5. If there are close substitutes 
for a product, or if the product is a luxury rather than a necessity, a change in price generally has 
a large effect on demand, and the demand for the product is elastic. On the other hand, if there are 
no close substitutes or if the product is a necessity, changes in price have a relatively small effect 
on demand, and the demand is inelastic. For example, demand for salt, penicillin, eyeglasses, and 
lightbulbs is inelastic over the usual range of prices for these products. 


Table 4.5 Elasticity of demand (with respect to price) for 
selected farm products 9 


Cabbage 

0.25 

Oranges 

0.62 

Potatoes 

0.27 

Cream 

0.69 

Wool 

0.33 

Apples 

1.27 

Peanuts 

0.38 

Peaches 

1.49 

Eggs 

0.43 

Fresh tomatoes 

2.22 

Milk 

0.49 

Lettuce 

2.58 

Butter 

0.62 

Fresh peas 

2.83 


9 Estimated by the US Department of Agriculture and reported in W. Adams & J. Brock, The Structure of American 
Industry, 10 th ed (Englewood Cliffs: Prentice Hall, 2000). 
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Problems for Section 4.6 


1. The elasticity of a good is E = 0.5. What is the effect on 
the quantity demanded of: 

(a) A 3% price increase? (b) A 3% price decrease? 

2. The elasticity of a good is E = 2. What is the effect on 
the quantity demanded of: 

(a) A 3% price increase? (b) A 3% price decrease? 

3. What are the units of elasticity if: 

(a) Price p is in dollars and quantity q is in tons? 

(b) Price p is in yen and quantity q is in liters? 

(c) What can you conclude in general? 

4. Dwell time, t, is the time in minutes that shoppers spend 
in a store. Sales, s, is the number of dollars they spend 
in the store. The elasticity of sales with respect to dwell 
time is 1.3. Explain what this means in simple language. 

5. What is the elasticity for peaches in Table 4.5? Explain 
what this number tells you about the effect of price in¬ 
creases on the demand for peaches. Is the demand for 
peaches elastic or inelastic? Is this what you expect? Ex¬ 
plain. 

6. What is the elasticity for potatoes in Table 4.5? Explain 
what this number tells you about the effect of price in¬ 
creases on the demand for potatoes. Is the demand for 
potatoes elastic or inelastic? Is this what you expect? Ex¬ 
plain. 

7. There are many brands of laundry detergent. Would you 
expect the elasticity of demand for any particular brand 
to be high or low? Explain. 

8. Would you expect the demand for high-definition televi¬ 
sion sets to be elastic or inelastic? Explain. 

9. There is only one company offering local telephone ser¬ 
vice in a town. Would you expect the elasticity of demand 
for telephone service to be high or low? Explain. 

10. The demand for a product is given by ^ = 200 — 2p 2 . 
Find the elasticity of demand when the price is $5. Is the 
demand inelastic or elastic, or neither? 

11. School organizations raise money by selling candy door 
to door. The table shows p, the price of the candy, and q, 
the quantity sold at that price. 


p 

$1.00 

$1.25 

$1.50 

$1.75 

$2.00 

$2.25 

$2.50 

q 

2765 

2440 

1980 

1660 

1175 

800 

430 


(a) Estimate the elasticity of demand at a price of $1.00. 
At this price, is the demand elastic or inelastic? 

(b) Estimate the elasticity at each of the prices shown. 
What do you notice? Give an explanation for why 
this might be so. 


(c) At approximately what price is elasticity equal to 1? 

(d) Find the total revenue at each of the prices shown. 
Confirm that the total revenue appears to be maxi¬ 
mized at approximately the price where E = 1. 

12. The demand for a product is given by p = 90— lOq. Find 
the elasticity of demand when p = 50. If this price rises 
by 2%, calculate the corresponding percentage change in 
demand. 

13. The demand for yams is given by q = 5000 — 10p 2 , 
where q is in pounds of yams and pis the price of a pound 
of yams. 

(a) If the current price of yams is $2 per pound, how 
many pounds will be sold? 

(b) Is the demand at $2 elastic or inelastic? Is it more ac¬ 
curate to say “People want yams and will buy them 
no matter what the price” or “Yams are a luxury item 
and people will stop buying them if the price gets too 
high ”？ 

14. The demand for yams is given in Problem 13. 

(a) At a price of $2 per pound, what is the total revenue 
for the yam farmer? 

(b) Write revenue as a function of price, and then find 
the price that maximizes revenue. 

(c) What quantity is sold at the price you found in part 
(b), and what is the total revenue? 

(d) Show that E = lat the price you found in part (b). 

15. It has been estimated that the elasticity of demand for 
slaves in the American South before the civil war was 
equal to 0.86 (fairly high) in the cities and equal to 0.05 
(very low) in the countryside. 10 

(a) Why might this be? 

(b) Where do you think the staunchest defenders of slav¬ 
ery were from, the cities or the countryside? 

16. Find the exact price that maximizes revenue for sales of 
the product in Example 2. 

17. Jf E = 2 for all prices p, how can you maximize rev¬ 
enue? 

18. If E = 0.5 for all prices p, how can you maximize rev¬ 
enue? 

19. (a) If the demand equation is pq = k for a positive con¬ 

stant k, compute the elasticity of demand. 

(b) Explain the answer to part (a) in terms of the revenue 
function. 

20. Show that a demand equation q = k/p r , where r is a 
positive constant, gives constant elasticity E = r. 


10 Donald McCloskey, The Applied Theory of Price, p. 134, (New York: Macmillan, 1982). 
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23. Suppose cost is proportional to quantity, C(q) = kq. 
Show that a firm earns maximum profit when 

Profit —丄 
Revenue E 

[Hint: Combine the result of Problem 22 with the fact 
that profit is maximized when MR = MC.] 

24. Elasticity of cost with respect to quantity is defined as 
E c , q = qjC • dC/dq. 

(a) What does this elasticity tell you about sensitivity of 
cost to quantity produced? 

(b) Show that Ec, q = Marginal cost/Average cost. 

25. If q is the quantity of chicken demanded as a function of 
the price p of beef, the cross-price elasticity of demand 
for chicken with respect to the price of beef is defined 
as Across = \p/q - dq/dp\. What does E CIO ss tell you 
about the sensitivity of the quantity of chicken bought to 
changes in the price of beef? 

26. The income elasticity of demand for a product is defined 
as -^income = \I/q - dq/dl\ where q is the quantity de- 
manded as a function of the income I of the consumer. 
What does -Eincome tell you about the sensitivity of the 
quantity of the product purchased to changes in the in¬ 
come of the consumer? 

4.7 LOGISTIC GROWTH 

In 1923, eighteen koalas were introduced to Kangaroo Island, off the coast of Australia. 11 The 
koalas thrived on the island and their population grew to about 5000 in 1997. Is it reasonable to 
expect the population to continue growing exponentially? Since there is only a finite amount of 
space on the island, the population cannot grow without bound forever. Instead we expect that there 
is a maximum population that the island can sustain. Population growth with an upper bound can be 
modeled with a logistic or inhibited growth model. 

Modeling the US Population 

Population projections first became important to political philosophers in the late eighteenth century. 
As concern for scarce resources has grown, so has the interest in accurate population projections. In 
the US, the population is recorded every ten years by a census. The first such census was in 1790. 
Table 4.6 contains the census data from 1790 to 2000. 


Table 4.6 US Population , 12 in millions ， 1790-2000 


Year 

Population 

Year 

Population 

Year 

Population 

Year 

Population 

1790 

3.9 

1850 

23.1 

1910 

92.0 

1960 

179.3 

1800 

5.3 

1860 

31.4 

1920 

105.7 

1970 

203.3 

1810 

7.2 

1870 

38.6 

1930 

122.8 

1980 

226.5 

1820 

9.6 

1880 

50.2 

1940 

131.7 

1990 

248.7 

1830 

12.9 

1890 

62.9 

1950 

150.7 

2000 

281.4 

1840 

17.1 

1900 

76.0 






11 Watertown Daily Times, April 18, 1997. 

12 The World Almanac and Book of Facts 2005, pp. 622-623 (New York). 


21. A linear demand function is given in Figure 4.66. 
Economists compute elasticity of demand E for any 
quantity qo using the formula 

E = di/cfe, 

where d\ and are the vertical distances shown in Fig¬ 
ure 4.66. 

(a) Explain why this formula works. 

(b) Determine the prices, p, at which (i) E > 1 
(ii) E<1 (iii) E = 1 


price 



22. If pis price and E is the elasticity of demand for a good, 
show analytically that 

Marginal revenue = p(l — 1/E). 
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population 

(millions) 
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years 
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Figure 4.67: US Population, 1790-1860 


population 

(millions) 

150 _ 


50 100 150 

Figure 4.68: US Population, 1790-1940 


years 
since 1 


Figure 4.67 suggests that the population grew exponentially during the years 1790-1860. How¬ 
ever, after 1860 the rate of growth began to decrease. See Figure 4.68. 

The Years 1790-1860: An Exponential Model 

We begin by modeling the US population for the years 1790-1860 using an exponential function. 
If t is the number of years since 1790 and P is the population in millions, regression gives the 
exponential function that fits the data as approximately 13 

P = 3.9(1.03)*. 

Thus, between 1790 and 1860, the US population was growing at an annual rate of about 3%. 

The function P = 3.9(1.03)* is plotted in Figure 4.69 with the data; it fits the data remarkably 
well. Of course, since we used the data from throughout the 70-year period, we should expect good 
agreement throughout that period. What is surprising is that if we had used only the populations in 
1790 and 1800 to create our exponential function, the predictions would still be very accurate. It is 
amazing that a person in 1800 could predict the population 60 years later so accurately, especially 
when one considers all the wars, recessions, epidemics, additions of new territory, and immigration 
that took place from 1800 to 1860. 



Figure 4.69: An exponential model for 
the US population, 1790-1860 


Figure 4.70: The exponential model and the US population, 
1790-1940. Not a good fit beyond 1860 


The Years 1790-1940: A Logistic Model 

How well does the exponential function fit the US population beyond 1860? Figure 4.70 shows a 
graph of the US population from 1790 until 1940 with the exponential function P = 3.9(1.03)*. 
The exponential function which fit the data so well for the years 1790-1860 does not fit very well 
beyond 1860. We must look for another way to model this data. 

The graph of the function given by the data in Figure 4.68 is concave up for small values of t, 

13 See Appendix A: Fitting Formulas to Data. Different algorithms may give different formulas. 
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but then appears to become concave down and to be leveling off. This kind of growth is modeled 
with a logistic function. If t is in years since 1790, the function 


1 + — 0.0318t ’ 


which is graphed in Figure 4.71，fits the data well up to 1940. Such a formula is found by logistic 
regression on a calculator or computer. 14 

P (population in millions) 



50 100 150 


Figure 4.71 : A logistic model for US population, 1790-1940 


The Logistic Function 

A logistic function, such as that used to model the US population, is everywhere increasing. Its 
graph is concave up at first, then becomes concave down, and levels off at a horizontal asymptote. 
As we saw in the US population model, a logistic function is approximately exponential for small 15 
values of t. A logistic function can be used to model the sales of a new product and the spread of a 
virus. 


For positive constants L, C, and k, a logistic function has the form 

P = f^=l + Ce-^- 


The general logistic function has three parameters: L, C, and k. In Example 1， we investigate 
the effect of two of these parameters on the graph; Problem 5 at the end of the section considers the 
third. 


Example 1 


Solution 


Consider the logistic function P = 


(a) Let k = 1. Graph P for several values for L. Explain the effect of the parameter L. 

(b) Now let L = 1. Graph P for several values for k. Explain the effect of the parameter k. 


(a) See Figure 4.72. Notice that the graph levels off at the value L. The parameter L determines the 
horizontal asymptote and the upper bound for P. 



14 See Appendix A: Fitting Formulas to Data. 



15 Just how small is small enough depends on the values of the parameters C and k. 
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(b) See Figure 4.73. Notice that as k increases, the curve approaches the asymptote more rapidly. 
The parameter k affects the steepness of the curve. 


The Carrying Capacity and the Point of Diminishing Returns 


Example 1 suggests that the parameter L of the logistic function is the value at which P levels off, 
where 


~~ 1 + Ce~ kt • 

This value L is called the carrying capacity and represents the largest population an environment 
can support. 

One way to estimate the carrying capacity is to find the inflection point. The graph of a logistic 
curve is concave up at first and then concave down. At the inflection point, where the concavity 
changes, the slope is largest. To the left of this point, the graph is concave up and the rate of growth 
is increasing. To the right of this point, the graph is concave down and the rate of growth is dimin¬ 
ishing. The inflection point is called the point of diminishing returns. Problem 49 in the Review 
Problems shows that this point is at P = L/2. See Figure 4.74. Companies sometimes watch for 
this concavity change in the sales of a new product and use it to estimate the maximum potential 
sales. 


Properties of the logistic function P = ^ ^ _ kt : 

• The limiting value L represents the carrying capacity for P. 

• The point of diminishing returns is the inflection point where P is growing the fastest. It 
occurs where P = L/2. 

• The logistic function is approximately exponential for small values of t, with growth 
rate k. 



Figure 4.74: Logistic growth 

The Years 1790-2000: Another look at the US Population 

We used a logistic function to model the US population between 1790 and 1940. How well does this 
model fit the US population since 1940? We now look at all the population data from 1790 to 2000. 


Example 2 If t is in years since 1790 and P is in millions, we used the following logistic function to model the 

US population between 1790 and 1940: 

P — ^ 

_ 1 + 47e-°- 0318i * 

According to this function, what is the maximum US population? Is this prediction accurate? How 
well does this logistic model fit the growth of the US population since 1940? 
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Table 4.7 Predicted versus actual US population, in millions, 1940-2000 (logistic 
model) 


Year 

1940 

1950 

1960 

1970 

1980 

1990 

2000 

Actual 

131.7 

150.7 

179.3 

203.3 

226.5 

248.7 

281.4 

Predicted 

133.7 

145.0 

154.4 

162.1 

168.2 

172.9 

176.6 


Solution 


Table 4.7 shows the actual US population between 1940 and 2000 and the predicted values using 
this logistic model. According to the formula for the logistic function, the upper bound for the 
population is L = 187 million. However, Table 4.7 shows that the actual US population was above 
this figure by 1970. The fit between the logistic function and the actual population is not a good one 
beyond 1940. See Figure 4.75. 


P (population in millions) 



210 

Figure 4.75: The logistic model and the US population, 1790-2000 


Despite World War II, which depressed population growth between 1942 and 1945, in the last 
half of the 1940s the US population surged. The 1950s saw a population growth of 28 million, 
leaving our logistic model in the dust. This surge in population is referred to as the baby boom. 

Once again we have reached a point where our model is no longer useful. This should not lead 
you to believe that a reasonable mathematical model cannot be found; rather it points out that no 
model is perfect and that when one model fails, we seek a better one. Just as we abandoned the 
exponential model in favor of the logistic model for the US population, we could look further. 

Sales Predictions 

Total sales of a new product often follow a logistic model. For example, when a new compact disc 
(CD) appears on the market, sales first increase rapidly as word of the CD spreads. Eventually, most 
of the people who want the CD have already bought it and sales slow down. The graph of total 
sales against time is concave up at first and then concave down, with the upper bound L equal to the 
maximum potential sales. 


Example 3 Table 4.8 shows the total sales (in thousands) of a new CD since it was introduced. 

(a) Find the point where concavity changes in this function. Use it to estimate the maximum poten¬ 
tial sales, L. 

(b) Using logistic regression, fit a logistic function to this data. What maximum potential sales does 
this function predict? 


Table 4.8 Total sales of a new CD since its introduction 


t (months) 

0 

1 

2 

3 

4 

5 

6 

7 

P (total sales in 1000s) 

0.5 

2 

8 

33 

95 

258 

403 

496 
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Solution 


(a) The rate of change of total sales increases until t = b and decreases after t = 5, so the inflection 
point is at approximately t = 5, when P = 258. So L/2 = 258 and L = 516. The maximum 
potential sales for this CD are estimated to be 516,000. 

(b) Logistic regression gives the following function: 


532 


l + 869e - 133t， 

Maximum potential sales predicted by this function are L 
Figure 4.76. 


532, or about 532,000 CDs. See 



532 

1 + 869e- 133t 


t (months) 


Figure 4.76: Logistic growth: Total sales of a CD 


Dose-Response Curves 


⑻ 


A dose-response curve plots the intensity of physiological response to a drug as a function of the 
dose administered. As the dose increases, the intensity of the response increases, so a dose-response 
function is increasing. The intensity of the response is generally scaled as a percentage of the max¬ 
imum response. The curve cannot go above the maximum response (or 100%), so the curve levels 
off at a horizontal asymptote. Dose-response curves are generally concave up for low doses and 
concave down for high doses. A dose-response curve can be modeled by a logistic function with the 
independent variable being the dose of the drug, not time. 

A dose-response curve shows the amount of drug needed to produce the desired effect, as well 
as the maximum effect attainable and the dose required to obtain it. The slope of the dose-response 
curve gives information about the therapeutic safety margin of the drug. 

Drugs need to be administered in a dose which is large enough to be effective but not so large 
as to be dangerous. Figure 4.77 shows two different dose-response curves: one with a small slope 
and one with a large slope. In Figure 4.77(a), there is a broad range of dosages at which the drug is 
both safe and effective. In Figure 4.77(b), where the slope of the curve is steep, the range of dosages 
at which the drug is both safe and effective is small. If the slope of the dose-response curve is steep, 
a small mistake in the dosage can have dangerous results. Administration of such a drug is difficult. 



Figure 4.77: What does the slope of the dose-response curve tell us? 























Example 4 
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Figure 4.78 shows dose-response curves for three different drugs used for the same purpose. Discuss 
the advantages and disadvantages of the three drugs. 

response 


Maxi 

safe 


mum 

response 


Minimum 
desired response 

- dose 

Figure 4.78: What are the advantages and disadvantages of each of these drugs? 

Solution Drugs A and B exhibit the same maximum response, while the maximum response of Drug C is 
significantly less; however all three drugs reach the minimum desired response. The potency of 
Drugs B and C (the dose required to reach desired effect) is significantly less than the potency of 
Drug A. (Potency, however, is a relatively unimportant characteristic of a drug, since a less potent 
drug can simply be given in larger doses.) Drug A has a steeper slope than either of the other two. 
Both Drugs A and B can exceed the maximum safe response. Thus, Drug C may be the preferred 
drug despite its lower maximum effect because it is the safest to administer. 



Problems for Section 4.7 


1. If t is in years since 1990, one model for the population 
of the world, P, in billions, is 
40 

1 + ll e -o.o8* • 


Month 0 2 4 6 8 

Sales 0 2.3 5.5 9.6 18.2 


10 

31.8 


12 

42.0 


14 

50.8 


(a) What does this model predict for the maximum sus¬ 
tainable population of the world? 

(b) Graph P against t. 

(c) According to this model, when will the earth’s pop¬ 
ulation reach 20 billion? 39.9 billion? 

2. The rate of sales of an automobile anti-theft device are 

given in the following table. 

(a) When is the point of diminishing returns reached? 

(b) What are the total sales at this point? 

(c) Assuming logistic sales growth, use your answer to 
part (b) to estimate total potential sales of the device. 


Months 1 2 3 4 5 6 

Sales per month 140 ~520 680 750 700 550~ 


4. A rumor spreads among a group of400 people. The num¬ 
ber of people, N (t), who have heard the rumor by time t 
in hours since the rumor started to spread can be approx¬ 
imated by a function of the form 

ATU 、— 400 

W = 1 + 399e-°- 3 4 * * 

(a) Find iV(0) and interpret it. 

(b) How many people will have heard the rumor after 2 
hours? After 10 hours? 

(c) Graph N(t). 

(d) Approximately how long will it take until half the 
people have heard the rumor? Virtually everyone? 

(e) Approximately when is the rumor spreading fastest? 


3. The following table shows the total sales, in thousands, 
since a new game was brought to market. 

(a) Plot this data and mark on your plot the point of di¬ 
minishing returns. 

(b) Predict total possible sales of this game, using the 
point of diminishing returns. 


5. Investigate the effect of the parameter C on the logistic 
curve 

10 

=1 + Ce-t • 

Substitute several values for C and explain, with a graph 
and with words, the effect of C on the graph. 
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6. Write a paragraph explaining why sales of a new prod¬ 
uct often follow a logistic curve. Explain the benefit to 
the company of watching for the point of diminishing re¬ 
turns. 

7. Figure 4.79 shows the spread of the Code-red computer 
virus during July 2001. Most of the growth took place 
starting at midnight on July 19; on July 20, the virus at¬ 
tacked the White House, trying (unsuccessfully) to knock 
its site off-line. The number of computers infected by the 
virus is a logistic function of time. 

(a) Estimate the limiting value of f{t) as t increases. 
What does this limiting value represent in terms of 
Code-red? 

(b) Estimate the value of t at which f"(t)=Q. Estimate 
the value of n at this time. 

(c) What does the answer to part (b) tell us about Code- 
red? 

(d) How are the answers to parts (a) and (b) related? 

n (thousands of 
infected computers) 



Figure 4.79 


8. Find the exact coordinates of the point at which the fol¬ 
lowing curve is steepest: 


9. (a) Draw a logistic curve. Label the carrying capacity L 
and the point of diminishing returns to, 

(b) Draw the derivative of the logistic curve. Mark the 
point to on the horizontal axis. 

(c) A company keeps track of the rate of sales (for ex¬ 
ample, sales per week) rather than total sales. Ex¬ 
plain how the company can tell on a graph of rate 
of sales when the point of diminishing returns is 
reached. 

10. The Tojolobal Mayan Indian community in Southern 
Mexico has available a fixed amount of land. 16 The pro¬ 
portion, P, of land in use for farming t years after 1935 
is modeled with the logistic function 


(b) What is the long-run prediction of this model? 

(c) When was half the land in use for farming? 

(d) When is the proportion of land used for farming in¬ 
creasing most rapidly? 

11. In the spring of 2003, SARS (Severe Acute Respiratory 

Syndrome) spread rapidly in several Asian countries and 

Canada. Table 4.9 gives the total number, P, of SARS 

cases reported in Hong Kong 17 by day t, where t = 0 is 

March 17, 2003. 

(a) Find the average rate of change of P for each inter¬ 
val in Table 4.9. 

(b) In early April 2003, there was fear that the disease 
would spread at an ever-increasing rate for a long 
time. What is the earliest date by which epidemiol¬ 
ogists had evidence to indicate that the rate of new 
cases had begun to slow? 

(c) Explain why an exponential model for P is not ap¬ 
propriate. 

(d) It turns out that a logistic model fits the data well. 
Estimate the value of t at the inflection point. What 
limiting value of P does this point predict? 

(e) The best-fitting logistic function for this data turns 
out to be 


- 1 + 17.53e-° 1408t . 

What limiting value of P does this function predict? 


Table 4.9 Total number of SARS cases in Hong 
Kong by day t (where t = 0 is March 17, 2003j 



12. Substitute t = 0,10,20,..., 70 into the exponential 
function used in this section to model the US population 
1790-1860. Compare the predicted values of the popula¬ 
tion with the actual values. 

13. On page 209, a logistic function was used to model the 
US population. Use this function to predict the US popu- 


1 + 3e-° 0275t ■ 


(a) What proportion of the land was in use for farming 
in 1935? 


lation in each of the census years from 1790-1940. Com¬ 
pare the predicted and actual values. 

16 Adapted from J. S. Thomas and M. C. Robbins, “The Limits to Growth in a Tojolobal Maya Ejido,” Geoscience and 
Man 26, pp. 9-16 (Baton Rouge: Geoscience Publications, 1988). 

17 www.who.int/csr/country/en, accessed July 13, 2003. 
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14. A curve representing the total number of people, P, in¬ 
fected with a virus often has the shape of a logistic curve 
of the form 

p- L 

l + Ce - fei， 

with time t in weeks. Suppose that 10 people originally 
have the virus and that in the early stages the number 
of people infected is increasing approximately exponen¬ 
tially, with a continuous growth rate of 1.78. It is esti¬ 
mated that, in the long run, approximately 5000 people 
will become infected. 

(a) What should we use for the parameters k and LI 

(b) Use the fact that when t = 0, we have P = 10, to 
find (7. 

(c) Now that you have estimated L, k, and C ， what is 
the logistic function you are using to model the data? 
Graph this function. 

(d) Estimate the length of time until the rate at which 
people are becoming infected starts to decrease. 
What is the value of P at this point? 


15. If R is percent of maximum response and x is dose in 

mg, the dose-response curve for a drug is given by 

R — 湖 

1 + 100e-° 1：E ' 

(a) Graph this function. 

(b) What dose corresponds to a response of 50% of the 
maximum? This is the inflection point, at which the 
response is increasing the fastest. 

(c) For this drug, the minimum desired response is 20% 
and the maximum safe response is 70%. What range 
of doses is both safe and effective for this drug? 

16. Dose-response curves for three different products are 

given in Figure 4.80. 

(a) For the desired response, which drug requires the 
largest dose? The smallest dose? 

(b) Which drug has the largest maximum response? The 
smallest? 

(c) Which drug is the safest to administer? Explain. 

intensity 
of response 



17. A dose-response curve is given by R = f(x )，where 
R is percent of maximum response and x is the dose of 
the drug in mg. The curve has the shape shown in Fig¬ 
ure 4.77. The inflection point is at (15, 50) and /’(15)= 
11 . 

(a) Explain what /,(15) tells you in terms of dose and 



(b) Is /’(10) greater than or less than 11? Is / 7 (20) 
greater than or less than 11? Explain. 

18. Explain why it is safer to use a drug for which the deriva¬ 
tive of the dose-response curve is smaller. 

There are two kinds of dose-response curves. One type, dis¬ 
cussed in this section, plots the intensity of response against 
the dose of the drug. We now consider a dose-response curve 
in which the percentage of subjects showing a specific re¬ 
sponse is plotted against the dose of the drug. In Problems 19- 
20, the curve on the left shows the percentage of subjects ex¬ 
hibiting the desired response at the given dose, and the curve 
on the right shows the percentage of subjects for which the 
given dose is lethal. 

19. In Figure 4.81, what range of doses appears to be both 
safe and effective for 99% of all patients? 

percent of patients 
showing given response 



Figure 4.81 


20. In Figure 4.82, discuss the possible outcomes and what 
percent of patients fall in each outcome when 50 mg of 
the drug is administered. 


percent of patient! 
showing given respo 



dose (mg) 
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potential V (the voltage inside the cell minus voltage out¬ 
side), in millivolts (mV), given by 


21. A population, P, growing logistically is given by 
„ L 


(a) Show that 


l + Ce - fe£， 
L-P ^ _ 


(b) Explain why part (a) shows that the ratio of the addi¬ 
tional population the environment can support to the 
existing population decays exponentially. 

22. Cell membranes contain ion channels. The fraction, /, 
of channels that are open is a function of the membrane 


f(V) = 


。— (y+25)/2 • 


(a) Find the values of L, k, and C in the logistic formula 
for f : 

朗 = IT^. 

(b) At what voltages V are 10% , 50% and 90% of the 
channels open? 


4.8 THE SURGE FUNCTION AND DRUG CONCENTRATION 


Nicotine in the Blood 

When a person smokes a cigarette, the nicotine from the cigarette enters the body through the 
lungs, is absorbed into the blood, and spreads throughout the body. Most cigarettes contain between 
0.5 and 2.0 mg of nicotine; approximately 20% (between 0.1 and 0.4 mg) is actually inhaled and 
absorbed into the person’s bloodstream. As the nicotine leaves the blood, the smoker feels the need 
for another cigarette. The half-life of nicotine in the bloodstream is about two hours. The lethal dose 
is considered to be about 60 mg. 

The nicotine level in the blood rises as a person smokes, and tapers off when smoking ceases. 
Table 4.10 shows blood nicotine concentration (in ng/ml) during and after the use of cigarettes. 
(Smoking occurred during the first ten minutes and the experimental data shown represent average 
values for ten people.) 18 

The points in Table 4.10 are plotted in Figure 4.83. Functions with this behavior are called 
surge functions. They have equations of the form y = ate~ bt , where a and b are positive constants. 


Table 4.10 Blood nicotine concentrations during and after the use of cigarettes 


t (minutes) 

0 

5 

10 

15 

20 

25 

30 

45 

60 

75 

90 

105 

120 

C (ng/ml) 

4 

12 

17 

14 

13 

12 

11 

9 

8 

7.5 

7 

6.5 

6 



Figure 4.83: Blood nicotine concentrations during and after Figure 4.84: One member of the family 

the use of cigarettes y = ate - bt ， with a = 1 and b = 1 


The Family of Functions y = ate~ ht 

What effect do the parameters a and b have on the shape of the graph of y = ate- bt l Start by 
looking at the graph with a = 1 and b = l. See Figure 4.84. We consider the effect of the parameter 
b on the graph of y = ate— bt now; the parameter a is considered in Problem 2 of this section. 

18 Benowitz, Porched, Skeiner, Jacog, “Nicotine Absorption and Cardiovascular Effects with Smokeless Tobacco Use: 
Comparison with Cigarettes and Nicotine Gum,” Clinical Pharmacology and Therapeutics 44 (1988): 24. 


























4.8 THE SURGE FUNCTION AND DRUG CONCENTRATION 217 


The Effect of the Parameter bony = te~ ht 

Graphs of y = te~ bt for different positive values of b are shown in Figure 4.85. The general shape 
of the curve does not change as b changes, but as b decreases, the curve rises for a longer period of 
time and to a higher value. 



Figure 4.85: Graph ofy = te~ bt , with b varying Figure 4.86: How does the maximum depend on bl 

We see in Figure 4.86 that, when 6 = 1, the maximum occurs at about t = 1. When b = 2, it 
occurs at about t = \, and when 6 = 3, it occurs at about t = -. The next example shows that the 
maximum of the function y = te~ bt occurs at t = 1/6. 


Example 1 


For 6 > 0, show that the maximum value of y = te~ bt occurs at t = 1/6 and increases as b 
decreases. 


Solution 


The maximum occurs at a critical point where dy/dt = 0. Differentiating gives 

尝 =1. e~ bt + 1 {-be~ bt ) = e- bt - bte-^ = e_ bt (l-bt). 

So dy/dt = 0 where 


1 -^ = 0 
1 

t= b 

Substituting t = 1/6 shows that at the maximum, 

1 -b(l/b) e_1 

y= b e =~r 

So, for 6 > 0, as 6 increases, the maximum value of y decreases and vice versa. 


The surge function y = ate— bt increases rapidly and then decreases toward zero with a 
maximum at t = 1/6. 


Drug Concentration Curves 

When the concentration, C, of a drug in the body is plotted against the time, t, since the drug 
was administered, the curve generally has the shape shown in Figure 4.87. This is called a drug 
concentration curve, and is modeled using a function of the form C = ate - bt • Figure 4.87 shows 
the peak concentration (the maximum concentration of the drug in the body) and the length of time 
until peak concentration is reached. 
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Figure 4.87: Curve showing drug concentration as a function of time 


Factors Affecting Drug Absorption 

Drug interactions and the age of the patient can affect the drug concentration curve. In Problems 11 
and 13, we see that food intake can also affect the rate of absorption of a drug, and (perhaps most 
surprising) that drug concentration curves can vary markedly between different commercial versions 
of the same drug. 


Example 2 Figure 4.88 shows the drug concentration curves for paracetamol (acetaminophen) alone and for 
paracetamol taken in conjunction with propantheline. Figure 4.89 shows drug concentration curves 
for patients known to be slow absorbers of the drug, for paracetamol alone and for paracetamol in 
conjunction with metoclopramide. Discuss the effects of the additional drugs on peak concentration 
and the time to reach peak concentration. 19 


blood paracetamol 
concentration (/xg/ml) 


Paracetamol alone 



y Paracetamol 
with propantheline 


t (hours) 


Figure 4.88: Drug concentration curves for 
paracetamol, normal patients 



Figure 4.89: Drug concentration curves for 
paracetamol, patients with slow absorption 


Solution Figure 4.88 shows it takes about 1.5 hours for the paracetamol to reach its peak concentration, and 
that the maximum concentration reached is about 23 /xg of paracetamol per ml of blood. However, if 
propantheline is administered with the paracetamol, it takes much longer to reach the peak concen¬ 
tration (about three hours, or approximately double the time), and the peak concentration is much 
lower, at about 16 //g/ml. 

Comparing the curves for paracetamol alone in Figures 4.88 and 4.89 shows that the time to 
reach peak concentration is the same (about 1.5 hours), but the maximum concentration is lower for 
patients with slow absorption. When metoclopramide is given with paracetamol in Figure 4.89, the 
peak concentration is reached faster and is higher. 


19 Graeme S. Avery, ed. Drug Treatment: Principle and Practice of Clinical Pharmacology and Therapeutics (Sydney: 
Adis Press, 1976). 
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The minimum effective concentration of a drug is the blood concentration necessary to achieve a 
pharmacological response. The time at which this concentration is reached is referred to as onset; 
termination occurs when the drug concentration falls below this level. See Figure 4.90. 


drug concentration 



Figure 4.90: When is the drug effective? 


Example 3 Depo-Provera was approved for use in the US in 1992 as a contraceptive. Figure 4.91 shows the 
drug concentration curve for a dose of 150 mg given intramuscularly. 20 The minimum effective 
concentration is about 4 ng/ml. How often should the drug be administered? 


provera blood level 
(ng/ml) 


provera blood level 
(ng/ml) 



Figure 4.91: Drug concentration curve for Depo-Provera Figure 4.92: When should the next dose be administered? 


Solution The minimum effective concentration on the drug concentration curve is plotted as a dotted hori¬ 

zontal line at 4 ng/ml. See Figure 4.92. We see that the drug becomes effective almost immediately 
and ceases to be effective after about four months. Doses should be given about every four months. 

Although the dosage interval is four months, notice that it takes ten months after injections are 
discontinued for Depo-Provera to be entirely eliminated from the body. Fertility during that period 
is unpredictable. 


Problems for Section 4.8 


1. If time, t, is in hours and concentration, C, is in ng/ml, 

the drug concentration curve for a drug is given by 

C= 12.4te _02t . 

(a) Graph this curve. 

(b) How many hours does it take for the drug to reach 
its peak concentration? What is the concentration at 
that time? 

(c) If the minimum effective concentration is 10 ng/ml, 
during what time period is the drug effective? 


(d) Complications can arise whenever the level of the 
drug is above 4 ng/ml. How long must a patient wait 
before being safe from complications? 

2. Let 6 = 1, and graph C = ate— bt using different values 
for a. Explain the effect of the parameter a. 

3. Figure 4.93 shows drug concentration curves for anhy¬ 
drous ampicillin for newborn babies and adults. 21 Dis¬ 
cuss the differences between newborns and adults in the 
absorption of this drug. 


20 Robert M. Julien, A Primer of Drug Action (W. H. Freeman and Co, 1995). 
21 Pediatrics, 1973, 51, 578. 
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4. If t is in hours, the drug concentration curve for a drug is 
given by C = 17.2te~ 0At ng/ml. The minimum effec¬ 
tive concentration is 10 ng/ml. 

(a) If the second dose of the drug is to be adminis¬ 
tered when the first dose becomes ineffective, when 
should the second dose be given? 

(b) If you want the onset of effectiveness of the second 
dose to coincide with termination of effectiveness of 
the first dose, when should the second dose be given? 

5. Absorption of different forms of the antibiotic ery¬ 
thromycin may be increased, decreased, delayed or not 
affected by food. Figure 4.94 shows the drug concen¬ 
tration levels of erythromycin in healthy, fasting human 
volunteers who received single oral doses of 500 mg ery¬ 
thromycin tablets, together with either large (250 ml) or 
small (20 ml) accompanying volumes of water. 22 Dis¬ 
cuss the effect of the water on the concentration of ery¬ 
thromycin in the blood. How are the peak concentration 
and the time to reach peak concentration affected? When 
does the effect of the volume of water wear off? 

concentration of 
erythromycin (/xg/ml) 



6. Hydrocodone bitartrate is a cough suppressant usually 
administered in a 10 mg oral dose. The peak concentra¬ 
tion of the drug in the blood occurs 1.3 hours after con¬ 
sumption and the peak concentration is 23.6 ng/ml. Draw 
the drug concentration curve for hydrocodone bitartrate. 

7. Figure 4.83 shows the concentration of nicotine in the 
blood during and after smoking a cigarette. Figure 4.95 
shows the concentration of nicotine in the blood during 
and after using chewing tobacco or nicotine gum. (The 
chewing occurred during the first 30 minutes and the ex¬ 
perimental data shown represent the average values for 
ten patients.) 23 Compare the three nicotine concentra¬ 
tion curves (for cigarettes, chewing tobacco and nicotine 
gum) in terms of peak concentration, the time until peak 
concentration, and the rate at which the nicotine is elim¬ 
inated from the bloodstream. 


blood nicotine 
concentration (ng/ml) 
(Chewing tobacco) 




30 60 90 120 

blood nicotine 
jncentration (ng/ml) 

(Nicotine gum) 



8. If t is in minutes since the drug was administered, the 
concentration, C(t) in ng/ml, of a drug in a patient’s 
bloodstream is given by 

C(t) s 20ie _O O3t . 

(a) How long does it take for the drug to reach peak con¬ 
centration? What is the peak concentration? 

(b) What is the concentration of the drug in the body 
after 15 minutes? After an hour? 

(c) If the minimum effective concentration is 10 ng/ml, 
when should the next dose be administered? 


22 J. W. Bridges and L.F. Chasseaud, Progress in Drug Metabolism (New York: John Wiley and Sons, 1980). 

23 Benowitz, Porchet, Skeiner, Jacob, (< Nicotine Absorption and Cardiovascular Effects with Smokeless Tobacco Use: 
Comparison with Cigarettes and Nicotine Gum,” Clinical Pharmacology and Therapeutics 44 (1988): 24. 












4.8 THE SURGE FUNCTION AND DRUG CONCENTRATION 221 


9. For time t > 0, the function C = ate— bt with positive 
constants a and b gives the concentration, C, of a drug in 
the body. Figure 4.96 shows the maximum concentration 
reached (in nanograms per milliliter, ng/ml) after a 10 mg 
dose of the cough medicine hydrocodone bitartrate. Find 
the values of a and b. 


C (ng/ml) 



10. The method of administering a drug can have a strong 
influence on the drug concentration curve. Figure 4.97 
shows drug concentration curves for penicillin following 
various routes of administration. Three milligrams per 
kilogram of body weight were dissolved in water and 
administered intravenously (IV), intramuscularly (IM), 
subcutaneously (SC), and orally (PO). The same quan¬ 
tity of penicillin dissolved in oil was administered in¬ 
tramuscularly (P-IM). The minimum effective concentra¬ 
tion (MEC) is labeled on the graph. 24 


(a) Which method reaches peak concentration the 
fastest? The slowest? 

(b) Which method has the largest peak concentration? 
The smallest? 

(c) Which method wears off the fastest? The slowest? 

(d) Which method has the longest effective duration? 
The shortest? 

(e) When penicillin is administered orally, for approxi¬ 
mately what time interval is it effective? 


concentration of penicillin 
in serum (/xg/ml) 



Figure 4.97 


11. Figure 4.98 shows the plasma levels of canrenone in a 
healthy volunteer after a single oral dose of spironolac¬ 
tone given on a fasting stomach and together with a stan¬ 
dardized breakfast. (Spironolactone is a diuretic agent 
that is partially converted into canrenone in the body.) 25 
Discuss the effect of food on peak concentration and time 
to reach peak concentration. Is the effect of the food 
strongest during the first 8 hours, or after 8 hours? 


ntration of 
)ne (ng/ml) 



Figure 4.98 


12. This problem shows how a surge can be modeled with a 
difference of exponential decay functions. 

(a) Using graphs of e~ l and e~ 2t , explain why the 
graph of f(t) = e _t — e~ 2t has the shape of a surge. 

(b) Find the critical point and inflection point of /. 


24 J. W. Bridges and L. F. Chasseaud, Progress in Drug Metabolism (New York: John Wiley and Sons, 1980). 

25 Welling & Tse, Pharmacokinetics of Cardiovascular，Central Nervous System, and Antimicrobial Drugs (The Royal 
Society of Chemistry, 1985). 
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13. Figure 4.99 shows drug concentration curves after oral 
administration of 0.5 mg of four digoxin products. All 
the tablets met current USP standards of potency, disin¬ 
tegration time, and dissolution rate. 26 

(a) Discuss differences and similarities in the peak con¬ 
centration and the time to reach peak concentration. 

(b) Give possible values for minimum effective concen¬ 
tration and maximum safe concentration that would 
make Product C or Product D the preferred drug. 

(c) Give possible values for minimum effective concen¬ 
tration and maximum safe concentration that would 
make Product A the preferred drug. 


concentration 



14. Figure 4.100 shows a graph of the percentage of drug 
dissolved against time for four tetracycline products A, 
B ， C, and D. Figure 4.101 shows the drug concentration 
curves for the same four tetracycline products. 27 Discuss 
the effect of dissolution rate on peak concentration and 
time to reach peak concentration. 



Figure 4.100 

concentration 

(/xg/ml) 
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• Using the first derivative 

• Average cost 

Critical points, local maxima and minima 

Minimizing average cost 

• Using the second derivative 

• Elasticity 

Inflection points, concavity 

• Families of functions 

• Optimization 

Parameters. The surge function, drug concentration 

Global maxima and minima 

curves. The logistic function, carrying capacity, point of 

• Maximizing profit and revenue 

diminishing returns. 

REVIEW PROBLEMS FOR CHAPTER FOUR 



For Problems 1-2, indicate all critical points on the given 
graphs. Determine which correspond to local minima, local 
maxima, global minima, global maxima, or none of these. 
(Note that the graphs are on closed intervals.) 



2 . 


y 



X 


26 Graeme S. Avery, ed. Drug Treatment: Principles and Practice of Clinical Pharmacology and Therapeutics (Sydney: 
Adis Press, 1976). 

27 J. W. Bridges and L.F. Chasseaud, Progress in Drug Metabolism (New York: John Wiley and Sons, 1980). 
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In Problems 3-4, find the value(s) of x for which: 

(a) f(x) has a local maximum or local minimum. Indicate 
which ones are maxima and which are minima. 

(b) f(x) has a global maximum or global minimum. 

3. f(x) = x 10 — 10x，and 0 < a: < 2 

4. f(x) = x — \nx, and 0.1 < a: < 2 

In Problems 5-7, find the exact global maximum and mini¬ 
mum values of the function. 


14. The marginal revenue and marginal cost for a certain item 
are graphed in Figure 4.102. Do the following quantities 
maximize profit for the company? Explain your answer, 
(a) q = a (b) q = b 

$/unit 



5. h{z) = i + 4z 2 for 2 > 0 

6 - 9{i) = fort > 0 

7 . ’ ⑻ = (x-iy + 2 

8. On July 1, the price of a stock had a critical point. 
How could the price have been changing during the time 
around July 1? 

9. Let C = ate~ bt represent a drug concentration curve. 

(a) Discuss the effect on peak concentration and time to 
reach peak concentration of varying the parameter a 
while keeping b fixed. 

(b) Discuss the effect on peak concentration and time to 
reach peak concentration of varying the parameter b 
while keeping a fixed. 

(c) Suppose a = b, so C = ate~ at . Discuss the effect 
on peak concentration and time to reach peak con¬ 
centration of varying the parameter a. 

For the graphs of f in Problems 10-13, decide: 

(a) Over what intervals is / increasing? Decreasing? 

(b) Does / have local maxima or minima? If so, which, and 
where? 



Figure 4.102 


Problems 15-18 concern f(t) in Figure 4.103, which gives 
the length of a human fetus as a function of its age. 


length (cm) 



Figure 4.103 


15. (a) What are the units of / / (24)? 

(b) What is the biological meaning of /’(24) = 1.6? 

16. (a) Which is greater, / 7 (20) or /’(36)? 

(b) What does your answer say about fetal growth? 

17. (a) At what time does the inflection point occur? 

(b) What is the biological significance of this point? 

18. Estimate 

⑻ /(20) (b) 尸 (36) 

(c) The average rate of change of length over the 40 
weeks shown. 

19. Find constants a and b in the function f(x) = axe bx 
such that /(|) = 1 and the function has a local maxi¬ 
mum at x = |. 

20. Suppose / has a continuous derivative. From the values 
of in the following table, estimate the 0 values with 
1 < 0 < 2.1 at which f(0) has a local maximum or min¬ 
imum. Identify which is which. 


6 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

f'W 

2.4 

0.3 

-2.0 

-3.5 

-3.3 

-1.7 

e 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

f(0) 

0.8 

2.8 

3.6 

2.8 

0.7 

-1.6 
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21. (a) Find the derivative of f(x) = x 5 x 7. What is 



(b) How many real roots does the equation x 5 -\-x-\-7 = 
0 have? How do you know? 

[Hint: How many critical points does this function 
have?] 

22. For the function, /, graphed in Figure 4.104: 

(a) Sketch/’(x). 

(b) Where does f\x) change its sign? 

(c) Where does f(x) have local maxima or minima? 


f(x) 

X X4： X5 


Figure 4.104 


23. Using your answer to Problem 22 as a guide, write a 
short paragraph (using complete sentences) which de¬ 
scribes the relationships between the following features 
of a function /: 


⑻ (b) 




Figure 4.105 


• The local maxima and minima of f. 

• The points at which the graph of / changes 
concavity. 

• The sign changes of 

• The local maxima and minima of f. 


24. The function y = t{x) is positive and continuous with a 
global maximum at the point (3,3). Graph t(x) if t 1 (pc) 
and t" (x) have the same sign for x < 3, but opposite 
signs for x > 3. 

25. Each of the graphs in Figure 4.105 belongs to one of 
the following families of functions. In each case, iden¬ 
tify which family is most likely: 

an exponential function, 
a logarithmic function, 

a polynomial (What is the degree? Is the leading co¬ 
efficient positive or negative?), 

a periodic function, 
a logistic function, 
a surge function. 


The total cost of producing q units of a product is given 
by C(q) =q 3 - 60q 2 + 1400f + 1000 for 0 < g < 50; 
the product sells for $788 per unit. What production level 
maximizes profit? Find the total cost, total revenue, and 
total profit at this production level. Graph the cost and 
revenue functions on the same axes, and label the pro¬ 
duction level at which profit is maximized, and the cor¬ 
responding cost, revenue, and profit. [Hint: Costs can go 
as high as $46,000.] 

27. The total cost C(q) of producing q goods is given by: 

C(q) = O.Olg 3 - 0.6q 2 + I3q. 

(a) What is the fixed cost? 

(b) What is the maximum profit if each item is sold for 
$7? (Assume you sell everything you produce.) 

(c) Suppose exactly 34 goods are produced. They all sell 
when the price is $7 each, but for each $1 increase 
in price, 2 fewer goods are sold. Should the price be 
raised, and if so by how much? 

28. The demand equation for a product isp = bi — aiq and 
the cost function is C(q) = 62 +where p is the price 
of the product and q is the quantity sold. Find the value 

in terms of the positive constants 61, ai, 62, 0 , 2 , that 
mizes profit. 




















29. A manufacturer’s cost of producing a product is given in 
Figure 4.106. The manufacturer can sell the product for a 
price p each (regardless of the quantity sold), so that the 
total revenue from selling a quantity q is R(q) = pq. 

(a) The difference 7r(q) = R(q) — C(q) is the total 
profit. For which quantity 如 is the profit a maxi¬ 
mum? Mark your answer on a sketch of the graph. 

(b) What is the relationship between p and C\qo)l Ex¬ 
plain your result both graphically and analytically. 
What does this mean in terms of economics? (Note 
that p is the slope of the line R(q) = pq. Note also 
that n(q) has a maximum a.tq = qo, so 7r’(go) = 0.) 

(c) Graph C' (q) and p (as a horizontal line) on the same 
axes. Mark qo on the g-axis. 



30. Let C(q) = 0.04g 3 — 3q 2 + 75q + 96 be the total cost 
of producing q items. 

(a) Find the average cost per item as a function of q. 

(b) Use a graphing calculator or computer to graph av¬ 
erage cost against q. 

(c) For what values of q is the average cost per item de¬ 
creasing? Increasing? 

(d) For what value of q is the average cost per item 
smallest? What is the smallest average cost per item 
at that point? 

31. Graph a cost function where the minimum average cost 
of $25 per unit is achieved by producing 15,000 units. 

32. Figure 4.107 shows the cost, C(q), and the revenue, 
R(q), for a quantity q. Label the following points on the 
graph: 

(a) The point F representing the fixed costs. 

(b) The point B representing the break-even level of 
production. 

(c) The point M representing the level of production at 
which marginal cost is a minimum. 

(d) The point A representing the level of production at 
which average cost a(q) = C(q)/q is a minimum. 

(e) The point P representing the level of production at 
which profit is a maximum. 
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$ C ⑷ 



In Problems 33-38, cost, (7 ⑷， is a positive, increasing, con¬ 
cave down function of quantity produced, q. Which one of the 
two numbers is the larger? 


33. C , (2)andC , (3) 

34. CT ⑸ and”) 

.. 0(100) - C(50) . (7(75) - C(50) 

35 - - 50 - aDd - 25 - 

(7(100) - C(50) , C(75) - C(25) 

36 - 50 aDd 50 

37. C'{3) andC(3)/3 

38. C(X0)/10 and (7(25)/25 

39. The demand for a product is q = 2000 — 5p where q 
is units sold at a price of p dollars. Find the elasticity if 
the price is $20, and interpret your answer in terms of 
demand. 


40. Show analytically that if elasticity of demand satisfies 
五 > 1， then the derivative of revenue with respect to 
price satisfies dR/dp < 0. 

41. Show analytically that if elasticity of demand satisfies 
五 < 1， then the derivative of revenue with respect to 
price satisfies dR/dp > 0. 

42. The following table gives the percentage, P, of house¬ 
holds with cable television. 28 


Year 

P 

Year 

P 

Year 

P 

Year 

P 


1977 

16.6 

1984 

43.7 

1991 

60.6 

1998 

67.4 


1978 

17.9 

1985 

46.2 

1992 

61.5 

1999 

68.0 


1979 

19.4 
1986 
48.1 
1993 

62.5 
2000 
67.8 


1980 

22.6 

1987 

50.5 

1994 

63.4 

2001 

69.2 


1981 

28.3 

1988 

53.8 
1995 
65.7 
2002 

68.9 


1982 

35.0 

1989 

57.1 

1996 

66.7 

2003 

68.0 


1983 

40.5 

1990 

59.0 

1997 

67.3 


(a) Explain why a logistic model is reasonable for this 
data. 


2S The World Almanac and Book of Facts 2005, p. 310 (New York). 
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(b) Estimate the point of diminishing returns. What lim¬ 
iting value L does this point predict? Does this lim¬ 
iting value appear to be accurate, given the percent¬ 
ages for 2002 and 2003? 

(c) If t is in years since 1977, the best fitting logistic 
function for this data turns out to be 


_ 1 + 3.486e -°- 237t ， 

What limiting value does this function predict? 

(d) Explain in terms of percentages of households what 
the limiting value is telling you. Do you think your 
answer to part (c) is an accurate prediction? What do 
you think will ultimately be the percentage of house¬ 
holds with cable television? 

43. Find the dimensions of the rectangle with perimeter 200 
meters that has the largest area. 

44. A square-bottomed box with a top has a fixed volume, V. 
What dimensions minimize the surface area? 

45. (a) Find the critical points of p(l — p) 4 . 

(b) Classify the critical points as local maxima, local 
minima, or neither. 

(c) What are the maximum and minimum values of 
p(l - p) 4 on 0 < x < 1? 

46. A right triangle has one vertex at the origin and one ver¬ 
tex on the curve y = e~ x ^ 3 for 1 < a: < 5. One of the 
two perpendicular sides is along the x-sods; the other is 
parallel to the y-axis. Find the maximum and minimum 
areas for such a triangle. 

47. A pigeon is released from a boat (point B in Fig¬ 
ure 4.108) floating on a lake. Because of falling air over 
the cool water, the energy required to fly one meter over 
the lake is twice the corresponding energy e required for 
flying over the bank (e = 3 joule/meter). To minimize 
the energy required to fly from B to the loft, L, the pi¬ 
geon heads to a point P on the bank and then flies along 
the bank to L. The distance AL is 2000 m, and AB is 
500 m. The angle at A is a right angle. 

(a) Express the energy required to fly from B to L via 
P as a function of the angle 6 (the angle BP A). 

(b) What is the optimal angle 01 

(c) Does your answer change if AL, AB, and e have 
different numerical values? 


48. The bell-shaped curve of statistics has formula 


p{^) - 




。-(: T- M ) 2 /(2 CT 2 ) 


where \i is the mean and a is the standard deviation. 

(a) Where does p(x) have a maximum? 

(b) Does p(x) have a point of inflection? If so, where? 

49. Consider a population P satisfying the logistic equation 


dP 

dt 


=叶_?). 


(a) Use the chain rule to find d 2 P/dt 2 . 

(b) Show that the point of diminishing returns, where 
d 2 P/dtt 2 = 0, occurs where P = L/2. 


50. Figure 4.109 shows the concentration of bemetizide (a di¬ 
uretic) in the blood after single oral doses of 25 mg alone, 
or 25 mg bemetizide and 50 mg triamterene in combina¬ 
tion. 29 If the minimum effective concentration in a pa¬ 
tient is 40 ng/ml, compare the effect of combining be¬ 
metizide with triamterene on peak concentration, time to 
reach peak concentration, time until onset of effective¬ 
ness, and duration of effectiveness. Under what circum¬ 
stances might it be wise to use the triamterene with the 
bemetizide? 



B Lake 



A P L 

Figure 4.108 


51. For f(x) = sin (a: 2 ) between : r = 0 and x = 3, find the 
coordinates of all intercepts, critical points, and inflection 
points to two decimal points. 

52. (a) Graph f(x) = x a sin x for a = 0.5 and a = 3. 

(b) For what values of a is f(x) increasing for all xl 

53. (a) Graph f(pc) = x 2 -\- a sin a; for a = 1 and a = 20. 
(b) For what values of a is f(x) concave up for all xl 


29 Welling & Tse, Pharmacokinetics of Cardiovascular, Central Nervous System, and Antimicrobial Drugs (The Royal 
Society of Chemistry, 1985). 
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54. The distance, s, traveled by a cyclist, who starts at 1 pm, 

is given in Figure 4.110. Time, t, is in hours since noon. 

(a) Explain why the quantity s/t is represented by the 
slope of a line from the origin to the point (t, s) on 
the graph. 

(b) Estimate the time at which the quantity s/t isa max¬ 
imum. 

(c) What is the relationship between the quantity s/t 
and the instantaneous speed of the cyclist at the time 
you found in part (b)? 


s (km) 



Figure 4.110 


55. A bird such as a starling feeds worms to its young. To 
collect worms, the bird flies to a site where worms are to 
be found, picks up several in its beak, and flies back to its 
nest. The loading curve in Figure 4.111 shows how the 
number of worms (the load) a starling collects depends 
on the time it has been searching for them. 30 The curve is 
concave down because the bird can pick up worms more 
efficiently when its beak is empty; when its beak is partly 
full, the bird becomes much less efficient. The traveling 
time (from nest to site and back) is represented by the dis¬ 
tance PO in Figure 4.111. The bird wants to maximize 
the rate at which it brings worms to the nest, where 

^ • Load 

Rate worms arrive = —---:---—-:—— 

Traveling time + Searching time 

(a) Draw a line in Figure 4.111 whose slope is this rate. 

(b) Using the graph, estimate the load which maximizes 
this rate. 

(c) If the traveling time is increased, does the optimal 
load increase or decrease? Why? 


56. Table 4.11 shows the total number of cars in a University 

of Arizona parking lot at 30-minute intervals. 31 

(a) Graph the total number of cars in the parking lot as a 
function of time. Estimate the capacity of the park¬ 
ing lot, and when it was full. 

(b) Construct a table, and then plot a graph, of the rate 
of arrival of cars as a function of time. 

(c) From your graph in part (b), estimate when rush hour 
occurred. 

(d) Explain the relationship between the points on the 
graphs in parts (a) and (b) where rush hour occurred. 


Table 4.11 Total number of cars ， C ， at time t 

t 5:00 5:30 6:00 6:30 7:00 7:30 8:00 8:30 9:00 

C 4 5 8 18 50 110 170 200 200 


57. A line goes through the origin and a point on the curve 
y = x 2 e~ 3x , for x > 0. Find the maximum slope of 
such a line. At what : r-value does it occur? 

58. A rectangle has one side on the a;-axis, one side on the 
2 /-axis, one vertex at the origin and one on the curve 
y = e~ 2x for x >0. Find the 

(a) Maximum area (b) Minimum perimeter 


59. A single cell of a bee’s honey comb has the shape shown 
in Figure 4.112. The surface area of this cell is given by 


load 

(number of worms) 



Figure 4.111 




where h, s, 6 are as shown in the picture. 

(a) Keeping h and s fixed, for what angle, 0, is the sur¬ 
face area a minimum? 

(b) Measurements on bee’s cells have shown that the an¬ 
gle actually used by bees is about 0 = 55° • Com¬ 
ment. 


30 Alex Kacelnick (1984). Reported by J. R. Krebs and N. B. Davis, An Introduction to Behavioural Ecology (Oxford: 
Blackwell, 1987). 

31 Adapted from Nancy Roberts et al., Introduction to Computer Simulation, p. 93 (Reading: Addison-Wesley, 1983). 
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60. An organism has size W at time t. For positive constants 
A, 6, and c, the Gompertz growth function gives 

W~Ae~ e ^ ct , t > 0. 


(a) Find the intercepts and asymptotes. 

(b) Find the critical points and inflection points. 

(c) Graph W for various values of A, 6, and c. 

(d) A certain organism grows fastest when it is about 1/3 
of its final size. Would the Gompertz growth func¬ 
tion be useful in modeling its growth? Explain. 


CHECK YOUR UNDERSTANDING 


In Problems 1-80, indicate whether the statement is true or 

false. 

1. The function / has a local maximum atpif f(p) < f(x) 
for points x nearp. 

2. If f\p) = 0 then p is a critical point of /. 

3. If pis a critical point of / then f\p) = 0. 

4. If / is increasing at all points to the left of p and de¬ 
creasing at all points to the right of p then / has a local 
maximum at p. 

5. If f\p) = 0 and /"(p) > 0 then / has a local maximum 
aip. 

6. If /’ (p) = 0 and j" (p) > 0 then / has a local minimum 
atp. 

7. If > 0 then / has a local minimum at p. 

8. Every critical point of / is either a local maximum or 
local minimum of /. 

9. A function / must have at least one critical point. 

10. If / has a local minimum oix = p then f\p) = 0. 

11. A point at which a graph changes concavity is called an 
inflection point. 

12. If f n (p) = 0 then p is an inflection point of /. 

13. A point p can be both a critical point and an inflection 
point of a function /. 

14. The function f(x) = x 3 has an inflection point at x = 0. 

15. The function H(pc) = x 4 has an inflection point at 

a; = 0. 

16. A function / can have one inflection point and no critical 



17. A function / can have 2 critical points and 3 inflection 



18. If f"(x) = x(x + 1) then / has an inflection point at 
x = —1. 

19. If f"(x) = x(x + l) 2 then / has an inflection point at 
x = —1. 

20. If = e x (x + 1) then / has an inflection point at 
x = —1. is an inflection point. 

21. A local maximum of / can also be a global maximum of 

f. 

22. A global maximum of / on the interval 1 < x < 2 al¬ 
ways occurs at a critical point. 

23. Every function has a global minimum. 

24. If function y = f{x) is increasing on the interval a < 
x < b, then the global maximum of / on this interval 
occurs atx = b. 

25. If a function y = f(x) has f{x) < 0 for all x in the 
interval a < x < b, then the global maximum of / on 
this interval occurs atx = b. 

26. A function S(x) could have a different global maximum 
on each of the intervals 1 < a; < 2 and 2 < a; < 3. 

27. The function k(x) = 1/x has a global maximum when 

a; > 0. 

28. The function / has a global maximum on the interval 
-5 < x < 5atpif f(p) < f(x) for all -5 < x < 5. 

29. The function / has a global minimum on the interval 
—5 < a; < 5 atpif f(p) < f(x) for all —5 < a; < 5. 

30. If f\p) = 0 and f n (jp) > 0 then p is a global minimum 
of f. 

31. If marginal cost is less than marginal revenue, then in¬ 
creasing quantity sold will increase profit. 
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32. If marginal cost is greater than marginal revenue, then 
decreasing quantity sold will increase profit. 

33. When marginal revenue equals marginal cost there is 
maximum profit. 

34. If revenue is greater than cost, profit is the vertical dis¬ 
tance between the cost and revenue curves. 

35. Maximum profit occurs at a critical point of the cost func¬ 
tion. 

36. Maximum profit can occur when marginal profit is zero. 

37. Profit is maximized where the cost and revenue curves 
cross. 

38. Profit is zero where the graphs of the cost and revenue 
curves cross. 

39. If prices are constant, the graph of marginal revenue is a 
horizontal line. 

40. If prices are constant, the graph of revenue is a horizontal 
line. 

41. Average cost is total cost for q items divided by q. 

42. Marginal cost and average cost have the same units. 

43. Marginal cost is the same thing as average cost. 

44. The average cost of q items is the slope of the tangent 
line to the cost curve at q. 

45. If marginal cost is less than average cost, increasing pro¬ 
duction increases average cost. 

46. Marginal cost equals average cost at critical points of 
marginal cost. 

47. If marginal cost is greater than average cost, then increas¬ 
ing production increases average cost. 

48. Average cost has a critical point at a quantity where the 
line from the origin to the cost curve is also tangent to the 
cost curve. 

49. Average cost is a decreasing function of quantity. 

50. Marginal and average cost functions are both minimized 
at the same quantity. 

51. The elasticity of demand is given by E = \q/p - dq/dp\ . 

52. If elasticity, E, is greater than one, then demand is in¬ 
elastic. 

53. If elasticity, E, is such that 0 < £? < 1 then demand is 
elastic. 

54. Elasticity is a measure of the effect on demand of a 
change in price. 

55. If a product is considered a necessity, the demand is gen¬ 
erally elastic. 

56. An increase in price always causes an increase in rev¬ 
enue. 

57. If elasticity E > 1 then revenue increases when price 
increases. 


58. At a critical point of the revenue function, demand is nei¬ 
ther elastic nor inelastic. 

59. If elasticity E < 1 then profit increases with an increase 
in price. 

60. An increase in price always causes an increase in profit. 

61. If P = 1000/(1 + 2e~ 3t ) then P is a logistic function. 

62. If P = 1000/ (1 + 2e 3t ) then Pis a logistic function. 

63. The function P = 1000/(1 + 2e 一 3t ) has an inflection 
point when t = 500. 

64. The function P = 1000/(1 + 2e _3t ) has an inflection 
point when P = 500. 

65. The logistic function P = L/(l + Ce~ kt ) approaches 
Last increases. 

66. If the slope of the dose/response curve is large, a small 
change in the dose will have a large effect on the re¬ 
sponse. 

67. The carrying capacity of a population growing logisti- 
cally is the largest population the environment can sup¬ 
port. 

68. The parameter k in the logistic function P = L/(l + 
Ce~ kt ) affects the rate at which the curve approaches its 
asymptote L. 

69. The logistic function P = L/(l-\- Ce~ kt ) is concave up 
for P < L/2. 

70. The logistic function P = L/(l + Ce~ kt ) is always in¬ 
creasing. 

71. The surge function is an exponential decay function. 

72. The surge function has one critical point, which is a 
global maximum. 

73. The surge function is always concave down. 

74. If minimum effective concentration is positive and less 
than peak concentration, then the surge function will in¬ 
tersect the minimum effective concentration line at two 
points. 

75. If minimum effective concentration is greater than peak 
concentration, then the drug will be effective only for the 
first half of the time interval. 

76. The surge function has exactly one inflection point, and 
it is always at a value greater than the t-value of the 
critical point. 

77. The minimum effective concentration of a drug is the 
blood concentration necessary to achieve a specific phar¬ 
macologic response. 

78. The function y = t/ (12e 3t ) is a surge function. 

79. The function y = t/ (12e _3t ) is a surge function. 

80. The surge function y = 5te~ 3t has maximum at t = 
1/3. 
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PROJECTS FOR CHAPTER FOUR 


1. Average and Marginal Costs 

The total cost of producing a quantity q is C(q). The average cost a(q) is given in Fig¬ 
ure 4.113. The following rule is used by economists to determine the marginal cost C f (qo), for 
any 如： 

• Construct the tangent line t\ to a(q) at qo. 

• Let ^2 be the line with the same vertical intercept as t\ but with twice the slope of t\. 

Then C r {qo) is the vertical distance shown in Figure 4.113. Explain why this rule works. 


$/unit 



Figure 4.113 


2. Firebreaks 

The summer of 2000 was devastating for forests in the western US: over 3.5 million acres of 
trees were lost to fires, making this the worst fire season in 30 years. This project studies a 
fire management technique called firebreaks, which reduce the damage done by forest fires. A 
firebreak is a strip where trees have been removed in a forest so that a fire started on one side of 
the strip will not spread to the other side. Having many firebreaks helps confine a fire to a small 
area. On the other hand, having too many firebreaks involves removing large swaths of trees. 32 
(a) A forest in the shape of a 50 km by 50 km square has firebreaks in rectangular strips 50 km 
by 0.01 km. The trees between two firebreaks are called a stand of trees. All firebreaks in 
this forest are parallel to each other and to one edge of the forest, with the first firebreak at 
the edge of the forest. The firebreaks are evenly spaced throughout the forest. (For example, 
Figure 4.114 shows four firebreaks.) The total area lost in the case of a fire is the area of 
the stand of trees in which the fire started plus the area of all the firebreaks. 


32 Adapted from D. Quinney and R. Harding, Calculus Connections (New York: John Wiley & Sons, 1996). 
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(i) Find the number of firebreaks that minimizes the total area lost to the forest in the case 
of a fire. 

(ii) If a firebreak is 50 km by b km, find the optimal number of firebreaks as a function of b. 
If the width, 6, of a firebreak is quadrupled, how does the optimal number of firebreaks 
change? 

(b) Now suppose firebreaks are arranged in two equally spaced sets of parallel lines, as shown 
in Figure 4.115. The forest is a 50 km by 50 km square, and each firebreak is a rectangular 
strip 50 km by 0.01 km. Find the number of firebreaks in each direction that minimizes the 
total area lost to the forest in the case of a fire. 


Firebreaks 



Figure 4.115 


3. Production and the Price of Raw Materials 

The production function f(x) gives the number of units of an item that a manufacturing com¬ 
pany can produce from x units of raw material. The company buys the raw material at price 
w dollars per unit and sells all it produces at a price of p dollars per unit. The quantity of raw 
material that maximizes profit is denoted by x*. 

(a) Do you expect the derivative f\x) to be positive or negative? Justify your answer. 

(b) Explain why the formula tt(x) = pf(x) — wx gives the profit 7r(x) that the company earns 
as a function of the quantity x of raw materials that it uses. 























(c) Evaluate/’(x*). 

(d) Assuming it is nonzero, is positive or negative? 

(e) If the supplier of the raw materials is likely to change the price w, then it is appropriate to 
treat x* as a function of w. Find a formula for the derivative dx* /dw and decide whether it 
is positive or negative. 

(f) If the price w goes up, should the manufacturing company buy more or less of the raw 
material? 
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5.1 DISTANCE AND ACCUMULATED CHANGE 


In Chapter 2, we used the derivative to find the rate of change of a function. Here we see how to go 
in the other direction. If we know the rate of change, can we find the original function? We start by 
finding the distance traveled from the velocity. 

How Do We Measure Distance Traveled? 


The rate of change of distance with respect to time is velocity. If we are given the velocity, can we 
find the distance traveled? Suppose the velocity was 50 miles per hour throughout a four-hour trip. 
What is the total distance traveled? Since 


we have 


Distance = Velocity x Time, 


Distance traveled = (50 miles/hour) x (4 hours) 

= 200 miles. 

The graph of velocity against time is the horizontal line in Figure 5.1. Notice that the distance 
traveled is represented by the shaded area under the graph, 
velocity (miles/hour) 

50 _ ! 

I 

I 

-- Area = Distance traveled = 200 miles 

I 

I 

- 1 - time (hours) 


Figure 5.1 : Area shaded represents distance traveled in 4 hours at 50 mph 
Now let’s see what happens if the velocity is not constant. 


Example 1 

Solution 


Suppose that you travel 30 miles/hour for 2 hours, then 40 miles/hour for 1/2 hour, then 20 miles/hour 
for 4 hours. What is the total distance you traveled? 

We compute the distances traveled for each of the three legs of the trip and add them to find the total 
distance traveled: 


Distance = (30 miles/hour)(2 hours) + (40 miles/hour)(l/2 hour) + (20 miles/hour)(4 hours) 
= 60 miles + 20 miles + 80 miles 
=160 miles. 


You travel 160 miles on this trip. 


A Thought Experiment: How Far Did the Car Go? 

In Example 1, the velocity was constant over intervals. Of course, this is not always the case; we 
now look at an example where the velocity is continually changing. 

Velocity Data Every Two Seconds 

Suppose a car is moving with increasing velocity and suppose we measure the car’s velocity every 
two seconds, obtaining the data in Table 5.1: 

Table 5.1 Velocity of car every two seconds 


Time (sec) 

0 

2 

4 

6 

8 

10 

Velocity (ft/sec) 

20 

30 

38 

44 

48 

50 
















5.1 DISTANCE AND ACCUMULATED CHANGE 235 


How far has the car traveled? Since we don’t know how fast the car is moving at every moment, 
we can’t calculate the distance exactly, but we can make an estimate. The velocity is increasing, so 
the car is going at least 20 ft/sec for the first two seconds. Since Distance = Velocity x Time, the 
car goes at least 20 • 2 = 40 feet during the first two seconds. Likewise, it goes at least 30 • 2 = 60 
feet during the next two seconds, and so on. During the ten-second period it goes at least 

20 • 2 + 30 • 2 + 38 • 2 + 44.2 + 48.2 = 360 feet. 

Thus, 360 feet is an underestimate of the total distance traveled during the ten seconds. 

To get an overestimate, we can reason in a similar way: During the first two seconds, the car’s 
velocity is at most 30 ft/sec, so it moves at most 30 • 2 = 60 feet. In the next two seconds it moves 
at most 38 • 2 = 76 feet, and so on. Therefore, over the ten-second period it moves at most 

30.2 + 38 _ 2 + 44.2 + 48.2 + 50 • 2 = 420 feet. 


Therefore, 


360 feet < Total distance traveled < 420 feet. 


There is a difference of 60 feet between the upper and lower estimates. 


Velocity Data Every One Second 

What if we want a more accurate estimate? We could make more frequent velocity measurements, 
say every second. The data is in Table 5.2. 

As before, we get a lower estimate for each second by using the velocity at the beginning of that 
second. During the first second the velocity is at least 20 ft/sec, so the car travels at least 20 • 1 = 20 
feet. During the next second the car moves at least 26 feet, and so on. So we say 


New lower estimate = 20 • 1 + 26 • 1 + 30 • 1 + 35 • 1 + 38 • 1 

+ 42 • 1 + 44 • 1 + 46 • 1 + 48 • 1 + 49.1 
= 378 feet. 

Notice that this is greater than the old lower estimate of 360 feet. 

We get a new upper estimate by considering the velocity at the end of each second. During the 
first second the velocity is at most 26 ft/sec, and so the car moves at most 26 • 1 = 26 feet; in the 
next second it moves at most 30 feet, and so on. 

New upper estimate = 26.1 + 30.1 + 35.1 + 38 _ 1 + 42 • 1 

+ 44.1 + 46.1 + 48.1 + 49.1 + 50 • 1 
= 408 feet. 


This is less than the old upper estimate of 420 feet. Now we know that 
378 feet < Total distance traveled < 408 feet. 

Notice that the difference between the new upper and lower estimates is now 30 feet, half of what 
it was before. By halving the interval of measurement, we have halved the difference between the 
upper and lower estimates. 


Table 5.2 Velocity of car every second 


Time (sec) 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Velocity (ft/sec) 

20 

26 

30 

35 

38 

42 

44 

46 

48 

49 

50 
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velocity 



Figure 5.2: Shaded area estimates distance traveled. Velocity measured every 2 seconds 

Visualizing Distance on the Velocity Graph 

Consider the two-second data in Table 5.1. We can represent both upper and lower estimates on a 
graph of the velocity against time. The velocity can be graphed by plotting these data and drawing 
a smooth curve through the data points. (See Figure 5.2.) 

We use the fact that fora rectangle, Area = Height x Width. The area of the first dark rectangle 
is 20 • 2 = 40, the lower estimate of the distance moved during the first two seconds. The area of 
the second dark rectangle is 30 • 2 = 60, the lower estimate for the distance moved in the next two 
seconds. The total area of the dark rectangles represents the lower estimate for the total distance 
moved during the ten seconds. 

If the dark and light rectangles are considered together, the first area is 30 • 2 = 60, the upper 
estimate for the distance moved in the first two seconds. The second area is 38 • 2 = 76, the upper 
estimate for the next two seconds. Continuing this calculation suggests that the upper estimate for 
the total distance is represented by the sum of the areas of the dark and light rectangles. Therefore, 
the area of the light rectangles alone represents the difference between the two estimates. 

Figure 5.3 shows a graph of the one-second data. The area of the dark rectangles again repre¬ 
sents the lower estimate, and the area of the dark and light rectangles together represents the upper 
estimate. The total area of the light rectangles is smaller in Figure 5.3 than in Figure 5.2, so the 
underestimate and overestimate are closer for the one-second data than for the two-second data, 
velocity 



Visualizing Distance on the Velocity Graph: Area Under Curve 

As we make more frequent velocity measurements, the rectangles used to estimate the distance trav¬ 
eled fit the curve more closely. See Figures 5.4 and 5.5. In the limit, as the number of subdivisions 
increases, we see that the distance traveled is given by the area between the velocity curve and the 
horizontal axis. See Figure 5.6. In general: 
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If the velocity is positive, the total distance traveled is the area under the velocity curve. 



Example 2 

Solution 


With time t in seconds, the velocity of a bicycle, in feet per second, is given by v(t) = bt. How far 
does the bicycle travel in 3 seconds? 

The velocity is linear. See Figure 5.7. The distance traveled is the area between the line v(t) = 5t 
and the t-axis. Since this region is a triangle of height 15 and base 3 

Distance traveled = Area of triangle = ^ • 15 • 3 = 22.5 feet, 
velocity (ft/sec) 



Approximating Total Change from Rate of Change 

We have seen how to use the rate of change of distance (the velocity) to calculate the total distance 
traveled. We can use the same method to find total change from rate of change of other quantities. 


Example 3 A city’s population grows at the rate of 5000 people/year for 3 years and then grows at the rate of 
3000 people/year for the next 4 years. What is the total change in the population of the city during 
this 7-year period? 

Solution The units of people/year remind us that we are given a rate of change of the population (people) 

with respect to time (years). If the rate of change is constant, we know that 

Total change in population = Rate of change per year x Number of years. 

Thus, the total change in this population is 

Total change = (5000 people/year) (3 years) + (3000 people/year) (4 years) 

=15,000 people + 12,000 people 
= 27,000 people. 

The change in population is 27,000 people. Notice that this does not tell us the population of the 
city at the end of 7 years; it tells us the change in the population. For example, if the population 
were initially 100,000, it would be 127,000 at the end of the 7-year period. 
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Example 4 


Solution 


The rate of sales (in games per week) of a new video game is shown in Table 5.3. Assuming that 
the rate of sales increased throughout the 20-week period, estimate the total number of games sold 
during this period. 

Table 5.3 Weekly sales of a video game 


Time (weeks) 

0 

5 

10 

15 

20 

Rate of sales (games per week) 

0 

585 

892 

1875 

2350 


If the rate of sales is constant, we have 


Total sales = Rate of sales per week x Number of weeks. 

How many games were sold during the first five weeks? During this time, sales went from 0 to 585 
games per week. If we assume that 585 games were sold every week, we get an overestimate for the 
sales in the first five weeks of (585 games/week) (5 weeks) = 2925 games. Similar overestimates 
for each of the five-week periods gives an overestimate for the entire 20-week period: 

Overestimate for total sales = 585.5 + 892.5 + 1875.5 + 2350.5 = 28,510 games. 


We underestimate the total sales by taking the lower value for rate of sales during each of the five- 
week periods: 

Underestimate for total sales = 0.5 + 585.5 + 892.5 + 1875 - 5 = 16,760 games. 

Thus, the total sales of the game during the 20-week period is between 16,760 and 28,510 games. 
A good single estimate of total sales is the average of these two numbers: 

Tot^ sales «1^±^ =22)63 5 game. 


Problems for Section 5.1 


1. (a) Sketch a graph of the velocity function for the trip 

described in Example 1 on page 234. 

(b) Represent the total distance traveled on this graph. 

2. Graph the rate of sales against time for the video game 
data in Example 4. Represent graphically the overesti¬ 
mate and the underestimate calculated in that example. 

3. A car comes to a stop six seconds after the driver ap¬ 
plies the brakes. While the brakes are on, the velocities 
recorded are in Table 5.4. 

Table 5.4 


Time since brakes applied (sec) 

0 

2 

4 

6 

Velocity (ft/sec) 

88 

45 

16 

0 


5. The velocity of a car is f(t) = 5t meters/sec. Use a graph 
of f(t) to find the exact distance traveled by the car, in 
meters, from t = 0 to t = 10 seconds. 

6. Figure 5.8 shows the velocity, of an object (in me¬ 
ters/sec). Estimate the total distance the object traveled 
between t = 0 and t = 6. 

v (m/sec) 

40 
30 
20 
10 


J -----款 (sec) 

1 2 3 4 5 6 



(a) Give lower and upper estimates for the distance the 
car traveled after the brakes were applied. 

(b) On a sketch of velocity against time, show the lower 
and upper estimates of part (a). 

4. A car starts moving at time t = 0 and goes faster and 
faster. Its velocity is shown in the following table. Esti¬ 
mate how far the car travels during the 12 seconds. 


t (seconds) 

0 

3 

6 

9 

12 

Velocity (ft/sec) 

0 

10 

25 

45 

75 


Figure 5.8 

7. A car accelerates smoothly from 0 to 60 mph in 10 sec¬ 
onds with the velocity given in Figure 5.9. Estimate how 
far the car travels during the 10-second period. 
v (mph) 



Figure 5.9 


10 
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8. The following table gives world oil consumption, in bil- 13. A car initially going 50 ft/sec brakes at a constant rate 
lions of barrels per year. 1 Estimate total oil consumption (constant negative acceleration), coming to a stop in 5 

during this 25-year period. seconds. 


Year 



1980 1985 

22.3 21.3 


1990 

23.9 


1995 

24.9 


2000 

27.0 


2005 

29.3 


9. Filters at a water treatment plant become less effective 
over time. The rate at which pollution passes through the 
filters into a nearby lake is given in the following table. 

(a) Estimate the total quantity of pollution entering the 
lake during the 30-day period. 

(b) Your answer to part (a) is only an estimate. Give 
bounds (lower and upper estimates) between which 
the true quantity of pollution must lie. (Assume the 
rate of pollution is continually increasing.) 


Day 

0 

6 

12 

18 

24 

30 

Rate (kg/day) 

7 

8 

10 

13 

18 

35 


10. The rate of change of the world’s population, in millions 
of people per year, is given in the following table. 

(a) Use this data to estimate the total change in the 
world’s population between 1950 and 2000. 

(b) The world population was 2555 million people in 
1950 and 6085 million people in 2000. Calculate the 
true value of the total change in the population. How 
does this compare with your estimate in part (a)? 


(a) Graph the velocity from t = 0 to t = 5. 

(b) How far does the car travel? 

(c) How far does the car travel if its initial velocity is 
doubled, but it brakes at the same constant rate? 


14. Figure 5.10 shows the rate of change of a fish popula¬ 
tion. Estimate the total change in the population during 
this 12-month period. 



4 8 12 

Figure 5.10 


Year 

1950 

1960 

1970 

1980 

1990 

2000 

Rate of change 

37 

41 

78 

77 

86 

79 


11. A village wishes to measure the quantity of water that 
is piped to a factory during a typical morning. A gauge 
on the water line gives the flow rate (in cubic meters per 
hour) at any instant. The flow rate is about 100 m 3 /hr at 
6 am and increases steadily to about 280 m 3 /hr at 9 am. 
Using only this information, give your best estimate of 
the total volume of water used by the factory between 6 
am and 9 am. 

12. Roger runs a marathon. His friend Jeff rides behind him 
on a bicycle and clocks his speed every 15 minutes. 
Roger starts out strong, but after an hour and a half he 
is so exhausted that he has to stop. Jeff’s data follow: 


Time since start (min) 

0 

15 

30 

45 

60 

75 

90 

Speed (mph) 

12 

11 

10 

10 

8 

7 

0 


(a) Assuming that Roger’s speed is never increasing, 
give upper and lower estimates for the distance 
Roger ran during the first half hour. 

(b) Give upper and lower estimates for the distance 
Roger ran in total during the entire hour and a half. 


15. Two cars start at the same time and travel in the same 
direction along a straight road. Figure 5.11 gives the ve¬ 
locity, v, of each car as a function of time, t. Which car: 

(a) Attains the larger maximum velocity? 

(b) Stops first? 

(c) Travels farther? 


v (km/hr) 


Car A 



1 www.bp.com/centres/energy/world_stat_rev/oil/reserves.asp. and https://www.cia.gov/library/publications/the-world- 
factbook/print/xx.html. 
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16. Two cars travel in the same direction along a straight 
road. Figure 5.12 shows the velocity, v, of each car at 
timet. Car 丑 starts 2 hours after car A and car B reaches 
a maximum velocity of 50 km/hr. 

(a) For approximately how long does each car travel? 

(b) Estimate car A's maximum velocity. 

(c) Approximately how far does each car travel? 

•/hr) car A 



Figure 5.12 

17. Your velocity is given by v(t) = t 2 +1 in m/sec, with t in 
seconds. Estimate the distance, s, traveled between t = 0 
and t = 5. Explain how you arrived at your estimate. 

18. An old rowboat has sprung a leak. Water is flowing into 
the boat at a rate, r(t), given in the following table. 


t minutes 

0 

5 

10 

15 

r(t) liters/min 

12 

20 

24 

16 


(a) Compute upper and lower estimates for the volume 
of water that has flowed into the boat during the 15 
minutes. 

(b) Draw a graph to illustrate the lower estimate. 

19. The value of a mutual fund increases at a rate of = 
500e°'° 4t dollars per year, with t in years since 2010. 

(a) Using t = 0,2,4,6,8,10, make a table of values for 
R. 

(b) Use the table to estimate the total change in the value 
of the mutual fund between 2010 and 2020. 

20. A car speeds up at a constant rate from 10 to 70 mph 
over a period of half an hour. Its fuel efficiency (in miles 
per gallon) increases with speed; values are in the table. 
Make lower and upper estimates of the quantity of fuel 
used during the half hour. 


Speed (mph) 

10 

20 

30 

40 

50 

60 

70 

Fuel efficiency (mpg) 

15 

18 

21 

23 

24 

25 

26 


5.2 THE DEFINITE INTEGRAL 

In Section 5.1 we saw how to approximate total change given the rate of change. We now see how 
to make the approximation more accurate. 

Improving the Approximation: The Role of n and At 

To approximate total change, we construct a sum. We use the notation At for the size of the t- 
intervals used. We use n to represent the number of subintervals of length At. In the following 
example, we see how decreasing At (and increasing n) improves the accuracy of the approximation. 


Example 1 If t is in hours since the start of a 20-hour period, a bacteria population increases at a rate given by 
f(t) = 3 + O.lt 2 millions of bacteria per hour. 

Make an underestimate of the total change in the number of bacteria over this period using 
(a) At = 4 hours (b) At = 2 hours (c) At = 1 hour 

Solution (a) The rate of change is f(t) = 3 + 0. It 2 . If we use At = 4, we measure the rate every 4 hours 
and n = 20/4 = 5. See Table 5.5. An underestimate for the population change during the first 
4 hours is (3.0 million/hour) (4 hours) = 12 million. Combining the contributions from all the 
subintervals gives the underestimate: 

Total change « 3.0 _ 4 + 4_6 • 4 + 9.4 • 4 + 17.4.4 + 28.6 • 4 = 252.0 million bacteria. 


The rate of change is graphed in Figure 5.13 (a); the area of the shaded rectangles represents 
this underestimate. Notice that n = 5 is the number of rectangles in the graph. 
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Table 5.5 Rate of change with At = 4 using f(t) = 3 + O.lt 2 million bacteria/hour 


t (hours) 

0 

4 

8 

12 

16 

20 

m 

3.0 

4.6 

9.4 

17.4 

28.6 

43.0 


(b) If we use At = 2, we measure f(t) every 2 hours and n = 20/2 = 10. See Table 5.6. The 
underestimate is 

Total change « 3.0.2 + 3.4 • 2 + 4.6.2 + … + 35.4 • 2 = 288.0 million bacteria. 
Figure 5.13 (b) suggests that this estimate is more accurate than the estimate made in part (a). 


Table 5.6 Rate of change with At = 2 using f{t) = 3 + O.lt 2 million bacteria/hour 


t (hours) 

0 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

m 

3.0 

3.4 

4.6 

6.6 

9.4 

13.0 

17.4 

22.6 

28.6 

35.4 

43.0 


(c) If we use At = 1, then n = 20 and a similar calculation shows that we have 
Total change « 307.0 million bacteria. 

The shaded area in Figure 5.13 (c) represents this estimate; it is the most accurate of the three. 



change, and the shaded area approximates total change. Largest n and smallest At give the best estimate. 


Notice that as n gets larger, the estimate improves and the area of the shaded rectangles ap¬ 
proaches the area under the curve. 

Left- and Right-Hand Sums 

Suppose we have a function f{t) that is continuous for a < t < 6. We divide the interval from a to 
b into n equal subdivisions, each of width At, so 

A , b - a 

At = - . 

n 


We let to, ... ,t n be endpoints of the subdivisions, as in Figures 5.14 and 5.15. We construct 
two sums, similar to the overestimates and underestimates in Section 3.1. For a left-hand sum, we 
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use the values of the function from the left end of the interval. For a right-hand sum, we use the 
values of the function from the right end of the interval. We have: 

Left-hand sum = f(to)At -f f(ti)At + ... + f(t n -i)At 
and 

Right-hand sum = + f(t 2 )At + • • • + f(t n )At. 

These sums represent the shaded areas in Figures 5.14 and 5.15, provided f(t) > 0. In 
Figure 5.14, the first rectangle has width At and height f(to), since the top of its left edge just 
touches the curve, and hence it has area f(to)At. The second rectangle has width At and height 
and hence has area and so on. The sum of all these areas is the left-hand sum. The 

right-hand sum, shown in Figure 5.15, is constructed in the same way, except that each rectangle 
touches the curve on its right edge instead of its left. 




Figure 5.15: Right-hand sum: Area of rectangles 


Writing Left- and Right-Hand Sums Using Sigma Notation 

Both the left-hand and right-hand sums can be written more compactly using sigma, or summation, 
notation. The symbol ^ is a capital sigma, or Greek letter “S.” We write 

Right-hand sum = ^ f(U)At = f(t 2 )At + ... + f(t n )At. 

i=l 

The ^2 tells us to add terms of the form The = 1” at the base of the sigma sign tells us 

to start at z = 1, and the “n” at the top tells us to stop at z = n. 

In the left-hand sum we start at z = 0 and stop at z = n — 1, so we write 

n—1 

Left-hand sum = ^ f(ti)At = f(to)At + f(ti)At + … + f(t n -i)At. 

i=0 


Taking the Limit to Obtain the Definite Integral 

If/is a rate of change of some quantity, then the left-hand sum and the right-hand sum approximate 
the total change in the quantity. For most functions /, the approximation is improved by increasing 
the value of n. To find the total change exactly, we take larger and larger values of n and look at the 
values approached by the left and right sums. This is called taking the limit of these sums as n goes 
to infinity and is written lim . If / is continuous for a < t < b, the limits of the left- and right-hand 
sums exist and are equal. The definite integral is the common limit of these sums. 
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Suppose / is continuous for a < ^ < 6. The definite integral of / from a to b, written 

f f{t) dt, 

J a 

is the limit of the left-hand or right-hand sums with n subdivisions of [a, b] as n gets arbitrarily 
large. In other words, if to, ， .. • are the endpoints of the subdivisions, 


f(t) dt = lim (Left-hand sum) = lim ( f(ti)At 

n—^oo n—^oo \ . 


f(t) dt = lim (Right-hand sum) = lim I ^ f(U)At J . 


Each of these sums is called a Riemann sum, f is called the integrand, and a and b are called 
the limits of integration. 


The notation comes from an old-fashioned “S，” which stands for “sum” in the same way 
that ^2 does. The “df ’ in the integral comes from the factor At. Notice that the limits on the ^2 
symbol are 0 and n — 1 for the left-hand sum, and 1 and n for the right-hand sum, whereas the limits 
on the J sign are a and b. 

When f(t) is positive, the left- and right-hand sums are represented by the sums of areas of 
rectangles, so the definite integral is represented graphically by an area. 

Computing a Definite Integral 

In practice, we often approximate definite integrals numerically using a calculator or computer. 
They compute sums for larger and larger values of n, and eventually give a value for the integral. 
Different calculators and computers may give slightly different estimates, owing to round-off error 
and the fact that they may use different approximation methods. 


Example 2 

Solution 


Compute J t 2 dt and represent this integral as an area. 

Using a calculator, we find 

t 2 dt = 8.667. 

The integral represents the area between t = 1 and t = 3 under the curve f{t) = t 2 . See Figure 5.16. 


/m = t 2 


Figure 5.16: Shaded area = t 2 dt 
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Estimating a Definite Integral from a Table or Graph 

If we have a formula for the integrand, f(x), we can calculate the integral J: f(x) dx using a 
calculator or computer. If, however, we have only a table of values or a graph of f(x), we can still 
estimate the integral. 


Example 3 Values for a function f(t) are in the following table. Estimate / f(t)dt. 

J20 


t 

20 

22 

24 

26 

28 

30 

m 

5 

7 

11 

18 

29 

45 


Solution Since we have only a table of values, we use left- and right-hand sums to approximate the integral. 

The values of f(t) are spaced 2 units apart, so At = 2 and n = (30 — 20)/2 = 5. Calculating the 
left-hand and right-hand sums gives 

Left-hand sum = /(20) • 2 + /(22) • 2 + /(24) • 2 + /(26) - 2 + /(28) • 2 
= 5.2 + 7.2 + 11.2 +18.2 +29.2 
= 10 + 14 + 22 + 36 + 58 
=140. 


Right-hand sum = /(22) • 2 + /(24) • 2 + /(26) ■ 2 + /(28). 2 + /(30). 2 
= 7.2 +11.2 +18.2 +29.2 +45- 2 
= 14 + 22 + 36 + 58 + 90 
= 220 . 


Both left- and right-hand sums approximate the integral. We generally get a better estimate by 
averaging the two: 


f(t)dt « 140 : 220 = 180. 


Example 4 


The function f(x) is graphed in Figure 5.17. Estimate 
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㈤- 







1 2 3 4 5 6 

Figure 5.17: Estimate J。 6 f(x) dx 
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Solution 


We approximate the integral using left- and right-hand sums with n = 3, so Ax = 2. Figures 5.18 
and 5.19 give 

Left-hand sum = /(0) . 2 + /(2). 2 + /(4). 2 = 21.2 + 11 • 2 + 5 • 2 = 74， 
Right-hand sum = /(2) • 2 + /(4) • 2 + /(6).2 = 11.2 + 5.2 + 3.2 = 38. 


We estimate the integral by taking the average: 


f{x) dx « 


74 + 38 


= 56. 


Alternatively, since the integral equals the area under the curve between x = 0 and x = 6, we 
can estimate it by counting grid squares. Each grid square has area 5-1 = 5, and the region under 
f(x) includes about 10.5 grid squares, so the area is about 10.5.5 = 52.5. 




Figure 5.18: Area of shaded region is 
left-hand sum with n = 3 


Figure 5.19: Area of shaded region is 
right-hand sum with n = 3 


Rough Estimates of a Definite Integral 

When calculating an integral using a calculator or computer, it is useful to have a rough idea of the 
value you expect. This helps detect errors in entering the integral. 


Example 5 Three people calculated J 吾 也 on a calculator and got values 0.023,11.984, and 1.526. Explain 
how you can be sure that none of these values is correct. 

Solution Figure 5.20 shows left- and right-hand approximations to j dt with n = 1. We see that the right- 
hand sum 2(1/3) is an underestimate of j dt. Since 0.023 is less than 2/3, this value must be 
wrong. Similarly, we see that the left-hand sum 2(1) is an overestimate of the integral. Since 11.984 
is larger than 2, this value is wrong. Since the graph is concave up, the value of the integral is closer 
to the smaller value of the two sums, 2/3, than to the larger value, 2. Thus, the integral is less than 
the average of the two sums, 4/3. Since 1.526 > 4/3, this value is wrong too. 


2 

\ 



V ^ 2 ^ h 


1 

i 



m=j 

3 





2 3 4 


Figure 5.20: Left- and right-hand sums with n = 1 



































246 Chapter Five ACCUMULATED CHANGE: THE DEFINITE INTEGRAL 

Problems for Section 5.2 


1. Estimate / 2 X dx using a left-hand sum with n = 2. 

Jo 

f 12 1 

2. Estimate / -- dx using a left-hand sum 

Jo $ +1 

with n = 3. 

3. Use the following table to estimate J Q 25 f(pc)dx. 


X 

0 

5 

10 

15 

20 

25 

/ ⑷ 

100 

82 

69 

60 

53 

49 


8. Use Figure 5.22 to estimate J Q 20 f(x) dx. 

5 
4 
3 
2 
1 

4 8 12 16 20 

Figure 5.22 



4. Use the following table to estimate W (t) dt. What are 
n and At? 


t 

3.0 

3.2 

3.4 

.3.6 

3.8 

4.0 

w ⑷ 

25 

23 

20 

15 

9 

2 


5. Use the following table to estimate J。 15 f(x) dx. 


X 

0 

3 

6 

9 

12 

15 

f( x ) 

50 

48 

44 

36 

24 

8 


6. Use the table to estimate J Q 40 f(x)dx. What values of n 
and Ax did you use? 


X 

0 

10 

20 

30 

40 

f( x ) 

350 

410 

435 

450 

460 


9. Use Figure 5.23 to estimate f:。 f(x)dx. 



f(x) 


X 


-10 0 10 


Figure 5.23 


Use the graphs in Problems 10-11 to estimate J Q 3 f(x) dx. 



7. Using Figure 5.21, draw rectangles representing each of 
the following Riemann sums for the function / on the 
interval 0 < t < 8. Calculate the value of each sum. 

(a) Left-hand sum with At = 4 

(b) Right-hand sum with At = 4 

(c) Left-hand sum with At = 2 

(d) Right-hand sum with At = 2 



For Problems 12-15: 

(a) Use a graph of the integrand to make a rough estimate of 
the integral. Explain your reasoning. 

(b) Use a computer or calculator to find the value of the def¬ 
inite integral. 



16. The rate of change of a quantity is given by f(t) = 

Make an underestimate and an overestimate of the total 
change in the quantity between t = 0 and t = 8 using 
(a) At = 4 (b) At = 2 (c) At = l 


What is n in each case? Graph f(t) and shade rectangles 
to represent each of your six answers. 


Figure 5.21 
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17. (a) Use a calculator or computer to find J Q 6 (x 2 + 1) dx. 

Represent this value as the area under a curve. 

(b) Estimate f^(x 2 + 1) dx using a left-hand sum with 
n = 3. Represent this sum graphically on a sketch 
of f(x) = x 2 -h 1. Is this sum an overestimate or 
underestimate of the true value found in part (a)? 

(c) Estimate J Q 6 (x 2 +1) dx using a right-hand sum with 
n = 3. Represent this sum on your sketch. Is this 
sum an overestimate or underestimate? 

18. Using Figure 5.24, find the value of f(x) dx. 






J 



/ 

\ 

/ 










1 2 3 4 5 6 


Figure 5.24 


19. The graph of a function f(t) is given in Figure 5.25. 
Which of the following four numbers could be an esti- 
mate of /。 1 / ⑷ di accurate to two decimal places? Ex¬ 
plain how you chose your answer. 

(a) -98.35 (b) 71.84 

(c) 100.12 (d) 93.47 


vTT^2 


23. 



dt 


24. J 10(0.85)1 
26. [ (1.03)* dt 


25. 


j: 2 X dx 


27. J \nxdx 


28. 



In tdt 


29. 



dt 


30. Use the expressions for left and right sums on page 242 
and Table 5.7. 

(a) If n = 4, what is At? What are to,ti,t 2 ,t 3 ， U? 

What are / ⑹， f(h), / ⑹， / ⑹? 

(b) Find the left and right sums using n = 4. 

(c) If n = 2, what is Atl What are to, ti, 如？ What are 

/ ⑹， / ⑹, / ⑹？ 

(d) Find the left and right sums using n = 2. 


Table 5.7 


t 

15 

17 

19 

21 

23 

m 

10 

13 

18 

20 

30 


Figure 5.25 


31. Use the expressions for left and right sums on page 242 
and Table 5.8. 

(a) If n = 4, what is At? What are to,ti,t 2 ,t 3 ,t^ 

What are f(t 0 ), / ⑹， / ⑹？ 

(b) Find the left and right sums using n = 4. 

(c) If n = 2, what is At? What are to, ti, 如？ What are 

/ ⑹， / ⑹, / ⑹？ 

(d) Find the left and right sums using n = 2. 


In Problems 20-29, use a calculator or computer to evaluate 
the integral. 


20 . 


x 2 dx 


21 . 


乂 (3® + l) 2 dx 
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Table 5.8 


t 

0 

4 

8 

12 

16 

m 

25 

23 

22 

20 

17 


The Definite Integral as an Area: When f(x) is Positive 

If f(x) is continuous and positive, each term f(xo)Ax, f(Xi)Ax, … in a left- or right-hand Rie- 
mann sum represents the area of a rectangle. See Figure 5.26. As the width Ax of the rectangles 
approaches zero, the rectangles fit the curve of the graph more exactly, and the sum of their areas 
gets closer to the area under the curve shaded in Figure 5.27. In other words: 
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Figure 5.26: Area of rectangles 
approximating the area under the curve 


Figure 5.27: Shaded area is the definite 
integral f(x) dx 


When / (x) is positive and a < b: 

Area under graph of / 
between a and b 


=f(x) dx. 


Example 1 


Find the area under the graph of y = 10x(3 _x ) between x = 0 and x = 3. 

y 


y = 10x(3 一。 



Figure 5.28: Area shaded = J Q 3 10x(3 _a: ) dx 


Solution 


The area we want is shaded in Figure 5.28. A rough estimate of this area is 6, since it has about the 
same area as a rectangle of width 3 and height 2. To find the area more accurately, we say 

Area shaded = f 10x(3~ x )dx. 

Jo 

Using a calculator or computer to evaluate the integral, we obtain 

Area shaded = / 10a;(3 _x ) dx = 6.967 « 7 square units. 


Relationship Between Definite Integral and Area: When f(x) is Not Positive 

We assumed in drawing Figure 5.27 that the graph of f(x) lies above the x-axis. If the graph lies 
below the x-axis, then each value of f(x) is negative, so each f(x)Ax is negative, and the area gets 
counted negatively. In that case, the definite integral is the negative of the area between the graph of 
f and the horizontal axis. 


Example 2 What is the relation between the definite integral J (x 2 — 1) dx and the area between the parabola 

y = x 2 — 1 and the x-axis? 

























Solution 
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The parabola lies below the x-axis between x = —1 and x = 1. (See Figure 5.29.) So, 



1) dx = — Area = —1.33. 



y = x 2 — 1 


Area = 1.33 and 


/^(r 2 -l)dx = -1.33 


Figure 5.29: Integral j\(x 2 — 1) dx is negative of shaded area 


Summarizing, assuming f(x) is continuous, we have: 

When / (x) is positive for some x-values and negative for others, and a <b: 

/ f{x) dx is the sum of the areas above the x-axis, counted positively, and the areas below 
the x-axis, counted negatively. 

In the following example, we break up the integral. The properties that allow us to do this are 
discussed in the Focus on Theory section at the end of this chapter. 



Interpret the definite integral / (x s — 7x 2 + llx) dx in terms of areas. 
Jo 


Example 3 


Figure 5.30 shows the graph of f(x) = x s — 7x 2 -\-llx crossing below the x-axis at about x = 2.38. 
The integral is the area above the x-axis, minus the area below the x-axis, Computing the 
integral with a calculator or computer shows 


Breaking the integral into two parts and calculating each one separately gives 




so A\ = 7.72 and A 2 = 5.05. Then, as we would expect, 



(a; 3 - 7x 2 + llx) dx = A 1 -A 2 = 7.72 - 5.05 = 2.67. 

_3 17^.2 1 11^. 



Figure 5.30: Integral (x 3 - 7x 2 + llx) dx = A\ - A 2 
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Example 4 Find the total area of the shaded regions in Figure 5.30. 

Solution We saw in Example 3 that Ai = 7.72 and A 2 = 5.05. Thus we have 

Total shaded area = Ai-\- A 2 = 7.72 + 5.05 = 12.77. 


Example 5 


Solution 


For each of the functions graphed in Figure 5.31，decide whether J。 5 f(x) dx is positive, negative or 
approximately zero. 



(a) The graph lies almost entirely below the x-axis, so the integral is negative. 

(b) The graph lies partly below the x-axis and partly above the x-axis. However, the area above the 
x-axis is larger than the area below the x-axis, so the integral is positive. 

(c) The graph lies partly below the x-axis and partly above the x-axis. Since the areas above and 
below the x-axis appear to be approximately equal in size, the integral is approximately zero. 


Area Between Two Curves 


We can use rectangles to approximate the area between two curves. If g(x) < f(x), as in Fig¬ 
ure 5.32, the height of a rectangle is f{pc) — g(x). The area of the rectangle is (f(x) — g(x))Ax, 
and we have the following result: 


If g(x) < f(x) for a < x <b: 


Area between graphs of f(x) and g(x) 
for a < x <b 


=J U( x ) - 9{x)) dx. 


(f(x)-g(x)) 



^ -- X 

a b 


Figure 5.32: Area between two curves = J: (/(x) — g(x)) dx 


Example6 Graphs of f(x) = Ax — x 2 and g(x) = ^x 3 ^ 2 for x > 0 are shown in Figure 5.33. Use a definite 

integral to estimate the area enclosed by the graphs of these two functions. 
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1 2 3.12 4 

Figure 5.33: Find the area between f(x) = 4：x — x 2 and g(x) = using an integral 


Solution The region enclosed by the graphs of the two functions is shaded in Figure 5.33. The two graphs 
cross a.tx = 0 and at x « 3.12. Between these values, the graph of f(x) = Ax — x 2 lies above the 
graph of g{x) = |x 3 / 2 . Using a calculator or computer to evaluate the integral, we get 

Area between graphs = f ((4x — x 2 ) — dx = 5.906. 


Problems for Section 5.3 


1. Find the area under y = x 3 2 between x = 0 and 
x = 2. Sketch this area. 

2. Find the area under P = 100(0.6)* between t = 0 and 


3. Find the area between y = x+5 and y = 2x+l between 
x 0 srid x — 2. 

4. Find the area enclosed by y = Sx and y = x 2 . 

5. (a) What is the area between the graph of f(x) in Fig¬ 

ure 5.34 and the x-axis, between x = 0 and x = 5? 
(b) What is / 0 * f(x) dxl 

Area = 7 



Area = 6 

Figure 5.34 


In Problems 6-9, decide whether J: 3 f(pc) dx is 
negative, or approximately zero. 


10. (a) Estimate (by counting the squares) the total area 
shaded in Figure 5.35. 

(b) Using Figure 5.35, estimate J。 8 f(x) dx. 

(c) Why are your answers to parts (a) and (b) different? 



N 

1 1 







⑻ 















k 




/ 













\ 


/ 



Figure 5.35 

Using Figure 5.36, estimate J! 3 f(pc)dx. 


—i'o- 




Figure 5.36 

12. Given f(x) dx = 0.25 and Figure 5.37, estimate: 

⑻ fo f( x ) dx ( b ) f-1 f( x ) dx 

(c) The total shaded area. 
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Figure 5.37 
















































252 Chapter Five ACCUMULATED CHANGE: THE DEFINITE INTEGRAL 


13. Given J: 2 f(x)dx = 4 and Figure 5.38, estimate: 
⑻ J^f(x)dx (b) f^_ 2 f(x)dx 



Figure 5.38 


In Problems 14—17, match the graph with one of the following 
possible values for the integral J Q 5 f(x) dx: 

I .一 10.4 II. -2.1 IE. 5.2 IV. 10.4 



20. (a) Graph f(x) = x(x + 2)(x — 1). 

(b) Find the total area between the graph and the x-axis 
between x = —2 and x = 1. 

(c) Find f^ 2 f(x) dx and interpret it in terms of areas. 

21. (a) Using Figure 5.41, find /° 3 f(x) dx. 

(b) If the area of the shaded region is A, estimate 
J^ 3 f(x)dx. 



1$. Use Figure 5.39 to find the values of 

⑻ / a 6 f(x) dx (b) / 6 C f{x) dx 

( C ) Ia^ X ) dX ⑹ XT 1/(®) I 



19. Using Figure 5.40, list the following integrals in increas¬ 
ing order (from smallest to largest). Which integrals are 
negative, which are positive? Give reasons. 

i. i b a f{x)dx n. r a f{x)dx m. i e J{x)dx 
IV. J b B f(x)dx V. f b c f(x)dx 


For Problems 23-24, compute the definite integral and inter¬ 
pret the result in terms of areas. 



25. Compute the definite integral J Q 4 cos ^Jx dx and interpret 
the result in terms of areas. 

26. Find the area between the graph ofy = x 2 — 2 and the 
x-axis, between x = 0 and x = 3. 

In Problems 27-34, use an integral to find the specified area. 

27. Under y = 6x 3 — 2 for 5 < a: < 10. 

28. Under y = 2 cos(t/10) for 1 < t < 2. 

29. Under y = 6 ln{2x) and above y = 3 for 3 < a; < 5. 

30. Between y = sin a: + 2 and y = 0.5 for 6 < a; < 10. 

31. Between y = cos x-\-7 and y = In (: r — 3), 5 < a: < 7. 

32. Above the curve y = x 4 — 8 and below the x-axis. 

33. Above the curve y = —e x + e 2 ( x_1 ) and below the x- 
axis, for x >0. 

34. Between y = cos t and y = sin t for 0 < t < 7r. 
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5.4 INTERPRETATIONS OF THE DEFINITE INTEGRAL 


The Notation and Units for the Definite Integral 

Just as the Leibniz notation dy/dx for the derivative reminds us that the derivative is the limit of a 
quotient of differences, the notation for the definite integral, 

[f(x)dx, 

J a 

reminds us that an integral is a limit of a sum. The integral sign is a misshapen S. Since the terms 
being added are products of the form “/ ⑷ times a difference in x,” we have the following result: 


The unit of measurement for / f{x) dx is the product of the units for f(x) and the units for x. 
J a 


For example, if x and f(x) have the same units, then the integral J: f(x) dx is measured in 
square units, say cm x cm = cm 2 . This is what we would expect, since the integral represents an 
area. 

Similarly, if f(t) is velocity in meters/second and t is time in seconds, then the integral 
b 

f{t) dt 

has units of (meters/sec) x (sec) = meters, which is what we expect since the integral represents 
change in position. We saw in Section 5.1 that total change could be approximated by a Riemann 
sum formed using the rate of change. In the limit, we have: 


If f(t) is a rate of change of a quantity, then 

Total change in quantity between 
t — a s.ncl t — b 


The units correspond: If f(t) is a rate of change, with units of quantity/time, then f(t)At and 
the definite integral have units of (quantity/time) x (time) = quantity. 



Example 1 


Solution 


A bacteria colony initially has a population of 14 million bacteria. Suppose that t hours later the 
population is growing at a rate of f(t) = million bacteria per hour. 

(a) Give a definite integral that represents the total change in the bacteria population during the 
time from t = 0 to t = 2. 

(b) Find the population at time t = 2. 


(a) Since f(t) = 2* gives the rate of change of population, we have 


Change in population between 
t = 0 and t = 2 



(b) Using a calculator, we find / Q 2 2* dt = 4.328. The bacteria population was 14 million at time 
t = 0 and increased 4.328 million between t = 0 and t = 2. Therefore, at time t = 2, 

Population = 14 + 4.328 = 18.328 million bacteria. 


Example 2 Suppose that C(t) represents the cost per day to heat your home in dollars per day, where t is time 

/ *90 

measured in days and t = 0 corresponds to January 1, 2010. Interpret / C{t) dt. 
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Solution 


Example 3 


Solution 


Example 4 


The units for the integral / Q 90 C(t) dt are (dollars/day) x (days) = dollars. The integral represents 
the cost in dollars to heat your house for the first 90 days of 2010, namely the months of January, 
February, and March. 


A man starts 50 miles away from his home and takes a trip in his car. He moves on a straight line, 
and his home lies on this line. His velocity is given in Figure 5.42. 


(a) When is the man closest to his home? Approximately how far away is he then? 

(b) When is the man farthest from his home? How far away is he then? 



t (hours) 


Figure 5.42: Velocity of trip starting 50 miles from home 

What happens on this trip? The velocity function is positive the first two hours and negative between 
t = 2 and t = 5.So the man moves toward his home during the first two hours, then turns around 
at t = 2 and moves away from his home. The distance he travels is represented by the area between 
the graph of velocity and the t-axis; since the area below the axis is greater than the area above the 
axis, we see that he ends up farther away from home than when he started. Thus he is closest to 
home at t = 2 and farthest from home at t = 5. We can estimate how far he went in each direction 
by estimating areas. 

(a) The man starts out 50 miles from home. The distance the man travels during the first two hours 
is the area under the curve between t = 0 and t = 2. This area corresponds to about one grid 
square. Since each grid square has area (30 miles/hour)(l hour) = 30 miles, the man travels 
about 30 miles toward home. He is closest to home after 2 hours, and he is about 20 miles away 
at that time. 

(b) Between t = 2 and t = 5, the man moves away from his home. Since this area is equal to about 
3.5 grid squares, which is (3.5)(30) =105 miles, he has moved 105 miles farther from home. 
He was already 20 miles from home, so at t = 5 he is about 125 miles from home. He is farthest 
from home att = 5. 

Notice that the man has covered a total distance of 30 +105 = 135 miles. However, he went toward 
his home for 30 miles and away from his home for 105 miles. His net change in position is 75 miles. 


The rates of growth of the populations of two species of plants (measured in new plants per year) 
are shown in Figure 5.43. Assume that the populations of the two species are equal at time t = 0. 

(a) Which population is larger after one year? After two years? 

(b) How much does the population of species 1 increase during the first two years? 

new plants per year 


4500 

3000 

1500 



2 


Species 2 
Species 1 


t (years) 


Figure 5.43: Population growth rates for two species of plants 
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Solution (a) The rate of growth of the population of species 1 is higher than that of species 2 throughout the 

first year, so the population of species 1 is larger after one year. After two years, the situation is 
less clear, since the population of species 1 increased faster for the first year and that of species 
2 for the second. However, if r(t) is the rate of growth of a population, we have 

Total change in population during first two years = / r(t)dt. 

Jo 

This integral is the area under the graph of r(t). For t = 0 to t = 2, the area under the species 
1 graph in Figure 5.43 is smaller than the area under the species 2 graph, so the population of 
species 2 is larger after two years. 

(b) The population change for species 1 is the area of the region under the graph of r(t) between 
t = 0 and t = 2 in Figure 5.43. The region consists of about 16.5 grid squares, each of area 
(750 plants/year)(0.25 year) = 187.5 plants, giving a total of (16.5)(187.5) = 3093.75 plants. 
The population of species 1 increases by about 3100 plants during the two years. 


Bioavailability of Drugs 

In pharmacology, the definite integral is used to measure bioavailability; that is, the overall presence 
of a drug in the bloodstream during the course of a treatment. Unit bioavailability represents 1 unit 
concentration of the drug in the bloodstream for 1 hour. For example, a concentration of 3 /xg/cm 3 
in the blood for 2 hours has bioavailability of 3 • 2 = 6 (//g/cm 3 )-hours. 

Ordinarily the concentration of a drug in the blood is not constant. Typically, the concentration 
in the blood increases as the drug is absorbed into the bloodstream, and then decreases as the drug 
is broken down and excreted. 2 (See Figure 5.44.) 

Suppose that we want to calculate the bioavailability of a drug that is in the blood with con¬ 
centration C(t)/xg/cm 3 at time t for the time period 0 < t < T. Over a small interval At, we 
estimate 

Bioavailability « Concentration x Time = C(t)At. 

Summing over all subintervals gives 

Total bioavailability « ^ C(t)At. 


In the limit as n ^ oo, where n is the number of intervals of width At, the sum becomes an integral. 
So for 0 < t < T, we have 

Bioavailability = [ C(t)dt. 

Jo 

That is, the total bioavailability of a drug is equal to the area under the drug concentration curve. 


concentration of drug in blood stream 



‘ t (hours) 


Figure 5.44: Curve showing drug concentration as a function of time 
2 Drug Treatment, Graeme S. Avery (Ed.) (Sydney: Adis Press, 1976). 
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Example 5 Blood concentration curves 3 of two drugs are shown in Figure 5.45. Describe the differences and 
similarities between the two drugs in terms of peak concentration, speed of absorption into the 
bloodstream, and total bioavailability. 

concentration of drug in blood stream 



Figure 5.45: Concentration curves of two drugs 


Solution Drug ^4 has a peak concentration more than twice as high as that of drug B. Because drug ^4 achieves 

peak concentration sooner than drug B, drug A appears to be absorbed more rapidly into the blood 
stream than drug B. Finally, drug A has greater total bioavailability, since the area under the graph 
of the concentration function for drug A is greater than the area under the graph for drug B. 


Problems for Section 5.4 


1. The following table gives the emissions, E, of nitrogen 
oxides in millions of metric tons per year in the US? Let 
t be the number of years since 1970 and E = f(t). 

(a) What are the units and meaning of J。 30 f(t)dtl 

(b) Estimate f 。 f 、 t)dt. 


Year 1970 1975 


E 26.9 26.4 


1980 1985 

27.1 25.8 


1990 1995 

25.5 25.0 


2000 

22.6 


2. Annual coal production in the US (in quadrillion BTU 
per year) is given in the table. 5 Estimate the total amount 
of coal produced in the US between 1960 and 1990. If 
r = f(t) is the rate of coal production t years since 
1960, write an integral to represent the 1960-1990 coal 
production. 


Year 1960 
Rate 10.82 


1965 

13.06 


1970 

14.61 


1975 

14.99 


1980 

18.60 


1985 1990 

19.33 22.46 


4. J Q 6 a(t) dt, where a(t) is acceleration in km/hr 2 and t is 
time in hours. 

5. where f{t) is the rate at which the world’s 
population is growing in year t, in billion people per 
year. 

6. J。 5 s(x) dx, where s(x) is rate of change of salinity (salt 
concentration) in gm/liter per cm in sea water, and where 
x is depth below the surface of the water in cm. 

7. Oil leaks out of a tanker at a rate of r = f(t) gallons per 
minute, where t is in minutes. Write a definite integral 
expressing the total quantity of oil which leaks out of the 
tanker in the first hour. 

8. A cup of coffee at 90° C is put into a 20° C room when 
t = 0. The coffee’s temperature is changing at a rate of 
r(t) = —7(0.9” °C per minute, with t in minutes. Esti¬ 
mate the coffee’s temperature when t = 10. 

9. After a foreign substance is introduced into the blood, the 
rate at which antibodies are made is given by 

r(t)= 尤 2 : 1 thousands of antibodies per minute, 


where time, t, is in minutes. Assuming there are no an- 
In Problems 3-6, explain in words what the integral represents tibodies present at time t = 0, find the total quantity of 

and give units. antibodies in the blood at the end of 4 minutes. 

3. v(t) dt, where v(t) is velocity in meters/sec and t is 
time in seconds. 


3 Drug Treatment, Graeme S. Avery (Ed.) (Sydney: Adis Press, 1976). 

4 The World Almanac and Book of Facts 2005, p. Ill (New York: World Almanac Books). 

5 World Almanac, 1995. 
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10. World annual natural gas 6 consumption, AT, in millions 
of metric tons of oil equivalent, is approximated by N = 
1770 + 53t, where t is in years since 1990. 

(a) How much natural gas was consumed in 1990? In 
2010 ? 

(b) Estimate the total amount of natural gas consumed 
during the 20-year period from 1990 to 2010. 

11. Solar photovoltaic (PV) cells are the world’s fastest- 
growing energy source. 7 Annual solar PV production, S, 
in megawatts, is approximated by 5 = 277e 0,368t , where 
t is in years since 2000. Estimate the total solar PV pro¬ 
duction between 2000 and 2010. 

12. The velocity of a car (in miles per hour) is given by 
v(t) = 40t — 10t 2 , where t is in hours. 

(a) Write a definite integral for the distance the car trav¬ 
els during the first three hours. 

(b) Sketch a graph of velocity against time and repre¬ 
sent the distance traveled during the first three hours 
as an area on your graph. 

(c) Use a computer or calculator to find this distance. 

13. Your velocity is v(t) = ln(t 2 + 1) ft/sec for t in sec¬ 
onds, 0 < t < 3. Estimate the distance traveled during 
this time. 

14. Figure 5.46 shows the rate of change of the quantity of 
water in a water tower, in liters per day, during the month 
of April. If the tower had 12,000 liters of water in it on 
April 1, estimate the quantity of water in the tower on 
April 30. 



150 
100 
50 
0 

-50 
-100 

Figure 5.46 


15. Figure 5.47 shows the weight growth rate of a human fe¬ 
tus. 

(a) What property of a graph of weight as a function of 
age corresponds to the fact that the function in Fig¬ 
ure 5.47 is increasing? 

(b) Estimate the weight of a baby bom in week 40. 






N 








/ 




u 

2 1 

8 2 

4 30 







weight growth rate 
(kg/week) 



Figure 5.47: Rate of increase of fetal weight 


Problems 16-18 concern the future of the US Social Security 
Trust Fund, out of which pensions are paid. Figure 5.48 shows 
the rates (billions of dollars per year) at which income, I(t), 
from taxes and interest is projected to flow into the fund and 
at which expenditures, E(t )，flow out of the fund. Figure 5.49 
shows the value of the fund as a function of time. 8 


$/yr 



Figure 5.48 


value ($bn) 



Figure 5.49 

16. (a) Write each of the following areas in Figure 5.48 

from 2000 to 2015 as an integral and explain its sig¬ 
nificance for the fund. 

(i) Under the income curve 

(ii) Under the expenditure curve 

(iii) Between the income and expenditure curves 
(b) Use Figure 5.49 to estimate the area between the two 

curves from 2000 to 2015. 

17. Decide when the value of the fund is projected to be a 
maximum using 

(a) Figure 5.48 (b) Figure 5.49 


6 BP Statistical Review of World Energy 2009, http://www.bp.com/ (accessed 9/6/2009). 

7 Vital Signs 2007-2008, The Worldwatch Institute, W.W. Norton & Company, 2007, p. 38. 

8 The 2009 OASDI Trustees Report, www.ssa.gov/QAdI7TR/2009. 
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18. Express the projected increase in value of the fund from 
2000 to 2030 as an integral. 

19. A forest fire covers 2000 acres at time t = 0. The fire 
is growing at a rate of Sy/t acres per hour, where t is in 
hours. How many acres are covered 24 hours later? 

20. Water is pumped out of a holding tank at a rate of 
5 — 5e _0 ' 12t liters/minute, where t is in minutes since 
the pump is started. If the holding tank contains 1000 
liters of water when the pump is started, how much water 
does it hold one hour later? 

21. Figure 5.50 shows the rate of growth of two trees. If the 
two trees are the same height at time t = 0, which tree is 
taller after 5 years? After 10 years? 



22. Figure 5.51 shows the number of sales per month made 
by two salespeople. Which person has the most total sales 
after 6 months? After the first year? At approximately 
what times (if any) have they sold roughly equal total 
amounts? Approximately how many total sales has each 
person made at the end of the first year? 

number of sales per month 



(d) When fully grown, about how much taller is the av¬ 
erage man than the average woman? (The average 
boy and girl are about the same height at age 3.) 


y (cm/yr) 



24. The birth rate, B, in births per hour, of a bacteria popu¬ 
lation is given in Figure 5.53. The curve marked D gives 
the death rate, in deaths per hour, of the same population. 

(a) Explain what the shape of each of these graphs tells 
you about the population. 

(b) Use the graphs to find the time at which the net rate 
of increase of the population is at a maximum. 

(c) At time t = 0 the population has size N. Sketch the 
graph of the total number bom by time t. Also sketch 
the graph of the number alive at time t. Estimate the 
time at which the population is a maximum. 

bacteria/hour 



5 10 15 20 

Figure 5.53 


Figure 5.51 

23. Height velocity graphs are used by endocrinologists to 
follow the progress of children with growth deficiencies. 
Figure 5.52 shows the height velocity curves of an aver¬ 
age boy and an average girl between ages 3 and 18. 

(a) Which curve is for girls and which is for boys? Ex¬ 
plain how you can tell. 

(b) About how much does the average boy grow be¬ 
tween ages 3 and 10? 

(c) The growth spurt associated with adolescence and 
the onset of puberty occurs between ages 12 and 15 
for the average boy and between ages 10 and 12.5 
for the average girl. Estimate the height gained by 
each average child during this growth spurt. 


25. The rates of consumption of stores of protein and fat in 
the human body during 8 weeks of starvation are shown 
in Figure 5.54. Does the body bum more fat or more pro¬ 
tein during this period? 



12345678 


Figure 5.54 
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A healthy human heart pumps about 5 liters of blood per 
minute. Problems 26-27 refer to Figure 5.55, which shows the 
response of the heart to bleeding. The pumping rate drops and 
then returns to normal if the person recovers fully, or drops to 
zero if the person dies. 

pumping rate of heart Return to normal 

(liters per minute) i 



Figure 5.55 

26. (a) If the body is bled 2 liters, how much blood is 

pumped during the three hours leading to death? 

(b) If f(t) is the pumping rate in liters per minute at time 
t hours, express your answer to part (a) as a definite 
integral. 

(c) How much more blood would have been pumped 
during the same time period if there had been no 
bleeding? Illustrate your answer on the graph. 

27. (a) If the body is bled 1 liter, how much blood is pumped 

during the three hours leading to fall recovery? 

(b) If g(t) is the pumping rate in liters per minute at time 
t hours, express your answer to part (a) as a definite 
integral. 

(c) How much more blood would have been pumped 
during the same time period if there had been no 
bleeding? Show your answer as an area on the graph. 

28. The amount of waste a company produces, W, in tons per 
week, is approximated by W = 3.75e _0 008t , where t is 
in weeks since January 1, 2005. Waste removal for the 
company costs $15/ton. How much does the company 
pay for waste removal during the year 2005? 


Problems 29-32 show the velocity, in cm/sec, of a particle 
moving along the x-axis. Compute the particle’s change in po¬ 
sition, left (negative) or right (positive), between times t = 0 
and t = 5 seconds. 


29. 

-3 


v(t) 


5 



31 . 




33. Figure 5.56 gives your velocity during a trip starting from 
home. Positive velocities take you away from home and 
negative velocities take you toward home. Where are you 
at the end of the 5 hours? When are you farthest from 
home? How far away are you at that time? 


-10 

-20 


t (hours) 


Figure 5.56 


34. A bicyclist is pedaling along a straight road for one hour 
with a velocity v shown in Figure 5.57. She starts out five 
kilometers from the lake and positive velocities take her 
toward the lake. [Note: The vertical lines on the graph are 
at 10 minute (1/6 hour) intervals.] 


v (km/hr) 



Figure 5.57 

(a) Does the cyclist ever turn around? If so, at what 
time ⑻？ 

(b) When is she going the fastest? How fast is she going 
then? Toward the lake or away? 

(c) When is she closest to the lake? Approximately how 
close to the lake does she get? 

(d) When is she farthest from the lake? Approximately 
how far from the lake is she then? 

35. Figure 5.58 shows plasma concentration curves for two 
drugs used to slow a rapid heart rate. Compare the two 
products in terms of level of peak concentration, time un¬ 
til peak concentration, and overall bioavailability. 



Figure 5.58 
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36. Figure 5.59 compares the concentration in blood plasma 
for two pain relievers. Compare the two products in terms 
of level of peak concentration, time until peak concentra¬ 
tion, and overall bioavailability. 



Figure 5.59 


37. Draw plasma concentration curves for two drugs A and 
B if product A has the highest peak concentration, but 
product B is absorbed more quickly and has greater over¬ 
all bioavailability. 

38. A two-day environmental cleanup started at 9 am on the 
first day. The number of workers fluctuated as shown in 
Figure 5.60. If the workers were paid $10 per hour, how 
much was the total personnel cost of the cleanup? 


(at t = 0) and t is the time in hours, the radiation level 
R(t) t in millirems/hour, is given by 

R{t) = _R 0 (0.996)*. 

(a) How long does it take for the site to reach the ac¬ 
ceptable level of radiation of 0.6 millirems/hour? 

(b) How much total radiation (in millirems) has been 
emitted by that time? 

41. If you jump out of an airplane and your parachute fails 
to open, your downward velocity (in meters per second) 
t seconds after the jump is approximated by 

v(t) = 49(1- (0.8187)*). 

(a) Write an expression for the distance you fall in T 
seconds. 

(b) If you jump from 5000 meters above the ground, es¬ 
timate, using trial and error, how many seconds you 
fall before hitting the ground. 

42. The Montgolfier brothers (Joseph and Etienne) were 
eighteenth-century pioneers in the field of hot-air bal¬ 
looning. Had they had the appropriate instruments, they 
might have left us a record, like that shown in Fig¬ 
ure 5.61, of one of their early experiments. The graph 
shows their vertical velocity, v, with upward as positive. 


workers 
50 
40 
30 
20 
10 

8 16 24 32 40 48 

Figure 5.60 
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39. Suppose in Problem 38 that the workers were paid $10 
per hour for work during the time period 9 am to 5 pm 
and were paid $15 per hour for work during the rest of the 
day. What would the total personnel costs of the clean up 
have been under these conditions? 


(a) Over what intervals was the acceleration positive? 



(b) What was the greatest altitude achieved, and at what 
time? 

(c) This particular flight ended on top of a hill. How do 
you know that it did, and what was the height of the 
hill above the starting point? 


v (ft/min) 



40. At the site of a spill of radioactive iodine, radiation lev¬ 
els were four times the maximum acceptable limit, so an 
evacuation was ordered. If Rq is the initial radiation level 


5.5 THE FUNDAMENTAL THEOREM OF CALCULUS 

In Section 5.4, we saw that the total change of a quantity can be obtained by integrating its rate of 
change. Since the change in F between a and b is F(b) — F(a) and the rate of change is F\t) we 
have the following result: 
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The Fundamental Theorem of Calculus 

If F\t) is continuous fox a <t <b, then 

J a 

In words: 

The definite integral of the derivative of a function gives the total change in the function. 


In Section 7.3 we see how to use the Fundamental Theorem to compute a definite integral. The 
Focus on Theory Section gives another version of the Fundamental Theorem. 


Example 1 Figure 5.62 shows the rate of change of the value, F(t), of an investment over a 5-month 

period. 

(a) When is the value of the investment increasing in value and when is it decreasing? 

(b) Does the investment increase or decrease in value during the 5 months? 


rate of change of value 
of investment ($/month) 


V/ 


nt) 

+- t (months) 


Figure 5.62: Did the investment increase or decrease in value over these 5 months? 

Solution (a) The investment decreased in value during the first 3 months, since the rate of change of value is 

negative then. The value rose during the last 2 months. 

(b) We want to find the total change in the value of the investment between t = 0 and t = 5. Since 
the total change is the integral of the rate of change, F f (t), we are looking for 


Total change in value : 


F\t)dt. 


The integral equals the shaded area above the t-axis minus the shaded area below the t-axis. 
Since in Figure 5.62 the area below the axis is greater than the area above the axis, the integral is 
negative. The total change in value of the investment during this time is negative, so it decreased 
in value. 


Marginal Cost and Change in Total Cost 

Suppose C(q) represents the cost of producing q items. The derivative, C f (q), is the marginal cost. 
Since marginal cost C f {q) is the rate of change of the cost function with respect to quantity, by the 
Fundamental Theorem, the integral 

[C'{q)dq 
J a 

represents the total change in the cost function between q = a and q = b. In other words, the integral 
gives the amount it costs to increase production from a units to b units. 
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Example 2 

Solution 


The cost of producing 0 units is the fixed cost (7(0). The area under the marginal cost curve 
between q = 0 and q = bis the total increase in cost between a production of 0 and a production of 
b. This is called the total variable cost. Adding this to the fixed cost gives the total cost to produce 
b units. In summary, 

If C f (q) is a marginal cost function and C(0) is the fixed cost, 

Cost to increase production from a units to b units = C(b) — C(a) = / C\q) dq 

J a 

r b 

Total variable cost to produce b units = / C\q) dq 

Jo 

Total cost of producing b units = Fixed cost + Total variable cost 
=C(0) + f b C'(q)dq 


A marginal cost curve is given in Figure 5.63. If the fixed cost is $1000, estimate the total cost of 
producing 250 items. 

The total cost of production is Fixed cost + Variable cost. The variable cost of producing 250 items 
is represented by the area under the marginal cost curve. The area in Figure 5.63 between q = 0 
and q = 250 is about 20 grid squares. Each grid square has area (2 dollars/item)(50 items) = 100 
dollars, so 

/ -250 

Total variable cost = C\q) dq « 20(100) = 2000. 

Jo 

The total cost to produce 250 items is given by : 

Total cost = Fixed cost + Total variable cost 
« $1000+ $2000 = $3000. 

$ per item 




50 100 150 200 250 

Figure 5.63: A marginal cost curve 


Problems for Section 5.5 


1. If the marginal cost function C\q) is measured in dol¬ 
lars per ton, and q gives the quantity in tons, what are the 
units of measurement for f C f (q) dql What does this 
integral represent? 

2. The marginal cost fimction of a product, in dollars per 
unit, is C’(q) = q 2 — 50g + 700. If fixed costs are $500, 
find the total cost to produce 50 items. 


3. The total cost in dollars to produce q units of a product is 
C(q). Fixed costs are $20,000. The marginal cost is 

C f (q) = 0.005^ 1 2 - g + 56. 

(a) On a graph of C f (q )，illustrate graphically the total 
variable cost of producing 150 units. 

(b) Estimate (7(150), the total cost to produce 150 units. 

(c) Find the value of (7,(150) and interpret your answer 
in terms of costs of production. 

(d) Use parts (b) and (c) to estimate (7(151). 
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4. A marginal cost function C\q) is given in Figure 5.64. 
If the fixed costs are $10,000, estimate: 

(a) The total cost to produce 30 units. 

(b) The additional cost if the company increases produc¬ 
tion from 30 units to 40 units. 

(c) The value of C’(25). Interpret your answer in terms 
of costs of production. 


9. The marginal revenue function on sales of q units of a 
product is R f (q) = 200 — 12y/q dollars per unit. 

⑻ Graph R\q). 

(b) Estimate the total revenue if sales are 100 units. 

(c) What is the marginal revenue at 100 units? Use this 
value and your answer to part (b) to estimate the total 
revenue if sales are 101 units. 



10. Figure 5.66 shows P r (t), the rate of change of the price 
of stock in a certain company at time t. 

(a) At what time during this five-week period was the 
stock at its highest value? At its lowest value? 

(b) If P(t) represents the price of the stock, arrange the 
following quantities in increasing order: 

P(0), P ⑴， P(2), P(3), P(4), P(5). 


Figure 5.64 


5. The population of Tokyo grew at the rate shown in Fig¬ 
ure 5.65. Estimate the change in population between 
1970 and 1990. 



Figure 5.65 


6. The marginal cost function for a company is given by 

C\q) = q 2 — I6q + 70 dollars/unit, 
where q is the quantity produced. If (7(0) = 500, find 
the total cost of producing 20 units. What is the fixed 
cost and what is the total variable cost for this quantity? 

7. The marginal cost C' (q) (in dollars per unit) of produc¬ 
ing q units is given in the following table. 


(a) If fixed cost is $10,000, estimate the total cost of pro¬ 
ducing 400 units. 

(b) How much would the total cost increase if produc¬ 
tion were increased one unit, to 401 units? 


Q 

0 

100 

200 

300 

400 

500 

600 

C'(q) 

25 

20 

18 

22 

28 

35 

45 


8. The marginal cost function of producing q mountain 


bikes is 


C\q)= 


600 

0.3^ -h 5 


(a) If the fixed cost in producing the bicycles is $2000, 
find the total cost to produce 30 bicycles. 

(b) If the bikes are sold for $200 each, what is the profit 
(or loss) on the first 30 bicycles? 

(c) Find the marginal profit on the 31 st bicycle. 


$/share per week 



Figure 5.66 

11. Ice is forming on a pond at a rate given by 



where y is the thickness of the ice in inches at time t 
measured in hours since the ice started forming. 

(a) Estimate the thickness of the ice after 8 hours. 

(b) At what rate is the thickness of the ice increasing 
after 8 hours? 

12. The net worth, /(t), of a company is growing at a rate 
of f’(t) = 2000 — 12t 2 dollars per year, where t is in 
years since 2005. How is the net worth of the company 
expected to change between 2005 and 2015? If the com¬ 
pany is worth $40,000 in 2005, what is it worth in 2015? 

13. The graph of a derivative f f (x) is shown in Figure 5.67. 
Fill in the table of values for f (x) given that /(0) = 2. 




f(x) 


X 


Figure 5.67: Graph of /’, not / 
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CHAPTER SUMMARY 


• Definite integral as limit of right-hand or left-hand 
sums 

• Interpretations of the definite integral 

Total change from rate of change, change in position 
given velocity, area, bioavailability, total variable cost. 


• Working with the definite integral 

Estimate definite integral from graph, table of values, or 
formula. 

• Fundamental Theorem of Calculus 


REVIEW PROBLEMS FOR CHAPTER FIVE 


1. The velocity v(t) in Table 5.9 is decreasing, 2 < t < 12. 
Using n = 5 subdivisions to approximate the total dis¬ 
tance traveled, find 

(a) An upper estimate (b) A lower estimate 


Table 5.9 


t 

2 

4 

6 

8 

10 

12 

v(t) 

44 

42 

41 

40 

37 

35 


2. The velocity v(t) in Table 5.10 is increasing, 0 < t < 12. 

(a) Find an upper estimate for the total distance traveled 
using 

(i) n = 4 (ii) n = 2 

(b) Which of the two answers in part (a) is more accu¬ 
rate? Why? 

(c) Find a lower estimate of the total distance traveled 
using n = 4. 


Table 5.10 


t 

0 

3 

6 

9 

12 


34 

37 

38 

40 

45 


8. As coal deposits are depleted, it becomes necessary to 
strip-mine larger areas for each ton of coal. Figure 5.68 
shows the number of acres of land per million tons of coal 
that will be defaced during strip-mining as a function of 
the number of million tons removed, starting from the 
present day. 

(a) Estimate the total number of acres defaced in ex¬ 
tracting the next 4 million tons of coal (measured 
from the present day). Draw four rectangles under 
the curve, and compute their area. 

(b) Reestimate the number of acres defaced using rect¬ 
angles above the curve. 

(c) Use your answers to parts (a) and (b) to get a better 
estimate of the actual number of acres defaced. 



1 2 3 4 5 

Figure 5.68 


3. Use the following table to estimate f(x) dx. 


X 

10 

14 

18 

22 

26 

f(x) 

100 

88 

72 

50 

28 


4. If f(t) is measured in miles per hour and t is measured 
in hours, what are the units of J: f(t) dtl 

5. If f{t) is measured in meters/second 2 and t is measured 
in seconds, what are the units of J: f{t) dtl 

6. If f(t) is measured in dollars per year and t is measured 
in years, what are the units of 

7. If f(x) is measured in pounds and x is measured in feet, 
what are 也 eunitsof/!/ ㈤ cte? 


For Problems 9-14, use a calculator or computer to evaluate 
the integral. 



15. Find the area under the graph of f(x) = x 2 2 between 
x = 0 and x = 6. 




































In Problems 16-19, find the given area. 

16. Between y = x 2 and y = x 3 for 0 < x < 1. 

17. Between y = x 1 ^ 2 and y = x 1 ^ 3 for 0 < x < 1. 

18. Between y = 3x and y = x 2 . 

19. Between y = x and y = y/x. 

20. Coal gas is produced at a gasworks. Pollutants in the gas 
are removed by scrubbers, which become less and less 
efficient as time goes on. The following measurements, 
made at the start of each month, show the rate at which 
pollutants are escaping (in tons/month) in the gas: 


Time (months) 

0 

1 

2 

3 

4 

5 

6 

Rate pollutants escape 

5 

7 

8 

10 

13 

16 

20 
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24. A news broadcast in early 1993 said the typical Amer¬ 
ican^ annual income is changing at a rate of r(t)= 
40(1.002)* dollars per month, where t is in months from 
January 1, 1993. How much did the typical American’s 
income change during 1993? 

25. Two species of plants have the same populations at time 
t = 0 and the growth rates shown in Figure 5.69. 

(a) Which species has a larger population at the end of 
5 years? At the end of 10 years? 

(b) Which species do you think has the larger population 
after 20 years? Explain. 


(a) Make an overestimate and an underestimate of the 
total quantity of pollutants that escape during the 
first month. 

(b) Make an overestimate and an underestimate of the 
total quantity of pollutants that escape during the six 
months. 

21. A student is speeding down Route 11 in his fancy red 
Porsche when his radar system warns him of an obsta¬ 
cle 400 feet ahead. He immediately applies the brakes, 
starts to slow down, and spots a skunk in the road directly 
ahead of him. The “black box” in the Porsche records the 
car’s speed every two seconds, producing the following 
table. The speed decreases throughout the 10 seconds it 
takes to stop, although not necessarily at a uniform rate. 



Time since brakes applied (sec) 

0 

2 

4 

6 

8 

10 

Speed (ft/sec) 

100 

80 

50 

25 

10 

0 


(a) What is your best estimate of the total distance the 
student’s car traveled before coming to rest? 

(b) Which one of the following statements can you jus- 



(i) The car stopped before getting to the skunk. 

(ii) The “black box” data is inconclusive. The 
skunk may or may not have been hit. 

(iii) The skunk was hit by the car. 

22. The velocity of a particle moving along the x-axis is 
given by f(t) = 6 — 2t cm/sec. Use a graph of f(t) 
to find the exact change in position of the particle from 
time t = 0 to t = 4 seconds. 

23. A baseball thrown directly upward at 96 ft/sec has veloc¬ 
ity v(t) = 96 — 32t ft/sec at time t seconds. 

(a) Graph the velocity from t = 0 to t = 6. 

(b) When does the baseball reach the peak of its flight? 
How high does it go? 

(c) How high is the baseball at time t = 5? 


26. Figure 5.70 represents your velocity, t;, on a bicycle trip 
along a straight road which starts 10 miles from home. 
Write a paragraph describing your trip: Do you start out 
going toward or away from home? How long do you con¬ 
tinue in that direction and how far are you from home 
when you turn around? How many times do you change 
direction? Do you ever get home? Where are you at the 
end of the four-hour bike ride? 


v (mph) 



Figure 5.70 
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27. Figure 5.71 shows the length growth rate of a human fe¬ 
tus. 

(a) What feature of a graph of length as a function of 
age corresponds to the maximum in Figure 5.71? 

(b) Estimate the length of a baby bom in week 40. 

length growth rate 
(cm/week) 



28. A bicyclist pedals along a straight road with velocity, v, 
given in Figure 5.72. She starts 5 miles from a lake; pos¬ 
itive velocities take her away from the lake and negative 
velocities take her toward the lake. When is the cyclist 
farthest from the lake, and how far away is she then? 


v (mph) 





/I 











/ 




V 

y 




l 


Figure 5.72 


29. Using Figure 5.73, decide whether each of the following 
definite integrals is positive or negative. 

⑻ JT 5 4 f( x ) dx ( b ) f-4 f( x ) dx 

(c) f(x) dx (d) /! 5 f(x) dx 



Figure 5.73 


30. Using Figure 5.73, arrange the following definite inte¬ 
grals in ascending order: 

/二 5 3 / ⑷如， / is 1 / ⑻机 /2 5 / ⑷办， /! 5 / ⑷如. 

31. Use a graph of y = 2~ x to explain why 2~ x ^ dx 
must be between 0 and 2. 


32. Without computation, show that 2 < / x z dx < 6. 

Jo 

33. With t in seconds, the velocity of an object is v{t)= 

10 + 8t — t 2 m/sec. 

(a) Represent the distance traveled during the first 5 sec¬ 
onds as a definite integral and as an area. 

(b) Estimate the distance traveled by the object during 
the first 5 seconds by estimating the area. 

(c) Calculate the distance traveled. 

34. The world’s oil is being consumed at a continuously in¬ 
creasing rate, f(t) (in billions of barrels per year), where 

t is in years since the start of 1995. 

(a) Write a definite integral which represents the total 
quantity of oil used between the start of 1995 and 
the start of 2010. 

(b) Suppose r = 32(1.05)*. Using a left-hand sum with 
five subdivisions, find an approximate value for the 
total quantity of oil used between the start of 1995 
and the start of 2010. 

(c) Interpret each of the five terms in the sum from part 
(b) in terms of oil consumption. 

35. A car moves along a straight line with velocity, in 



v {t) = 6-2t for t>0. 

(a) Describe the car’s motion in words. (When is it mov¬ 
ing forward, backward, and so on?) 

(b) The car’s position is measured from its starting 
point. When is it farthest forward? Backward? 

36. The marginal cost of drilling an oil well depends on the 
depth at which you are drilling; drilling becomes more 
expensive, per meter, as you dig deeper into the earth. 
The fixed costs are 1,000,000 riyals (the riyal is the unit 
of currency of Saudi Arabia), and, if x is the depth in 
meters, the marginal costs are 

C f (x) = 4000 + lOx riyals/meter. 

Find the total cost of drilling a 500-meter well. 

37. A warehouse charges its customers $5 per day for ev¬ 
ery 10 cubic feet of space used for storage. Figure 5.74 
records the storage used by one company over a month. 
How much will the company have to pay? 


cubic feet 


30,000 

20,000 

10,000 



days 


Figure 5.74 
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38. One of the earliest pollution problems brought to the at¬ 
tention of the Environmental Protection Agency (EPA) 
was the case of the Sioux Lake in eastern South Dakota. 
For years a small paper plant located nearby had been 
discharging waste containing carbon tetrachloride (CCI4) 
into the waters of the lake. At the time the EPA learned 
of the situation, the chemical was entering at a rate of 16 
cubic yards/year. 

The agency immediately ordered the installation of 
filters designed to slow (and eventually stop) the flow of 
CCI4 from the mill. Implementation of this program took 
exactly three years, during which the flow of pollutant 
was steady at 16 cubic yards/year. Once the filters were 
installed, the flow declined. From the time the filters were 
installed until the time the flow stopped, the rate of flow 
was well approximated by 

Rate (in cubic yards/year) = t 1 2 — 14t + 49, 

where t is time measured in years since the EPA learned 
of the situation (thus, t > 3). 

(a) Draw a graph showing the rate of CCI4 flow into the 
lake as a function of time, beginning at the time the 
EPA first learned of the situation. 

(b) How many years elapsed between the time the EPA 
learned of the situation and the time the pollution 
flow stopped entirely? 

(c) How much CCI4 entered the waters during the time 
shown in the graph in part (a)? 

39. (a) Graph x 3 — hx 2 + Ax, marking x = 1,2,3,4,5. 

(b) Use your graph and the area interpretation of the def¬ 
inite integral to decide which of the five numbers 


In 琴 



(x 3 -5x 2 -\-4x)dx 


forn = 1，2,3,4,5 


is largest. Which is smallest? How many of the num¬ 
bers are positive? (Don’t calculate the integrals.) 

40. A mouse moves back and forth in a straight tunnel, at¬ 
tracted to bits of cheddar cheese alternately introduced to 
and removed from the ends (right and left) of the tun¬ 
nel. The graph of the mouse’s velocity, v, is given in 
Figure 5.75, with positive velocity corresponding to mo¬ 
tion toward the right end. Assuming that the mouse starts 


(t = 0) at the center of the tunnel, use the graph to esti¬ 
mate the time(s) at which: 

(a) The mouse changes direction. 

(b) The mouse is moving most rapidly to the right; to 
the left. 

(c) The mouse is farthest to the right of center; farthest 



(d) The mouse’s speed (i.e., the magnitude of its veloc¬ 
ity) is decreasing. 

(e) The mouse is at the center of the tunnel. 


v (cm/sec) 



Figure 5.75 


41. Pollution is being dumped into a lake at a rate which is in¬ 
creasing at a constant rate from 10 kg/year to 50 kg/year 
until a total of 270 kg has been dumped. Sketch a graph 
of the rate at which pollution is being dumped in the lake 
against time. How long does it take until 270 kg has been 
dumped? 

For Problems 42-44, suppose F(0) =0 and F r (x) = 4 — x 2 . 

42. Calculate F(b) for b = 0, 0.5, 1, 1.5, 2, 2.5. 

43. Using a graph of F,, decide where F is increasing and 
where F is decreasing for 0 < a; < 2.5. 

44. Does F have a maximum value for 0 < x < 2.5? If so, 
what is it, and at what value of x does it occur? 


CHECK YOUR UNDERSTANDING 

In Problems 1-50, indicate whether the statement is true or 
false. 

1. If the velocity is positive, then the total distance traveled 
is the area under the velocity curve. 

2. If velocity is constant and positive, then distance traveled 
during a time interval is the velocity multiplied by the 
length of the interval. 

3. If velocity is positive and increasing, using the velocity at 
the beginning of each subinterval gives an overestimate 


of the distance traveled. 

4. A car traveling with increasing velocity (in feet per sec¬ 
ond) given in the following table travels more than 40 
feet between t = 4 and t = 6 seconds. 


t 

4 

6 

v(t) 

10 

20 
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5. A car traveling with increasing velocity (in feet per sec¬ 
ond) given in the following table travels less than 40 feet 
between t = 4 and t = 6 seconds. 


t 

4 

6 


10 

20 


6. If water flows out of a tank at an increasing rate starting 
at 20 gallons per minute at the start of a 10-minute period 
and ending at 50 gallons per minute at the end of the 10- 
minute period, then at least 200 gallons have flowed out 
of the tank. 

7. If water flows out of a tank at an increasing rate starting 
at 20 gallons per minute at the start of a 10-minute period 
and ending at 50 gallons per minute at the end of the 10- 
minute period, then at least 500 gallons have flowed out 
of the tank. 

8. At a construction site, money is spent at a continuous, de¬ 
creasing rate of r(t) dollars per day, where t is in days. If 
the rates at two particular instants, t = 3 and t = 5, are 
given in the table, then at least $3000 is spent between 
t = 3 and t = 5. 


t 

3 

5 

r{t) 

1000 

800 


9. An object traveling with velocity given by v(t) = 3t feet 
per second travels exactly 150 feet when 0 < t < 10 
seconds. 

10. The units of total change and rate of change of a quantity 
are the same. 

11. If f{t) is increasing, then the left-hand sum gives an 
overestimate of J: f(t) dt. 

12. If f(t) is concave up, then the left-hand sum gives an 
overestimate of J: f(t) dt. 

13. A left-hand sum estimate for f(t)dt is 3000, if / ⑷ 
is shown in the following table. 


t 

3 

5 

m 

1000 

800 


14. A right-hand sum estimate for f (t) dt is 1600, if f(t) 

is shown in the following table. 


t 

3 

5 

m 

1000 

800 


15. If the number of terms in a Riemann sum increases, the 
quantity At decreases. 

16. A 4-term Riemann sum on the interval 4 < t < 6 has 
At = 2. 

17. The right-hand sum for J: f (t) dt is the total area of rect¬ 
angles that are above the graph of f(t). 

18. If f(t) > 0 then f(t) dt is the area between the t-axis 
and the graph of f(t), for a < t < b. 

19. If f{t) = t 2 then the left-hand sum gives an overestimate 
for f{t) dt. 

20. The right-hand sum for J g 25 t 2 dt using n = 5 rectangles 
has At = 5. 

21. The integral J。 2 f(x) dx gives the area between the x- 
axis and the graph of f(x) between x = 0 and x = 2. 

22. If J Q 2 f(x) dx = 0 then f(x) = 0 for all 0 < x < 2. 

23. If J Q 2 f(x) dx > 0 then f(x) > 0 for all 0 < a: < 2. 

24. If/(X) >0foran0<x<2then f Q 2 f(x) dx > 0. 

25. The integral / 二(冗 2 — 1) dx is the negative of the area 
between the graph of f(x) = x 2 — 1 and the x-axis for 
-1 <a:< 1. 

26. If f(x) is both positive and negative when 0 < a; < 2 
then J Q 2 f(pc) dx is the sum of the areas between the 
graph and the x-axis for 0 < x < 2. 

27. The integral J Q 3 (1 — x) dx is the area between the graph 
of f{x) = 1 — x and the x-sods between a: = 0 and 
x = 3. 

28. The integral e x dx is the area between the graph of 
f(x) = e x and the x-axis between x = —1 and x = 2. 

29. If/(x) > p(x) for alia <x < 6 then f(x)-g(x) dx 
gives the area between the graphs of f(x) and g{x) for 
a <x <b. 

30. If the graph of f(x) has more area below the x-axis than 
above the : r-axis when 1 < x < 10 then f^° f(pc) dx is 
negative. 

31. If flow rate r(t) has units gallons per hour, and t has units 
in hours, then f^°° r(t) dt has units of gallons. 

32. If expense rate s(t) has units dollars per day, and t has 
units in days, then s(t) dt has units of days. 

33. If acceleration a(t) has units feet/(second) 2 , and t 
has units in seconds, then a(t) dt has units of 
feet/second. 

34. If w(t) is the number of workers on a building construc¬ 
tion site as a function of t, the number of days since the 
start of construction, then J。 60 w(t) dt has units of work¬ 
ers per day. 
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35. If C(t) is the rate, in dollars per day, for electricity to 
cool and heat a home on day t, where t is measured in 
days since January 1, then J Q 365 C(t) dt has units of dol¬ 
lars. 


36. If electricity costs f(t) dollars per day, and t is measured 
in days, then J。 30 /(t) dt gives the total cost of electricity, 
in dollars, for the 30-day period from t = 0 to t = 30. 

37. If f(t) gives the rate of change of water in a reser¬ 
voir, in gallons per day, and t is measured in days, then 
Jq 30 f (t) dt gives the total volume of water, in gallons, in 
the reservoir on day t = 30. 


38. If f(t) gives the rate of change of water in a reser¬ 
voir, in gallons per day, and t is measured in days, then 
Jq 30 f if) dt gives the total change in the volume of wa¬ 
ter, in gallons, in the reservoir during the period t = 0to 
t = 30. 


39. 


Bioavailability is the integral of blood concentration as a 


function of time. 


40. If the peak concentration of drug A is greater than the 
peak concentration of drug B then the bioavailability of 
drug A is greater than the bioavailability of drug B. 

41. The Fundamental Theorem of Calculus says if F(t) is 
continuous, then J: F(t) dt = F(b) — F(a). 


42. The Fundamental Theorem of Calculus says if g r (t) is 
continuous, then g\t) dt = g(b) — g(a). 

43. The Fundamental Theorem of Calculus says if F\t) is 
continuous, then F r (t) dt = F^b) — F\a). 

44. JfC(q) is the cost to produce q units, then C\q) dq 
is the amount it costs to increase production from 100 to 
200 units. 

45. If C(q) is the cost to produce q units, then 
fo°°° C\q) dq is the total amount it costs to produce 
1000 units. 

46. If the marginal cost function of a product is C'{q)= 
0.03^ + 0.1 dollars, and the fixed costs are $1500, then 
the total cost to produce 1000 items is $15, 100. 

47. The integral of the marginal cost C\q) function can be 
used to find the fixed costs. 

48. If J Q 5 F\t) dt = 0, then F is constant on the interval 
between t = 0 and t = 5. 

49. If J 0 5 F'(t)dt<0, then > F ㈤. 

50. If F'{t) is constant, then J Q 5 F'{t) dt = 0. 


PROJECTS FOR CHAPTER FIVE 

1. Carbon Dioxide in Pond Water Biological activity in a pond is reflected in the rate at which 
carbon dioxide, CO 2 , is added to or withdrawn from the water. Plants take CO 2 out of the water 
during the day for photosynthesis and put CO 2 into the water at night. Animals put CO 2 into 
the water all the time as they breathe. Biologists are interested in how the net rate at which 
CO 2 enters a pond varies during the day. Figure 5.76 shows this rate as a function of time of 
day. 9 The rate is measured in millimoles (mmol) of CO 2 per liter of water per hour; time is 
measured in hours past dawn. At dawn, there were 2.600 mmol of CO 2 per liter of water. 

(a) What can be concluded from the fact that the rate is negative during the day and positive at 
night? 

(b) Some scientists have suggested that plants respire (breathe) at a constant rate at night, and 
that they photosynthesize at a constant rate during the day. Does Figure 5.76 support this 
view? 

(c) When was the CO 2 content of the water at its lowest? How low did it go? 

(d) How much CO 2 was released into the water during the 12 hours of darkness? Compare this 
quantity with the amount of CO 2 withdrawn from the water during the 12 hours of daylight. 
How can you tell by looking at the graph whether the CO 2 in the pond is in equilibrium? 

(e) Estimate the CO 2 content of the water at three-hour intervals throughout the day. Use your 
estimates to plot a graph of CO 2 content throughout the day. 


9 Data from R. J. Beyers, The Pattern of Photosynthesis and Respiration in Laboratory Microsystems (Mem. 1st Ital. 
Idrobiol., 1965). 
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rate 

(mmol/liter per hour) 


0.06 

0.04 

0.02 

0 

- 0.02 

-0.04 


t (hours) 


Tin^ (hours 2 past dawn) 24 
Figure 5.76: Rate at which CO2 is entering the 
pond 


2. Flooding in the Grand Canyon 

The Glen Canyon Dam at the top of the Grand Canyon prevents natural flooding. In 1996, 
scientists decided an artificial flood was necessary to restore the environmental balance. Water 
was released through the dam at a controlled rate 10 shown in Figure 5.77. The figure also shows 
the rate of flow of the last natural flood in 1957. 

(a) At what rate was water passing through the dam in 1996 before the artificial flood? 

(b) At what rate was water passing down the river in the pre-flood season in 1957? 

(c) Estimate the maximum rates of discharge for the 1996 and 1957 floods. 

(d) Approximately how long did the 1996 flood last? How long did the 1957 flood last? 

(e) Estimate how much additional water passed down the river in 1996 as a result of the artifi¬ 
cial flood. 

(f) Estimate how much additional water passed down the river in 1957 as a result of the flood. 


rate of 

discharge (m 3 /s) 



10 Adapted from M. Collier, R. Webb, E. Andrews, “Experimental Flooding in Grand Canyon” in Scientific American 
(January 1997). 
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THEOREMS ABOUT DEFINITE INTEGRALS 

The Second Fundamental Theorem of Calculus 

The Fundamental Theorem of Calculus tells us that if we have a function F whose derivative is a 
continuous function /， then the definite integral of / is given by 

f b f(t)dt = F(b)-F{a). 

J a 

We now take a different point of view. If a is fixed and the upper limit is x, then the value of the 
integral is a function of x. We define a new function G on the interval by 

G(x) = f f(t) dt. 

J a 

To visualize G, suppose that / is positive and x > a. Then G{x) is the area under the graph of / in 
Figure 5.78. If / is continuous on an interval containing a, then it can be shown that G is defined 
for all x on that interval. 

We now consider the derivative of G. Using the definition of the derivative, 

\ 1 /i—o h 

Suppose / and h are positive. Then we can visualize 

G(x) = f f(t) dt 
J a 

and 

px-\-h 

G(x + h) = f(t) dt 
J a 

as areas, which leads to representing 

fx+h 

G(x + h)-G(x)= / f(t) dt 
J X 

as a difference of two areas. 




Figure 5.78: Representing G(x) as an area 


« f(x)h 


Figure 5.79: G(x + /i) — G{pc) is the area of a roughly rectangular 
region 
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From Figure 5.79, we see that, if h is small, G(x + /i) — G(x) is roughly the area of a rectangle 
of height f(x) and width h (shaded darker in Figure 5.79), so we have 

G(x -\-h) — G(x) « f(x)h, 


hence 


G{x + h)- G(x) 
~h 


»/ 0 ) 

The same result holds when h is negative, suggesting that 

G{x + /i)- G{x) 


G'{x )= 


=/O)- 


h ― h 

This result is another form of the Fundamental Theorem of Calculus. It is usually stated as follows: 


Second Fundamental Theorem of Calculus 

If / is a continuous function on an interval, and if a is any number in that interval, then the 
function G defined on the interval by 

G(x) = J f(t) dt 

has derivative /; that is, G f (x) = f(x). 


Properties of the Definite Integral 

In this chapter, we have used the following properties to break up definite integrals. 


Sums and Multiples of Definite Integrals 


If a, b, and c are any numbers and / and g are continuous functions, then 

1. f f(x)dx-\- j f(x) dx = f f(x) dx. 

J a J c J a 

2. [ (f(x)±g(x))dx = j f(x)dx± f g{x) dx. 

J a J a J a 

3. / cf(x) dx = c / f(x) dx. 


In words: 

1. The integral from a to c plus the integral from c to 6 is the integral from a to b. 

2. The integral of the sum (or difference) of two functions is the sum (or difference) of their 
integrals. 

3. The integral of a constant times a function is that constant times the integral of the func¬ 
tion. 


These properties can best be visualized by thinking of the integrals as areas or as the limit of 
the sum of areas of rectangles. 
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Problems on the Second Fundamental Theorem of Calculus 


For Problems 1-4, find G’(x). 


1. G(x)= 

j t 3 dt 

2. G{x)= 

j ^dt 

3. G(x) = 

j te t dt 

4. G(x)= 

J 'nydy 


5. Let F(b) = 2 x dx. 

Jo 

(a) WhatisF(O)? 

(b) Does the value of F increase or decrease as b in¬ 
creases? (Assume b > 0.) 

(c) Estimate F(l), F(2), and F(3). 


6. For x = 0 t 0.5, 1.0, 1.5, and 2.0, make a table of values 

for I(x) = Vt 4 1 dt. 

7. Assume that F\t) = sintcost and F(0) = 1. Find 
F(6)for6 = 0, 0.5, 1, 1.5, 2, 2.5, and 3. 

Let J^f(x)dx = 8, J^(f(x)) 2 dx = 12, J^g(t)dt = 2, 
and dt = 3. Find the integrals in Problems 8-11. 

8. f^f(x)+g(x))dx 

9 . /: ((/㈤) 2 - (fl(®)) 2 ) dx 

10. J^f(x)) 2 dx-(^f(x)dxr 

11 - /a c f( z ) dz 
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6.1 AVERAGE VALUE 

In this section we show how to interpret the definite integral as the average value of a function. 


The Definite Integral as an Average 

We know how to find the average of n numbers: Add them and divide by n. But how do we find 
the average value of a continuously varying function? Let us consider an example. Suppose f(t) 
is the temperature at time t, measured in hours since midnight, and that we want to calculate the 
average temperature over a 24-hour period. One way to start would be to average the temperatures 
at n equally spaced times, ti, 亡 2 , . • . ，亡 n, during the day. 

A f (tl)f (^ 2 ) + … + / ( 亡 n) 

Average temperature « - - ---- - -- - 

n 

The larger we make n, the better the approximation. We can rewrite this expression as a Riemann 
sum over the interval 0 < t < 24 if we use the fact that At = 24/n, son = 24/At: 


Average temperature « 


/ ⑹ + f(t 2 ) H - f{tn) 

~24/At~ 

+ + … + f(t n )At 


24 


= ^±f(U)At. 

i=l 


As n —>• 00 , the Riemann sum tends toward an integral, and the approximation gets better. We 
expect that 


1 n 

Average temperature = lim — f(ti)At 
n —^00 24 z ^ 
i=l 





Generalizing for any function /, if a < b, we have 


Average value of / 
on the interval from a to 6 



The units of f(x) are the same as the units of the average value of f(x). 

How to Visualize the Average on a Graph 

The definition of average value tells us that 


(Average value of /) • (6 — a)= 


/ f(x) dx. 
J a 


Let’s interpret the integral as the area under the graph of /. If f(x) is positive, then the average 
value of / is the height of a rectangle whose base is (6 — a) and whose area is the same as the area 
between the graph of / and the x-axis. (See Figure 6.1.) 
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y 



Figure 6.1 : Area and average value 


Example 1 Suppose that C(t) represents the daily cost of heating your house, in dollars per day, where t is time 

1 f 90 

in days and t = 0 corresponds to January 1, 2010. Interpret ———-/ C(t) dt. 

90 — 0 九 

Solution The units for the integral J Q 90 C(t) dt are (dollars/day) x (days) = dollars. The integral represents the 

total cost in dollars to heat your house for the first 90 days of 2010, namely the months of January, 
February, and March. The expression / Q 90 C(t) dt represents the average cost per day to heat 

your house during the first 90 days of 2010. It is measured in (1/days) x (dollars) = dollars/day, the 
same units as C(t). 


Example 2 


Solution 


The population of McAllen, Texas can be modeled by the function 
P = f{t) = 570(1.037)*, 

where P is in thousands of people and t is in years since 2000. Use this function to predict the 
average population of McAllen between the years 2020 and 2040. 

We want the average value of f{t) between t = 20 and t = 40. Using a calculator to evaluate the 
integral, we get 

1 f 40 1 

Average population =— ———/ f(t) dt = —(34,656.2) = 1732.81. 

40 — 20 J20 20 

The average population of McAllen between 2020 and 2040 is predicted to be about 1733 thousand 
people. 


Example 3 


(a) For the function f(x) graphed in Figure 6.2, evaluate / f(x) dx. 

Jo 

(b) Find the average value of f(x) on the interval x = 0 to x = 5. Check your answer graphically. 




/ 




/ 




/ 











1 2 3 4 5 

Figure 6.2: Estimate J Q 5 f(x)dx 



Area under graph = 
Area of shaded rectangle 

x 


Figure 6.3: Average value of f(x) is 3 
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Solution 


(a) Since f(x) > 0, the definite integral is the area of the region under the graph of f(pc) between 
x = 0 and x = h. Figure 6.2 shows that this region consists of 13 full grid squares and 4 half 
grid squares, each grid square of area 1, for a total area of 15, so 



f{x) dx = 15. 


(b) The average value of f{x) on the interval from 0 to 5 is given by 


Average value 



f(x) dx = -(15) = 3. 


To check the answer graphically, draw a horizontal line at y = 3 on the graph of f(x). (See 
Figure 6.3.) Then observe that, between x = 0 and x = 5, the area under the graph of f(x) is 
equal to the area of the rectangle with height 3. 


Problems for Section 6.1 


1. What is the average value of the function / in Figure 6.4 
over the interval 1 < a; < 6? 







f(x) 


/ 

\ 

/ 










1 2 3 4 5 6 

Figure 6.4 


2. Use Figure 6.5 to estimate the following: 

(a) The integral J。 5 f(x) dx. 

(b) The average value of / between x = 0 and x = b 
by estimating visually the average height. 

(c) The average value of / between x = 0 and x = 5 
by using your answer to part (a). 



3. Find the average value of g(t) = 1 + t over the interval 

[ 0 , 2 ] 

4. Find the average value of the function f(x) = 5+4x—x 2 
between x = 0 and x = 3. 

In Problems 5-6, estimate the average value of the function 
between x = 0 and x = 7. 



In Problems 7-8, estimate the average value of the function 
f{pc) on the interval from x = atox = b. 



2 3 4 5 a b a b 

Figure 6.5 
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In Problems 9-10 annual income for ages 25 to 85 is given 
graphically. People sometimes spend less than their income 
(to save for retirement) or more than their income (taking out 
a loan). The process of spreading out spending over a lifetime 
is called consumption smoothing. 

(a) Find the average annual income for these years. 

(b) Assuming that the person spends at a constant rate equal 
to their average income, when are they spending less than 
they earn, and when are they spending more? 



40 


20 


25 45 


- J - L Age (years) 

65 85 


lual income 
LOOOs per year) 



13. (a) Estimate the maximum blood pressure, called the 



(b) Estimate the minimum blood pressure, called the di¬ 
astolic pressure. 

(c) Calculate the average of the systolic and diastolic 
pressures. 

(d) Is the average arterial pressure over the entire cy¬ 
cle greater than, less than, or equal to the answer for 
part (c)? 

14. Estimate the average arterial blood pressure over one car¬ 
diac cycle. 

15. Figure 6.7 shows the rate, f(x)，in thousands of algae per 
hour, at which a population of algae is growing, where x 
is in hours. 

(a) Estimate the average value of the rate over the inter- 
val a; = —1 to x = 3. 

(b) Estimate the total change in the population over the 
interval x = —3 to x = 3. 


3 



-3 


11. The value, V, of a Tiffany lamp, worth $225 in 1975, in¬ 
creases at 15% per year. Its value in dollars t years after 
1975 is given by 


Figure 6.7 


V « 225(1.15)*. 

Find the average value of the lamp over the period 1975- 

2010. 

12. If t is measured in days since June 1, the inventory I{t) 
for an item in a warehouse is given by 

I(t) ® 5000(0.9)*. 


16. The population of the world t years after 2000 is pre¬ 
dicted to be P = 6.1e 0 0125t billion. 

(a) What population is predicted in 2010? 

(b) What is the predicted average population between 
2000 and 2010? 

17. The number of hours, H, of daylight in Madrid as a func¬ 
tion of date is approximated by the formula 


(a) Find the average inventory in the warehouse during 
the 90 days after June 1. 

(b) Graph I (t) and illustrate the average graphically. 

Problems 13-14 refer to Figure 6.6, which shows human arte¬ 
rial blood pressure during the course of one heartbeat. 

arterial pressure 
(mm Hg) 

io °E^v_ 


one cardiac cycle 


好 =12 + 2.4sin[0.0172(t - 80)], 

where t is the number of days since the start of the year. 
Find the average number of hours of daylight in Madrid: 

(a) in January (b) in June (c) over a year 

(d) Explain why the relative magnitudes of your an¬ 
swers to parts (a), (b), and (c) are reasonable. 

18. A bar of metal is cooling from 1000° C to room temper¬ 
ature, 20° C. The temperature, H, of the bar t minutes 
after it starts cooling is given, in °C, by 

IT ^ 20+ 980e _o lt . 

(a) Find the temperature of the bar at the end of one 
hour. 


Figure 6.6 
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(b) Find the average value of the temperature over the 
first hour. 

(c) Is your answer to part (b) greater or smaller than the 
average of the temperatures at the beginning and the 
end of the hour? Explain this in terms of the concav¬ 
ity of the graph of H. 

19. The rate of sales (in sales per month) of a company is 
given, for t in months since January 1, by 

r(t) = t 4 — 20t 3 + 118t 2 - 180t + 200. 

(a) Graph the rate of sales per month during the first 
year (t = 0 to t = 12). Does it appear that more 
sales were made during the first half of the year, or 
during the second half? 

(b) Estimate the total sales during the first 6 months of 
the year and during the last 6 months of the year. 

(c) What are the total sales for the entire year? 

(d) Find the average sales per month during the year. 

20. Throughout much of the 20 th century, the yearly con¬ 
sumption of electricity in the US increased exponen¬ 
tially at a continuous rate of 7% per year. Assume this 
trend continues and that the electrical energy consumed 
in 1900 was 1.4 million megawatt-hours. 

(a) Write an expression for yearly electricity consump¬ 
tion as a function of time, t, in years since 1900. 

(b) Find the average yearly electrical consumption 
throughout the 20 th century. 

(c) During what year was electrical consumption closest 
to the average for the century? 

(d) Without doing the calculation for part (c), how could 
you have predicted which half of the century the an¬ 
swer would be in? 


21. Using Figure 6.8, list the following numbers from least 
to greatest: 

(a) /' ⑴ 

(b) The average value of / on 0 < x < 4 

(c) fo f(x)dx 



Figure 6.8 


22. Using Figure 6.9, list from least to greatest, 

(a) f(l). 

(b) The average value of f{x) on 0 < a: < a. 

(c) The average value of the rate of change of f(x), for 
0 < x < a. 

(d) f ； f(xjdx. 


Figure 6.9 



6.2 CONSUMER AND PRODUCER SURPLUS 


Supply and Demand Curves 

As we saw in Chapter 1, the quantity of a certain item produced and sold can be described by the 
supply and demand curves of the item. The supply curve shows what quantity, q, of the item the 
producers supply at different prices, p. The consumers’ behavior is reflected in the demand curve, 
which shows what quantity of goods are bought at various prices. See Figure 6.10. 
p (price/unit) 



It is assumed that the market settles at the equilibrium price p* and equilibrium quantity q* 
where the graphs cross. At equilibrium, a quantity q* of an item is produced and sold for a price of 
p* each. 
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Consumer and Producer Surplus 

Notice that at equilibrium, a number of consumers have bought the item at a lower price than they 
would have been willing to pay. (For example, there are some consumers who would have been 
willing to pay prices up to pi .) Similarly, there are some suppliers who would have been willing to 
produce the item at a lower price (down to po, in fact). We define the following terms: 


• The consumer surplus measures the consumers’ gain from trade. It is the total amount 
gained by consumers by buying the item at the current price rather than at the price they 
would have been willing to pay. 

• The producer surplus measures the suppliers 5 gain from trade. It is the total amount 
gained by producers by selling at the current price, rather than at the price they would 
have been willing to accept. 

In the absence of price controls, the current price is assumed to be the equilibrium price. 


Both consumers and producers are richer for having traded. The consumer and producer surplus 
measure how much richer they are. 

Suppose that all consumers buy the good at the maximum price they are willing to pay. Subdi¬ 
vide the interval from 0 to q* into intervals of length Aq. Figure 6.11 shows that a quantity Aq of 
items are sold at a price of about pi, another Aq are sold for a slightly lower price of about p 2 , the 
next Aq for a price of about ps, and so on. Thus, the consumers’ total expenditure is about 

pi Ag + p 2 Aq + p 3 Aq H - = ^pjAq. 


If the demand curve has equation 1 p = f(q), and if all consumers who were willing to pay more 
than p* paid as much as they were willing, then as Aq —> 0, we would have 

Consumer f q " 、 7 Area under demand 
= / f{q) dq = 

expenditure Jo curve from Oto q*. 

If all goods are sold at the equilibrium price, the consumers’ actual expenditure is only p*q*, which 
is the area of the rectangle between the g-axis and the line p = p* from q = 0 to q = q^. The 
consumer surplus is the difference between the total consumer expenditure if all consumers pay 
the maximum they are willing to pay and the actual consumer expenditure if all consumers pay 
the current price. The consumer surplus is represented by the area in Figure 6.12. Similarly, the 
producer surplus is represented by the area in Figure 6.13. (See Problems 14 and 15.) Thus: 


p (price/unit) 



Figure 6.11: Calculation of consumer surplus 
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Consumer surplus 

Area between demand curve 

at price p* 

and horizontal line at p*. 

Producer surplus 

Area between supply curve 

at price p* 

and horizontal line at p*. 




Example 1 The supply and demand curves for a product are given in Figure 6.14. 

p ($/unit) 

240 


p* =80 


q* = 80,000 120,000 

Figure 6.14: Supply and demand curves for a product 

(a) What are the equilibrium price and quantity? 

(b) At the equilibrium price, calculate and interpret the consumer and producer surplus. 

Solution (a) The equilibrium price is p* = $80 and the equilibrium quantity is q* = 80,000 units. 

(b) The consumer surplus is the area under the demand curve and above the line p = 80. (See 
Figure 6.15.) We have 


This tells us that consumers gain $6,400,000 in buying goods at the equilibrium price instead 
of at the price they would have been willing to pay. 
p ($/unit) p ($/unit) 



q (units) 



q (units) 
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The producer surplus is the area above the supply curve and below the line p = 80. (See 
Figure 6.16.) We have 

Producer surplus = Area of triangle = ^Base - Height = i - 80,000 - 80 = $3,200,000. 

So, producers gain $3,200,000 by supplying goods at the equilibrium price instead of the price 
at which they would have been willing to provide the goods. 


Wage and Price Controls 

In a free market, the price of a product generally moves to the equilibrium price, unless outside 
forces keep the price artificially high or artificially low. Rent control, for example, keeps prices 
below market value, whereas cartel pricing or the minimum wage law raise prices above market 
value. What happens to consumer and producer surplus at non-equilibrium prices? 


Example 2 The dairy industry has cartel pricing: the government has set milk prices artificially high. What 
effect does raising the price to from the equilibrium price have on: 

(a) Consumer surplus? (b) Producer surplus? 

(c) Total gains from trade (that is, Consumer surplus + Producer surplus)? 


p (price/unit) 



q (quantity) 


Figure 6.17: What is the effect of the artificially high price, p + , on consumer and producer surplus? 
(q* and p* are equilibrium values) 


Solution (a) A graph of possible supply and demand curves for the milk industry is given in Figure 6.17. 

Suppose that the price is fixed at p+, above the equilibrium price. Consumer surplus is the dif¬ 
ference between the amount the consumers paid (p + ) and the amount they would have been 
willing to pay (given on the demand curve). This is the area shaded in Figure 6.18. This con¬ 
sumer surplus is less than the consumer surplus at the equilibrium price, shown in Figure 6.19. 


p (price/unit) 



p (price/unit) 



q + q* 


Figure 6.19: Consumer surplus: Equilibrium price 


(b) At a price of the quantity sold, q + , is less than it would have been at the equilibrium 
price. The producer surplus is represented by the area between and the supply curve at this 
reduced demand. This area is shaded in Figure 6.20. Compare this producer surplus (at the 
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artificially high price) to the producer surplus in Figure 6.21 (at the equilibrium price). In this 
case, producer surplus appears to be greater at the artificial price than at the equilibrium price. 
(However, different supply and demand curves might lead to a different answer.) 


p (price/unit) 



p (price/unit) 



q + 1* 


q (quantity) 


Figure 6.21: Producer surplus: Equilibrium price 


(c) The total gains from trade (Consumer surplus + Producer surplus) at the price of is repre¬ 
sented by the area shaded in Figure 6.22. The total gains from trade at the equilibrium price of 
p* is represented by the area shaded in Figure 6.23. Under artificial price conditions, the total 
gains from trade decrease. The total financial effect of the artificially high price on all producers 
and consumers combined is negative. 


p (price/unit) 


P + 

P* 


q (quantity) 



p (price/unit) 


P + 

P* 


q (quantity) 



Figure 6.22: Total gains from trade: Artificial 
price 


Figure 6.23: Total gains from trade: 
Equilibrium price 


Problems for Section 6.2 


(a) What are the equilibrium price and quantity for the 
supply and demand curves in Figure 6.24? 

(b) Shade the areas representing the consumer and pro¬ 
ducer surplus and estimate them. 


2. The supply and demand curves for a product are given in 
Figure 6.25. Estimate the equilibrium price and quantity 
and the consumer and producer surplus. Shade areas rep¬ 
resenting the consumer surplus and the producer surplus. 


p ($/unit) 









S s 
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p($/unit) 


Supply 



Figure 6.24 


Figure 6.25 
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3. Find the consumer surplus for the demand curve p = 
100 — 3q 2 when 5 units are sold. 

4. Given the demand curve p = 35 — q 2 and the supply 
curve p = 3 + g 2 ， find the producer surplus when the 
market is in equilibrium. 

5. Find the consumer surplus for the demand curve p = 
100 — 4g when q = 10. 

6. (a) Estimate the equilibrium price and quantity for the 

supply and demand curves in Figure 6.26. 

(b) Estimate the consumer and producer surplus. 

(c) The price is set artificially low at p— =4 dollars per 
unit. Estimate the consumer and producer surplus at 
this price. Compare your answers to the consumer 
and producer surplus at the equilibrium price. 

p($/unit) 



200 400 600 800 1000 

Figure 6.26 


7. Supply and demand curves for a product are in Fig¬ 
ure 6.27. 

(a) Estimate the equilibrium price and quantity. 

(b) Estimate the consumer and producer surplus. Shade 
them. 

(c) What are the total gains from trade for this product? 


9. The demand curve for a product has equation p 二 
20e -O.OO2g and the supply curve has equation p = 
0.02^ + 1 for 0 < g < 1000, where q is quantity and 
pis price in $/unit. 

(a) Which is higher, the price at which 300 units are sup¬ 
plied or the price at which 300 units are demanded? 
Find both prices. 

(b) Sketch the supply and demand curves. Find the equi¬ 
librium price and quantity. 

(c) Using the equilibrium price and quantity, calculate 
and interpret the consumer and producer surplus. 

10. Show graphically that the maximum total gains from 
trade occurs at the equilibrium price. Do this by showing 
that if outside forces keep the price artificially high or 
low, the total gains from trade (consumer surplus + pro¬ 
ducer surplus) are lower than at the equilibrium price. 

11. Rent controls on apartments are an example of price con¬ 
trols on a commodity. They keep the price artificially low 
(below the equilibrium price). Sketch a graph of supply 
and demand curves, and label on it a price p— below 
the equilibrium price. What effect does forcing the price 
down to p 一 have on: 

(a) The producer surplus? 

(b) The consumer surplus? 

(c) The total gains from trade (Consumer surplus + Pro¬ 
ducer surplus)? 

12. Supply and demand data are in Tables 6.1 and 6.2. 

(a) Which table shows supply and which shows de¬ 
mand? 

(b) Estimate the equilibrium price and quantity. 

(c) Estimate the consumer and producer surplus. 

Table 6.1 


p ($/unit) 
100 


50 100 150 200 250 

Figure 6.27 



q (quantity) 

0 

100 

200 

300 

400 

500 

600 

- s 

p (S/unit) 

60 

50 

41 

32 

25 

20 

17 

Table 6.2 

q (quantity) 

0 

100 

200 

300 

400 

500 

600 

p ($/unit) 

10 

14 

18 

22 

25 

28 

34 


13. The total gains from trade (consumer surplus + producer 
surplus) is largest at the equilibrium price. What about 
the consumer surplus and producer surplus separately? 


8. Supply and demand curves are in Figure 6.27. A price of 

$40 is artificially imposed. 

(a) At the $40 price, estimate the consumer surplus, the 
producer surplus, and the total gains from trade. 

(b) Compare your answers in this problem to your an¬ 
swers in Problem 7. Discuss the effect of price con¬ 
trols on the consumer surplus, producer surplus, and 
gains from trade in this case. 


(a) Suppose a price is artificially high. Can the con¬ 
sumer surplus at the artificial price be larger than 
the consumer surplus at the equilibrium price? What 
about the producer surplus? Sketch possible supply 
and demand curves to illustrate your answers. 

(b) Suppose a price is artificially low. Can the consumer 
surplus at the artificial price be larger than the con¬ 
sumer surplus at the equilibrium price? What about 
the producer surplus? Sketch possible supply and 
demand curves to illustrate your answers. 
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In Problems 14-16, the supply and demand curves have equa¬ 
tions p = S(q) and p = D(q), respectively, with equilibrium 

at (9'，). 

14. Using Riemann sums, explain the economic significance 
of S(q) dq to the producers. 

15. Using Riemann sums, give an interpretation of producer 
surplus, (p* — S(q)) dq analogous to the interpreta¬ 
tion of consumer surplus. 

16. Referring to Figures 6.12 and 6.13 on page 282, mark the 

6.3 PRESENT AND FUTURE VALUE 


regions representing the following quantities and explain 
their economic meaning: 


⑻ 


(b) 

/ D(q)dq 

Jo 

(C) 

[S(q) dq 

Jo 

(d) 

[D(q) dq - p*q* 

Jo 

(e) 

厂 S(q)dq (f) 

Jo 

f (D(q)-S(q))dq 
Jo 


In Chapter 1 on page 54, we introduced the present and future value of a single payment. In this 
section we see how to calculate the present and future value of a continuous stream of payments. 


Income Stream 

When we consider payments made to or by an individual, we usually think of discrete payments, 
that is, payments made at specific moments in time. However, we may think of payments made by 
a company as being continuous. The revenues earned by a huge corporation, for example, come in 
essentially all the time, and therefore they can be represented by a continuous income stream. Since 
the rate at which revenue is earned may vary from time to time, the income stream is described by 

S(t) dollars/year. 

Notice that S{t) is a rate at which payments are made (its units are dollars per year, for example) 
and that the rate depends on the time, t, usually measured in years from the present. 


Present and Future Values of an Income Stream 

Just as we can find the present and future values of a single payment, so we can find the present and 
future values of a stream of payments. As before, the future value represents the total amount of 
money that you would have if you deposited an income stream into a bank account as you receive it 
and let it earn interest until that future date. The present value represents the amount of money you 
would have to deposit today (in an interest-bearing bank account) in order to match what you would 
get from the income stream by that future date. 

When we are working with a continuous income stream, we will assume that interest is com¬ 
pounded continuously. If the interest rate is r, the present value, P, of a deposit, B, made t years in 
the future is 

P = Be_ rt • 

Suppose that we want to calculate the present value of the income stream described by a rate of 
S(t) dollars per year, and that we are interested in the period from now until M years in the future. 
In order to use what we know about single deposits to calculate the present value of an income 
stream, we divide the stream into many small deposits, and imagine each deposited at one instant. 
Dividing the interval 0 <t < M into subintervals of length At: 


(M-t)- 
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Example 1 

Solution 


Assuming At is small, the rate, S(t), at which deposits are being made does not vary much 
within one subinterval. Thus, between t and t + At: 

Amount paid « Rate of deposits x Time 

« (*S ⑴ dollars/year) (At years) 

= S{t)At dollars. 

The deposit of S(t)At is made t years in the future. Thus, assuming a continuous interest rate r, 


Present value of money ^ s^Ate^. 
deposited in interval t to t + At 
Summing over all subintervals gives 

Total present value « ^ S(t)e~ rt At dollars. 

In the limit as At —> 0, we get the following integral: 



As in Section 1.7, the value M years in the future is given by 


Future value = Present value . e rM . 


Find the present and future values of a constant income stream of $1000 per year over a period of 
20 years, assuming an interest rate of 6% compounded continuously. 


Using S(t) = 1000 and r = 0.06, we have 

,20 

Present value = / lOOOe -0 06 *^ = $11,647. 

Jo 

We can get the future value, B, from the present value, P, using B = Pe rt , so 
Future value = ll,647e°- 06(20) = $38,669. 


Notice that since money was deposited at a rate of $1000 a year for 20 years, the total amount 
deposited was $20,000. The future value is $38,669, so the money has almost doubled because of 
the interest. 


Example 2 Suppose you want to have $50,000 in 8 years’ time in a bank account earning 2% interest, com¬ 
pounded continuously. 

(a) If you make one lump sum deposit now, how much should you deposit? 

(b) If you deposit money continuously throughout the 8-year period, at what rate should you deposit 
it? 


Solution 


⑻ 


If you deposit a lump sum of $P, then $P is the present value of $50,000. So, using B = Pe rt 
with B = 50,000 and r = 0.02 and t = 8: 

50000 = Pe 0 02 ⑻ 


50000 

e 0.02(8) 


42,607. 


If you deposit $42,607 into the account now, you will have $50,000 in 8 years’ time. 
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(b) Suppose you deposit money at a constant rate of $5 per year. Then 

广 8 

Present value of deposits = / Se~ 0 02t dt 

Jo 

Since 5 is a constant, we can take it out in front of the integral sign: 

广 8 

Present value = S e— 0 02 * cfc » 5(7.3928). 


But the present value of the continuous deposit must be the same as the present value of the 
lump sum deposit; that is, $42,607. So 

42,607 « 5(7.3928) 

S a $5763. 


To meet your goal of $50,000, you need to deposit money at a continuous rate of $5,763 per 
year, or about $480 per month. 


Problems for Section 6.3 

1. Find the present and future values of an income stream 
of $3000 per year over a 15-year period, assuming a 6% 
annual interest rate compounded continuously. 

2. Draw a graph, with time in years on the horizontal axis, 
of what an income stream might look like for a company 
that sells sunscreen in the northeast United States. 

3. (a) Find the present and future value of an income 

stream of $6000 per year for a period of 10 years if 
the interest rate, compounded continuously, is 5%. 
(b) How much of the future value is from the income 
stream? How much is from interest? 

4. Find the present and future values of an income stream 
of $12,000 a year for 20 years. The interest rate is 6%, 
compounded continuously. 

5. A small business expects an income stream of $5000 per 
year for a four-year period. 

(a) Find the present value of the business if the annual 
interest rate, compounded continuously, is 

(i) 3% (ii) 10% 

(b) In each case, find the value of the business at the end 
of the four-year period. 

6. A bond is guaranteed to pay 100 + lOt dollars per year 
for 10 years, where t is in years from the present. Find 
the present value of this income stream, given an interest 
rate of 5%, compounded continuously. 

7. A recently-installed machine earns the company revenue 
at a continuous rate of 60,000t + 45,000 dollars per year 
during the first six months of operation and at the con¬ 
tinuous rate of 75,000 dollars per year after the first six 
months. The cost of the machine is $150,000, the interest 
rate is 7% per year, compounded continuously, and t is 
time in years since the machine was installed. 


(a) Find the present value of the revenue earned by the 
machine during the first year of operation. 

(b) Find how long it will take for the machine to pay for 
itself; that is, how long it will take for the present 
value of the revenue to equal the cost of the ma¬ 
chine? 

8. At what constant, continuous rate must money be de¬ 
posited into an account if the account is to contain 
$20,000 in 5 years? The account earns 6% interest com¬ 
pounded continuously. 

9. Your company needs $500,000 in two years’ time for ren¬ 
ovations and can earn 9% interest on investments. 

(a) What is the present value of the renovations? 

(b) If your company deposits money continuously at a 
constant rate throughout the two-year period, at what 
rate should the money be deposited so that you have 
the $500,000 when you need it? 

10. A company is expected to earn $50,000 a year, at a con¬ 
tinuous rate, for 8 years. You can invest the earnings at 
an interest rate of 7%, compounded continuously. You 
have the chance to buy the rights to the earnings of the 
company now for $350,000. Should you buy? Explain. 

11. Sales of Version 6.0 of a computer software package start 
out high and decrease exponentially. At time t, in years, 
the sales are s(t) = 50e _t thousands of dollars per year. 
After two years, Version 7.0 of the software is released 
and replaces Version 6.0. You can invest earnings at an 
interest rate of 6%, compounded continuously. Calculate 
the total present value of sales of Version 6.0 over the 
two-year period. 
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12. Intel Corporation is a leading manufacturer of integrated 
circuits. In 2004, Intel generated profits at a continuous 
rate of 7.5 billion dollars per year. 2 Assume the interest 
rate was 8.5% per year compounded continuously. 

(a) What was the present value of Intel’s profits over the 
2004 one-year time period? 

(b) What was the value at the end of the year of Intel’s 
profits over the 2004 one-year time period? 

13. Harley-Davidson Inc. manufactures motorcycles. During 
the years following 2003 (the company’s 100 th anniver¬ 
sary), the company’s net revenue can be approximated 3 
by 4.6 -f- OAt billion dollars per year, where t is time 
in years since January 1, 2003. Assume this rate holds 
through January 1, 2013, and assume a continuous inter¬ 
est rate of 3.5% per year. 

(a) What was the net revenue of the Harley-Davidson 
Company in 2003? What is the projected net rev¬ 
enue in 2013? 

(b) What was the present value, on January 1, 2003, 
of Harley-Davidson^ net revenue for the ten years 
from January 1, 2003 to January 1, 2013? 

(c) What is the future value, on January 1, 2013, of net 
revenue for the preceding 10 years? 

14. McDonald’s Corporation licenses and operates a chain of 
31,377 fast-food restaurants throughout the world. Be¬ 
tween 2005 and 2008, McDonald’s has been generat¬ 
ing revenue at continuous rates between 17.9 and 22.8 
billion dollars per year. 4 Suppose that McDonald’s rate 
of revenue stays within this range. Use an interest rate 
of 4.5% per year compounded continuously. Fill in the 
blanks: 

(a) The present value of McDonald’s revenue over a 
five-year time period is between _ 


and_billion dollars. 

(b) The present value of McDonald’s revenue 
over a twenty-five-year time period is between 
_and_billion dollars. 

15. Your company is considering buying new production ma¬ 
chinery. You want to know how long it will take for the 
machinery to pay for itself; that is, you want to find the 
length of time over which the present value of the profit 
generated by the new machinery equals the cost of the 
machinery. The new machinery costs $130,000 and earns 
profit at the continuous rate of $80,000 per year. Use an 
interest rate of 8.5% per year compounded continuously. 

16. An oil company discovered an oil reserve of 100 million 
barrels. For time t > 0, in years, the company’s extrac¬ 
tion plan is a linear declining function of time as follows: 

q(t) = a — bt, 

where q(t) is the rate of extraction of oil in millions of 
barrels per year at time t and b = 0.1 and a = 10. 

(a) How long does it take to exhaust the entire reserve? 

(b) The oil price is a constant $20 per barrel, the extrac¬ 
tion cost per barrel is a constant $10, and the market 
interest rate is 10% per year, compounded contin¬ 
uously. What is the present value of the company’s 
profit? 

17. The value of good wine increases with age. Thus, if you 
are a wine dealer, you have the problem of deciding 
whether to sell your wine now, at a price of $P a bottle, 
or to sell it later at a higher price. Suppose you know that 
the amount a wine-drinker is willing to pay for a bottle of 
this wine t years from now is $P(1 + 20v^). Assuming 
continuous compounding and a prevailing interest rate of 
5% per year, when is the best time to sell your wine? 
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Population Growth Rates 

In Chapter 5, we saw how to calculate change in a population, P, from its derivative, dP/dt, using 
the Fundamental Theorem of Calculus. However, population growth rates are often given by the 
relative rate of change (l/P){dP/dtt), rather than by the derivative. For example, we saw that the 
population of Nevada is growing at 3.6% per year. 

We can use the relative growth rate to find the percentage change in a population. Recall that 

Relative growth rate = * ^(In P). 

By the Fundamental Theorem of Calculus, the integral of the relative growth rate gives the total 
change in ln(P): 

= ( lnP ’* = W’)) - HP(a)) = ln ( 錫 ) • 

2 www.intel.com, accessed May 28, 2005. 

3 2007 Harley-Davidson Annual Report, accessed from www.harley-davidson.com. 

4 McDonald , s Annual Report 2007 accessed at www.mcdonalds.com. 







290 Chapter Six USING THE DEFINITE INTEGRAL 


Example 1 The relative rate of growth P r {t)/P(t) of a population P(t) over a 50-year period is given in Fig¬ 

ure 6.28. By what factor did the population increase during the period? 


relative growth rate, P r /P 



t (years) 

Figure 6.28: The relative growth rate of population 


relative growth rate, P' jP 



Figure 6.29: Calculating the percentage change in 
a population from the relative growth rate 


Solution 




This integral equals the area under the graph of P f (t)/P(t) between t = 0 and t = 50. See Fig¬ 
ure 6.29. The area of a rectangle and triangle gives 


Area = 50(0.01) + - - 50(0.01) = 0.75. 


Thus, 


(徽= 


0.75 


w =e °' 75=2 - 1 * * * 

P(50) = 2.1P(0). 


The population more than doubled during the 50 years, increasing by a factor of about 2.1. We 
cannot determine the amount by which the population increased unless we know how large the 
population was initially. 


If everything else remains constant, the relative growth rate increases if either the relative birth 
rate increases or the relative death rate decreases. Even if the relative birth rate decreases, we can 
still see an increase in the relative growth rate if the relative death rate decreases faster. This is the 
case with the population of the world today. The difference between the birth rate and the death rate 
is an important variable. 


Example 2 Figure 6.30 shows relative birth rates and relative death rates for developed and developing coun¬ 

tries. 5 

(a) Which is changing faster, the birth rate or the death rate? What does this tell you about how the 

populations are changing? 

5 Food and Population: A Global Concern, Elaine Murphy, Washington, DC: Population Reference Bureau, Inc., 1984, 

p.2. 
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relative rate of change 
0.05 ^^-- 
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Figure 6.30: Birth and death rates in developed and developing countries, 1775-1977 


(b) By what percentage did the population of developing countries increase between 1800 and 
1900? 

(c) By what percentage did the population of developing countries increase between 1950 and 
1977? 


(a) In developed countries, the birth rate is higher than the death rate, so the population is increas¬ 
ing. The birth rate and the death rate are both decreasing, and at approximately the same rate, 
so the population of developed countries is increasing at a constant relative rate. 

In developing countries, the birth rate is higher than the death rate and both have been 
decreasing since about 1925. In recent years, the death rate has been decreasing faster than the 
birth rate, so the relative rate of population growth is increasing. The decline in the death rate 
has contributed significantly to the recent population growth in developing countries. 

(b) The relative rate of growth of the population is the difference between the relative birth rate 
and the relative death rate, so it is represented in Figure 6.30 by the vertical distance between 
the birth-rate curve and the death-rate curve. The area of the region between the two curves 
from 1800 to 1900, shown in Figure 6.31, gives the change in lnP(t). The region has area 
approximately equal to a rectangle of height 0.005 and width 100, so has area 0.5. We have 


In 


/P(1900)\ 

VP(1800)y 



p'{t) 


dt « 0.5 


P(1900) 

P(1800) 


w e 0 . 5 = 1.65 


During the nineteenth century the population of developing countries increased by about 65%, 
a factor of 1.65. 

(c) The shaded region between the birth rate and death rate curves from 1950 to 1977 in Figure 6.31 
consists of approximately 1.5 rectangles, each of which has area (0.01)(27) = 0.27. The area 
of this region is approximately (1.5) (0.27) = 0.405. We have 


T /P(1977)\ _ 
n (,P(1950)J - 


P'(t) 

P(t) 


dt « 0.405, 


so 


P(1977) 

P(1950) 


« e 0 405 = 1.50 


Between 1950 and 1977, the population of developing countries increased by about 50%, a 
factor of 1.5. 
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Figure 6.31: Relative growth rate of population = Relative birth rate — Relative death rate 


Problems for Section 6.4 


1. A town has a population of 1000. Fill in the table assum¬ 
ing that the town’s population grows by 

(a) 50 people per year (b) 5% per year 


Year 

0 

1 

2 

3 

4 


10 

Population 

1000 








2. Birth and death rates are often reported as births or deaths 
per thousand members of the population. What is the rel¬ 
ative rate of growth of a population with a birth rate of 30 
births per 1000 and a death rate of 20 deaths per 1000? 

3. The relative growth rate of a population is given in Fig¬ 
ure 6.32. By what percentage does the population change 
over the 10-year period? 


relative growth rate 



• Jobs in services and retail trades are expected to in¬ 
crease by 16.2 million. Business services, health 
and education will account for 9.1 million new jobs. 

• Manufacturing will lose 1.3 million jobs, a continu¬ 
ation of its decline. 

• Jobs for those with master’s degrees will grow the 
most, 28 percent. 

(a) The first number in bold is 14. Is this an absolute 
change, a relative change, an absolute rate of change, 
or a relative rate of change? Find each of the other 
three measures of change, corresponding to 14. 

(b) Identify each of the numbers in bold as an absolute 
change, a relative change, an absolute rate of change, 
or a relative rate of change. 

5. Table 6.3 shows the cumulative number of AIDS deaths 
worldwide. 6 Find the absolute increase in AIDS deaths 
between 2003 and 2004 and between 2006 and 2007. 
Find the relative increase between 2003 and 2004 and 
between 2006 and 2007. 


Table 6.3 Cumulative AIDS deaths worldwide, in millions 


Year 2003 2004 
Cases 30.2 33.3 


2005 

35.5 


2006 

37.6 


2007 

39.6 


6. A population is 100 at time t = 0, with t in years. 


4. The article “Job Scene: What’s Hot, What’s Not in the 
Next 10 Years,” appearing in the Chicago Tribune in 
July 1996, contained the following quote about predicted 
change in jobs between 1995 and 2005: 

• Employment is projected to increase to 144.7 mil¬ 
lion from 127 million - only 14 percent. The growth 
rate was 24 percent from 1983 to 1994. 


(a) If the population has a constant absolute growth rate 
of 10 people per year, find a formula for the size of 
the population at time t. 

(b) If the population has a constant relative growth rate 
of 10% per year, find a formula for the size of the 
population at time t. 

(c) Graph both functions on the same axes. 


6 www.unaids.org, May 2009. 
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7. The size of a bacteria population is 4000. Find a formula 
for the size, P, of the population t hours later if the pop¬ 
ulation is decreasing by 

(a) 100 bacteria per hour (b) 5% per hour 

In which case does the bacteria population reach 0 first? 

8. The relative growth rate of a population P(t) is given 
in Figure 6.33. By what percentage does the population 
change over the 8-year period? If the population was 
10,000 at time t = 0, what is the population 8 years 
later? 


13. relative rate 
of change 





14. 



16. 



relative growth rate 



Figure 6.33 


In Problems 9-12, a graph of the relative rate of change of 
a population is given with t in years. By approximately what 
percentage does the population change over the 10-year pe¬ 
riod? 


17. The population, P, in millions, of Nicaragua was 5.78 

million in 2008 and growing at an annual rate of 1.8%. 

(a) Write a formula for P as a function of t, where t is 
years since 2008. 

(b) Find the projected average rate of change (or abso¬ 
lute growth rate) in Nicaragua between 2008 and 
2009, and between 2009 and 2010. Explain why 
your answers are different. 

(c) Use your answers to part (b) to confirm that the rela¬ 
tive rate of change (or relative growth rate) over both 
time intervals was 1.8%. 



10 10 



Problems 13-16 show the relative rate of change of / for 
0 < t < 10. Give the intervals on which / is increasing and 
on which / is decreasing. 


In Problems 18-19, the graph shows relative birth and death 
rates for a population P(t). Determine whether the population 
is increasing or decreasing, and find the percentage by which 
the population changes during the 10-year period. 


18. 


relative rate 
of change 


0.03 

0.02 

0.01 


Birth rate 
Death rate 


t (years) 

10 


19. 


relative rate 
of change 


0.03 

0.02 

0.01 


Death rate 
Birth rate 
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REVIEW PROBLEMS FOR CHAPTER SIX 

1. (a) Use Figure 6.34 to find J Q 6 f(x)dx. 

(b) What is the average value of / on the interval x = 0 
to x = 6? 


/ ⑷ 



1 2 3 4 5 6 

Figure 6.34 


2. Find the average value of g(t) = e* over the interval 
0 < t < 10. 

3. (a) What is the average value of f(x) = y/1 — x 2 over 

the interval 0 < a: < 1? 

(b) How can you tell whether this average value is more 
or less than 0.5 without doing any calculations? 

4. A service station orders 100 cases of motor oil every 6 
months. The number of cases of oil remaining t months 
after the order arrives is modeled by 

fit) = 100e~ a ' m . 

(a) How many cases are there at the start of the six- 
month period? How many cases are left at the end 
of the six-month period? 

(b) Find the average number of cases in inventory over 
the six-month period. 

5. The quantity of a radioactive substance at time t is 

Q(t) = 4(0.96)* grams. 

(a) Find Q(10) and Q(20). 

(b) Find the average of Q(10) and Q(20). 

(c) Find the average value of Q(t) over the interval 
10 < t < 20. 

(d) Use the graph of Q(t) to explain the relative sizes of 
your answers in parts (b) and (c). 

In Problems 6-7, estimate the average value of f{x) from 
x = a to x = b. 



8. The function / in Figure 6.35 is symmetric about the y- 
axis. Consider the average value of / over the following 
intervals: 

I. 0 < x < 1 II. 0 < x < 2 

III. 0<a:<5 IV. -2<x<2 

(a) For which interval is the average value of / least? 

(b) For which interval is the average value of / greatest? 

(c) For which pair of intervals are the average values 
equal? 

9. For the function / in Figure 6.35, write an expression 
involving one or more definite integrals that denotes: 

(a) The average value of / for 0 < x < 5. 

(b) The average value of |/| for 0 < x < 5. 

/K /W 


-2 



Figure 6.35 

10. For a product, the supply curve is p = 5 + 0.02g and the 
demand curve is p = 30e _O OO3g , where p is the price 
and q is the quantity sold at that price. Find: 

(a) The equilibrium price and quantity 

(b) The consumer and producer surplus 

11. Sketch possible supply and demand curves where the 
consumer surplus at the equilibrium price is 

(a) Greater than the producer surplus. 

(b) Less than the producer surplus. 

12. In May 1991, Car and Driver described a Jaguar that sold 
for $980,000. At that price only 50 have been sold. It 
is estimated that 350 could have been sold if the price 
had been $560,000. Assuming that the demand curve is a 
straight line, and that $560,000 and 350 are the equilib¬ 
rium price and quantity, find the consumer surplus at the 
equilibrium price. 

13. For a product, the demand curve is p = lOOe -0 ' 0089 and 

the supply curve is p = + 10 for 0 < q < 500, 

where q is quantity and p is price in dollars per unit. 

(a) At a price of $50, what quantity are consumers will¬ 
ing to buy and what quantity are producers willing 
to supply? Will the market push prices up or down? 

(b) Find the equilibrium price and quantity. Does your 
answer to part (a) support the observation that mar¬ 
ket forces tend to push prices closer to the equilib¬ 
rium price? 


(c) At the equilibrium price, calculate and interpret the 
consumer and producer surplus. 
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14. Calculate the present value of a continuous revenue 
stream of $1000 per year for 5 years at an interest rate 
of 9% per year compounded continuously. 

15. (a) A bank account earns 10% interest compounded 

continuously. At what constant, continuous rate 
must a parent deposit money into such an account 
in order to save $100,000 in 10 years for a child’s 
college expenses? 

(b) If the parent decides instead to deposit a lump sum 
now in order to attain the goal of $100,000 in 10 
years, how much must be deposited now? 

16. The Hershey Company is the largest US producer of 
chocolate. Between 2005 and 2008, Hershey generated 
net sales at a rate approximated by 4.8 + O.lt billion dol¬ 
lars per year, where t is the time in years since January 1, 
2005. 7 Assume this rate continues through the year 2010 
and that the interest rate is 2% per year compounded con¬ 
tinuously. 

(a) Find the value, on January 1, 2005, of Hershey’s net 
sales during the five-year period from from January 
1, 2005 to January 1, 2010. 

(b) Find the value, on January 1, 2010, of Hershey’s net 
sales during the same five-year period. 

17. Determine the constant income stream that needs to be 
invested over a period of 10 years at an interest rate of 5% 
per year compounded continuously to provide a present 
value of $5000. 

18. In 1980 West Germany made a loan of 20 billion 
Deutsche Marks to the Soviet Union, to be used for the 
construction of a natural gas pipeline connecting Siberia 
to Western Russia, and continuing to West Germany 
(Urengoi-Uschgorod-Berlin). Assume that the deal was 
as follows: In 1985, upon completion of the pipeline, the 
Soviet Union would deliver natural gas to West Germany, 
at a constant rate, for all future times. Assuming a con¬ 
stant price of natural gas of 0.10 Deutsche Mark per cubic 
meter, and assuming West Germany expects 10% annual 
interest on its investment (compounded continuously), at 
what rate does the Soviet Union have to deliver the gas, in 
billions of cubic meters per year? Keep in mind that de¬ 
livery of gas could not begin until the pipeline was com¬ 
pleted. Thus, West Germany received no return on its in¬ 
vestment until after five years had passed. (Note: A more 
complex deal of this type was actually made between the 
two countries.) 

19. Figure 6.36 gives the relative growth rate of a population. 

(a) On what interval is the population increasing? By 
what percentage does the population increase during 
this interval? 

(b) On what interval is the population decreasing? By 
what percentage does the population decrease dur¬ 
ing this interval? 


(c) By what percentage does the population change dur- 



relative growth rate 

0.02 

0.01 


-0.01 

Figure 6.36 



20. The number of reported burglary offenses in the US has 
been mostly decreasing since 1990. 8 If P(t) is the num¬ 
ber of reported burglaries as a function of year t, the rel¬ 
ative rate of change per year, P f (t)/P(t), is given in the 
table. 


(a) Estimate the integral of the relative rate of change: 

. r 柴此 

Jl990 

(b) By what percent did the number of burglaries change 
during the period 1990-2002? 


Year 1990 
Rel. rate —0.03 


1991 

0.03 


1992 1993 

-0.06 -0.05 


1994 

-0.04 


Year 1997 
Rel. rate —0.02 


1998 

-0.05 


1999 

-0.10 


2000 

-0.02 


2001 

0.03 


1995 

-0.04 

2002 

0.02 


1996 

-0.03 


21. In 1990 humans generated 1.4 • 10 20 joules of energy 
from petroleum. At the time, it was estimated that all 
of the earth’s petroleum would generate approximately 
10 22 joules. Assuming the use of energy generated by 
petroleum increases by 2% each year, how long will it be 
before all of our petroleum resources are used up? 

22. In everyday language, exponential growth means very 
fast growth. In this problem, you will see that any expo¬ 
nentially growing function eventually grows faster than 
any power function. 

(a) Show that the relative growth rate of the function 
f(x) = x n , for fixed n > 0 and for x > 0, de¬ 
creases as x increases. 

(b) Assume k > Ois fixed. Explain why, for large x, the 
relative growth rate of the function g{x) = e kx is 
larger than the relative growth rate of f(x). 


7 2008 Annual Report, accessed at www.thehersheycompany.com. 
名 The World Almanac and Book of Facts 2005, p. 162 (New York). 
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CHECK YOUR UNDERSTANDING 


In Problems 1-40, indicate whether the statement is true or 22 
false. 

1. The average value of f(x) on the interval 0 < a; < 10 is 
f 0 W f(x)dx. 

2. If /(0) =0 and /(10) = 50, then the average value of 
f on the interval 0 < x < 10 is between 0 and 50. 

3. If / is a continuous increasing function and /(0) = 0 and 
/(10) = 50, then the average value of / on the interval 
0 < x < 10 is between 0 and 50. 

4. The units of the average value of / are the same as the 



5. The average value of / over the interval 0 < a; < 20 is 
twice the average value of / over the interval 0 < a; < 
10. 

6. The average value of 2f(x) over the interval 0 < a; < 10 
is twice the average value of f(x) over the interval 0 < 
x < 10. 

7. If the average value of / over the interval 0 < a; < 10 is 
0, then f(x) = 0 for all 0 < a; < 10. 

8. If f(x) > g{x) > 0, then the average value of f(x) for 
0 < a; < 10 is greater than the average value of g(x) for 
0 < x < 10. 

9. The average value of / on the interval 5 < x < 7 is one 
half of f(x) dx. 

10. The average value of the cost function C(q) for 0 < g < 
10 is the same as the average cost for 10 items. 

11. The supply curve shows the quantity of an item that a 
producer supplies at different prices. 

12. The demand curve shows the quantity of an item that con¬ 
sumers will purchase at various prices. 

13. The equilibrium price p* is where the demand curve 
crosses the g-axis. 

14. Consumer surplus is the total amount gained by con¬ 
sumers by purchasing items at prices higher than they 
are willing to pay. 

15. The units of consumer surplus are the same as the units 
of producer surplus. 

16. The units of producer surplus are price times quantity. 

17. Total gains from trade is the difference between con¬ 
sumer and producer surplus. 

1$. The area under the demand curve from 0 to the equilib¬ 
rium quantity q* is the amount consumers spend at the 
equilibrium price p*. 

19. Consumer surplus at price p* is the area between the de¬ 
mand curve and the horizontal line at p*. 

20. Producer surplus at price p* is the area between the de¬ 
mand curve and the horizontal line at p*. 

21. Assuming a positive interest rate, the present value of an 
income stream is always less than its future value. 


The future value of an income stream of $1000 per year 
for 5 years is more than $5000 if the interest rate is 2%. 

23. The present value of an income stream of $1000 per year 
for 5 years is more than $5000 if the interest rate is 2%. 

24. A single payment at the beginning of the year of $1000 
has the same future value as an income stream of $1000 
per year if we assume a continuous interest rate of 3% 
for one year for both. 

25. If S(t) is an income stream, then S (t) has units of dol¬ 
lars. 

26. With a continuous interest rate of r, the future value of a 
payment of $3000 today in 5 years is 3000e 一 5 ' 

27. With a continuous interest rate of r, we would have to 
deposit 3000e— 5r today to grow to $3000 in 5 years. 

28. If an income stream of 2000 dollars per year grows to 
$11,361 in five years, then the amount of interest earned 
over the five-year period is $1361. 

29. The present value of an income stream of 2000 dollars 
per year that starts now and pays out over 6 years with a 
continuous interest rate of 2% is J Q 6 2000e _2t dt. 

30. The future value of an income stream of 2000 dollars per 
year that starts now and accumulates over 9 years with a 
positive interest rate is greater than $18,000. 

31. The relative rate of change of population P with respect 
to time t is dP/dt. 

32. Percent rate of change has the same units as rate of 
change. 

33. If a population P is growing at a continuous rate of 2% 
per year, then dP/dt = 0.02. 

34. The relative growth rate of P is the derivative of 

Hnt))- 

35. If the percent birth rate is higher than the percent death 
rate in a country, then the country’s population is increas¬ 
ing. 

36. If the percent birth rate and the percent death rate in a 
country are both decreasing, then the country’s popula¬ 
tion is decreasing. 

37. The integral of the relative growth rate of a population P 
gives the total change in P. 

38. If the integral of the relative growth rate of a population 
P over 30 years is 0.5 then the population has decreased 
by 50% over the 30-year period. 

39. If the integral of the relative growth rate of a population 
is negative on an interval, then the population at the end 
of the interval is less than the population at the beginning 
of the interval. 

40. If the integral of the relative growth rate of a population 
is equal to A on an interval, then the population at the end 
of the interval is e A times the population at the beginning 
of the interval. 
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PROJECTS FOR CHAPTER SIX 


1. Distribution of Resources 

Whether a resource is distributed evenly among members of a population is often an im¬ 
portant political or economic question. How can we measure this? How can we decide if the 
distribution of wealth in this country is becoming more or less equitable over time? How can 
we measure which country has the most equitable income distribution? This problem describes 
a way of making such measurements. Suppose the resource is distributed evenly. Then any 
20% of the population will have 20% of the resource. Similarly, any 30% will have 30% of 
the resource and so on. If, however, the resource is not distributed evenly, the poorest p% of 
the population (in terms of this resource) will not have p% of the goods. Suppose F(x) rep¬ 
resents the fraction of the resources owned by the poorest fraction x of the population. Thus 
F(0.4) = 0.1 means that the poorest 40% of the population owns 10% of the resource. 

(a) What would F be if the resource were distributed evenly? 

(b) What must be true of any such FI What must F(0) and ^(1) equal? Is F increasing or 
decreasing? Is the graph of F concave up or concave down? 

(c) Gini’s index of inequality, G, is one way to measure how evenly the resource is distributed. 

It is defined by 

G = 2 f [x — F(x)] dx. 

Jo 

Show graphically what G represents. 

(d) Graphical representations of Gini’s index for two countries are given in Figures 6.37 and 6.38. 
Which country has the more equitable distribution of wealth? Discuss the distribution of 
wealth in each of the two countries. 






(e) What is the maximum possible value of Gini’s index of inequality, G1 What is the minimum 
possible value? Sketch graphs in each case. What is the distribution of resources in each 
case? 

2. Yield from an Apple Orchard 

Figure 6.39 is a graph of the annual yield, y(t), in bushels per year, from an orchard t years 
after planting. The trees take about 10 years to get established, but for the next 20 years they 
give a substantial yield. After about 30 years, however, age and disease start to take their toll, 
and the annual yield falls off. 9 

(a) Represent on a sketch of Figure 6.39 the total yield, F(M), up to M years, with 0 < M < 
60. Write an expression for F(M) in terms of y(t). 

9 From Peter D. Taylor, Calculus: The Analysis of Functions (Toronto: Wall & Emerson, Inc., 1992). 
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(b) Sketch a graph of F(M) against M for 0 < M < 60. 

(c) Write an expression for the average annual yield, a(M), up to M years. 

(d) When should the orchard be cut down and replanted? Assume that we want to maximize 
average revenue per year, and that fruit prices remain constant, so that this is achieved by 
maximizing average annual yield. Use the graph of y(t) to estimate the time at which the 
average annual yield is a maximum. Explain your answer geometrically and symbolically. 


y (annual yield) 



Figure 6.39 
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7.1 CONSTRUCTING ANTIDERIVATIVES ANALYTICALLY 


What is an Antiderivative? 


If the derivative of F(x) is f(x), that is, if F f (x) = f(x), then we call F(x) an antiderivative of 
f(x). For example, the derivative of x 2 is 2x, so we say that 

x 2 is an antiderivative of 2x. 


Can you think of another function whose derivative is 2x1 How about x 2 + 1? Or x 2 + 17? Since, 
for any constant C, 

-j-(x 2 C) = 2x 0 = 2x, 
ax 

any function of the form x 2 C is an antiderivative of 2x. It can be shown that all antiderivatives 
of 2x are of this form, so we say that 

x 2 -\-C is the family of antiderivatives of 2x. 

Once we know one antiderivative F(x) for a function f(x) on an interval, then all other antideriva¬ 
tives of f(x) are of the form F(x) + C. 


The Indefinite Integral 


We introduce a notation for the family of antiderivatives that looks like a definite integral without 
the limits. We call f f(x) dx the indefinite integral of f(x). If all antiderivatives of f(x) are of the 
form F(x) + C, we write 

J f{x) dx = F(x) + C. 

It is important to understand the difference between 



J fix) dx. 


The first is a number and the second is a family of functions. Because the notation is similar, the 
word “integration” is frequently used for the process of finding antiderivatives as well as of finding 
definite integrals. The context usually makes clear which is intended. 


Finding Formulas for Antiderivatives 

Finding antiderivatives of functions is like taking square roots of numbers: if we pick a number at 
random, such as 7 or 493, we may have trouble figuring out its square root without a calculator. But 
if we happen to pick a number such as 25 or 64, which we know is a perfect square, then we can 
easily guess its square root. Similarly, if we pick a function which we recognize as a derivative, then 
we can find its antiderivative easily. 

For example, noticing that 2x is the derivative of x 2 tells us that x 2 is an antiderivative of 2x. 
If we divide by 2, then we guess that 

^2 

An antiderivative of x is —. 

To check this statement, take the derivative of x 2 /2: 

d (x 2 \ 1 d 2 1 n 

—— =-■ — x = - • 2x = x. 
dx \ 2 J 2 dx 2 

What about an antiderivative of x 2 l The derivative of x s is 3x 2 , so the derivative of x s /3 is 
3x 2 /3 = x 2 . Thus, 

9 

An antiderivative of x is 


Can you see the pattern? It looks like 
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Example 1 

Solution 


An antiderivative of x n is 


x n+1 


(We assume n ^ — 1, or we would have x°/0, which does not make sense.) It is easy to check this 
formula by differentiation: 

d_ p n+1 ) = (n + l)x n =xU 
dx \n-\-l J n + 1 
Thus, in indefinite integral notation, we see that 


■ r n+l 

x n dx= —— 7 + C, n 一 


Can you think of an antiderivative of the function f(x) = 5? We know that the derivative of 5x is 
5, so F(x) = 5a: is an antiderivative of f(x) = 5. In general, if fc is a constant, the derivative of kx 
is k, so we have the result: 


If k is constant, 

/ kdx = kx C. 


Find J (3x x 2 ) dx. 

We know that x 2 /2 is an antiderivative of x and that x s /3 is an antiderivative of x 2 , so we expect 
J(3x-\-x 2 ) dx = 3 (t) + +C. 

Again, check your antiderivatives by differentiation — it’s easy to do. Here 
d f 3 2 x 3 \ 3 3a; 2 2 

d^\2 X + Y +C ) = 2' 2X + ^~ =3X + X - 


The preceding example illustrates that the sum and constant multiplication rules of differentia¬ 
tion work in reverse: 


Properties of Antiderivatives: Sums and Constant Multiples 

In indefinite integral notation, 

1. J [f{x) ± g{x)] dx = j f(x)dx± J g(x) dx 

2. J cf(x) dx = c J f(x) dx. 

In words, 

1. An antiderivative of the sum (or difference) of two functions is the sum (or difference) 
of their antiderivatives. 

2. An antiderivative of a constant times a function is the constant times an antiderivative of 
the function. 
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(b)t 8 


(c) 12x 3 (d) g 3 - 6g 2 


Example 2 

Solution 


Find antiderivatives of each of the following: (a) x 5 


x 6 


r +9 

(b) / t 8 dt = --^C. 

(c) J 12x s dx = 12 ( 乞 )+C = 3x 4 + C. 

(d) y>-6/ dg= S-6( 誓 ) 誓 — 2g 3 + c 

To check, differentiate the antiderivative; you should get the original function. 


What is the antiderivative of x n when n = —1? In other words, what is an antiderivative of 
1/xl Fortunately, we know a function whose derivative is 1/x, namely, the natural logarithm. Thus, 
since 

^■(lna;)= 




we know that 


/ — dx = Inx + C, for x > 
x 


If a: < 0, then lnx is not defined, so it can’t be an antiderivative of 1/x. In this case, we can try 
ln(—x): 

ax —x x 


J — dx = ln(—x) + C, for x < 1 


This means In x is an antiderivative of 1/a: if > 0, and ln(_ar) is an antiderivative of l/xif x < 0. 
Since \x\ = x when x > 0 and \x\ = —x when x < 0, we can collapse these two formulas into: 

An antiderivative of — is In |a:| 
x 

on any interval that does not contain 0. Therefore 


— dx = \n \x\ + C. 


Since the exponential function e x is its own derivative, it is also its own antiderivative; thus 


e x dx = e x + C. 


What about e kx l We know that the derivative of e kx is ke kx , so, for fc / 0, we have 


dx 命 +a 
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Example 3 


Find antiderivatives of each of the following: (a) 


8x 3 + - 
x 


(b) 12e°- 2t 


Solution 


(a) J Sx 3 -\- — dx = 

(b) / 12e 0 2t dt = 12 


8 + In |a;| + (7 = 2x A + In |a;| + C. 

(^2 e ° 2t ) +C = 60e °' 2t + C - 


Differentiate your answers to check them. 


Antiderivatives of Periodic Functions 

The antiderivatives of the sine and cosine are easy to guess. Since 


dx 


sinx = cos a; and — cos x = — sinx, 

dx 


we get 


cos xdx = sinx -\- C and / sin xdx = — cos x -\-C. 


Since the derivative of sin(kx) is k cos(kx) and the derivative of cos(kx) is —ksin(kx), we 
have, for fc ^ 0, 


Example4 Find / (sina; + 3 cos(5x)) dx. 


Solution We break the antiderivative into two terms: 


(sin x + 3 cos(5a;)) dx = sinxdx -\-3 / cos(5a;) dx = — cos x-\- - sin(5x) + C. 


Check by differentiating: 

d 


. (— cos x-\- - sin(5x) + (7) = sin x + 3 cos(5x). 
dx 5 


Problems for Section 7.1 


In Problems 1-26, find an antiderivative. 

11. f(x) = 3x 2 + 5 

12. f(x)=x + x 5 +x~ 5 

1. f(x) = 5 

2. f(t) = 5t 

13. p{x) » # - 6* + If 

14. g(z) = y/z 

3. g(t) = t 2 + t 

4. f(x) = x 2 

15. f(x) =5x — \fx 

16. p(z) = (y/z) 3 

5. f(x) = x 4 

6. g{t) = t 7 + t 3 

17. h(z) = i 

18. p(t) = t 3 - 1 - t 

7. g(pc) = 6x 3 + 4 

9. h(y) = 3y 2 - y 3 

8. f(q) ^ 5q 2 

10. k(x) = 10 + 8a: 3 

W. 〆 和 1 

20. q(y) = 2 / 4 + ^ 
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21. f( x} ^ x ^-± 

22 - 咖 )4 + 去 + 去 

49. J (e x + 5) dx 

50. J {x 2 + dx 

23. g(t) = e~ 3t 

24. h(t) = cos t 

51. [ e 3r dr 

52. / cos 6 dO 

25. g{t) = 5 + cost 

26. g(0) = sin ^ — 2 cos 0 

J 

53. f sin tdt 

J 

54. [ 25e- 0 04q dq 

In Problems 27-32, find an antiderivative F(x) with F\x)= 
f{x) and F(0) = 0. Is there only one possible solution? 

J 

55. / lOOe^dx 

J 

56. / (2e x — 8 cos x) dx 

27. f(x) = 3 

28. f(x)m^7x 

J 

J 

29. f(x) = 2 + 4x + 5x 2 

30. f(x) = x 2 

57. J (3 cos x — 7 sin x) dx 

58. J sin(3x)dx 

31. f(x) = 

32 . 朗 

59. J : r cos (a: 2 + 4) da: 

60. J Qcos(3x)dx 

Find the indefinite integrals in Problems 33-62. 



33. j (5x + 7)dx 

34 - 1 9X2 ^ 

61. J (10 + 8sin(2x))dx 


35 - I 6x2dX 

36. J t 12 dt 

62. J (12sin(2a:) + 15cos(5a:))da: 

37. J(x+ l) 2 dx 

38. J {x 2 + dx 

For Problems 63-66, find 
F\x) = f{x) and F ⑼ = 5. 

m antiderivative F(x) with 

39. J (f + 5t+l) dt 

40. J 5e z dz 

63. f{x) = 6x — 5 

64. f(x) = x 2 -\-l 

41. J (t 3 + 6t 2 ) dt 

42. J (x 5 - 12x 3 )dx 

65. /(x) = 8sin(2x) 

66. f(x) = 6e 3x 

43. J 3y/wdw 

44. -峽 

67. A firm’s marginal cost function is MC = 3q 2 + 4g + 6. 
Find the total cost function if the fixed costs are 200. 

45 . /G _ 备 ) ^ 

46. J e 2t dt 

68. The marginal revenue function of a monopolistic pro¬ 
ducer is MR = 20 — Aq. 

47./(, + -L) d , 

48. J (x 3 + 5x 2 + 6)dx 

(a) Find the total revenue function. 

(b) Find the corresponding demand curve. 


7.2 INTEGRATION BY SUBSTITUTION 


In Chapter 3, we learned rules to differentiate any function obtained by combining constants, powers 
of x, sin a, cos x, e x , and In x, using addition, multiplication, division, or composition of functions. 
Such functions are called elementary. 

In this section, we introduce integration by substitution. However, there is a great difference 
between looking for derivatives and looking for antiderivatives. Every elementary function has el¬ 
ementary derivatives, but many elementary functions do not have elementary antiderivatives. Some 
examples are \/^ 3 + 1, (sin x)/x, and e~ x . These are ordinary functions that arise naturally, not 
exotic functions, yet they do not have elementary antiderivatives. 

Integration by substitution reverses the chain rule. According to the chain rule, 


去 (/(5 ㈤ ))=■ 9 ^- 
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Example 1 

Solution 


Example 2 

Solution 


Thus, any function which is the result of differentiating with the chain rule is the product of two 
factors: the “derivative of the outside” and the “derivative of the inside.” If a function has this form, 
its antiderivative is f(g(x)). 


Use the chain rule to find f r (x) and then write the corresponding antidifferentiation formula. 

(a) /(x) = e x2 (b) f(x) = |(a; 2 + l) 6 (c) f(x) = \n{x 2 + 4) 


(a) Using the chain rule, we see 

去 (e#) = e# - 2x so J e x ^ -2xdx = e x ^ + C. 

(b) Using the chain rule, we see 

去 (*( x2 + 丄 ) 6 ) = ( 怎 2 + ” 5 * so J (^ 2 + ^) 5 ,e ^ x dx = ^( x 2 + l ) 6 + C . 

(c) Using the chain rule, we see 

去 (lnOr 2 + 4)) = ^ 2 ^ -2x so J -2xdx = \n(x 2 +4) + (7. 


In Example 1, the derivative of each inside function is 2x. Notice that the derivative of the 
inside function is a factor in the integrand in each antidifferentiation formula. 

Finding an inside function whose derivative appears as a factor is key to the method of substi¬ 
tution. We formalize this method as follows: 


To Make a Substitution in an Integral 

Let w be the “inside function” and dw = w ; (x) dx = — dx. Then express the integrand in 

ax 

terms of w. 


Make a substitution to find each of the following integrals: 

(a) J e x2 • 2xdx (b) J (x 2 + l) 5 - 2xdx (c) J 2 ^ ^ • 2xdx 

(a) We look for an inside function whose derivative appears as a factor. In this case, the inside 
function is x 2 , with derivative 2x. We let w = x 2 . Then dw = w f (x) dx = 2x dx. The original 
integrand can now be rewritten in terms of w: 

J e x2 -2xdx = j e w dw = e w + C = 〆 + C. 

By changing the variable to w, we simplified the integrand. The final step, after antidifferenti¬ 
ating, is to convert back to the original variable, x. 

(b) Here, the inside function is x 2 + 1, with derivative 2x. We let w = x 2 + 1. Then dw = 
w f (x) dx = 2x dx. Rewriting the original integral in terms of w, we have 

J (x 2 + l) 5 -2xdx = J w 5 dw = ^w 6 C = ^(x 2 1) 6 + C. 


Again, by changing the variable to w, we simplified the integrand. 

(c) The inside function is x 2 +4, so we let w = x 2 +4. Then dw = {pc) dx = 2x dx. Substituting, 
we have 

J x 2 ^_^ -2xdx = J — dw = \n(w) + (7 = ln(x 2 + 4) + C. 
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Notice that the derivative of the inside function must be present in the integral for this method 
to work. The method works, however, even when the derivative is missing a constant factor, as in 
the next two examples. 


Example 3 Find J fe^ 2+1) dt. 

Solution Here the inside function is t 2 + 1, with derivative 2t. Since there is a factor of t in the integrand, we 
try ^ = t 2 + 1. Then dw = w f {t) dt = 2t dt. Notice, however, that the original integrand has only 
tdt, not 2t dt. We therefore write 

-dw = tdt 

and then substitute: 

J te(* 2+1 ) dt = J e(^^) -tdt^= J e w ^dw = ^J e w dw = ^e w + C= -e(* 2+1 ) + (7. 

^dw 


Why didn’t we put | f e w dw = \e w + \C in the preceding example? Since the constant G is 
arbitrary, it does not really matter whether we add C or \C. The convention is always to add C to 
whatever antiderivative we have calculated. 


Example 4 

Solution 


i J x s y/x 4 -\-hdx. 


The inside function is x 4 + 5, with derivative 4x 3 . The integrand has a factor of x 3 , and since the 
only thing missing is a constant factor, we try 

w = x 4 5. 


Then 

giving 

Thus, 


dw = w r {x) dx = 4x 3 dx, 


l dw = x3dX . 


J x s y/x A 5 dx = J y/w ^dw = ^ J 切丄 ’ 2 dw = ~^J2 + ^ = ^ (^ 4 + 5) 3 ^ 2 + C. 


Warning 


We saw in the preceding examples that we can apply the substitution method when a constant 
factor is missing from the derivative of the inside function. However, we may not be able 
to use substitution if anything other than a constant factor is missing. For example, setting 
it; = x 4 + 5 to find 


J x 2 y/x 4 -\-5dx 


does us no good because x 2 dx is not a constant multiple of dw = 4x s dx. In order to use 
substitution, it helps if the integrand contains the derivative of the inside function, to within a 
constant factor. 
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f t 2 

Example 5 Find / ^ ^ ^ dt. 

Solution Observing that the derivative of 1 + 1 3 is 3t 2 , we take w = 1 -\-t 3 ,dw = 3t 2 dt, so ^dw = t 2 dt. 
Thus, 

/ TT^ rf * = / I ^ = 5 ln|H + c = 5 ln|1 + t3| + c - 

Since the numerator is t 2 dt, we might have tried w = t 3 . This substitution leads to the integral 
^ f l/(l-\-w) dw. To evaluate this integral we would have to make a second substitution u = l-\-w. 
There is often more than one way to do an integral by substitution. 


Using Substitution with Periodic Functions 

The method of substitution can be used for integrals involving periodic functions. 


Example 6 

Solution 


Find J 3x 2 cos(x s ) dx. 

We look for an inside function whose derivative appears — in this case x 3 . We let w = x 3 . Then dw 
= w\x) dx = 3x 2 dx. The original integrand can now be completely rewritten in terms of the new 
variable w: 


J 3x 2 cos(x 3 ) cfa; = / cos (x 3 ) = J 


cos wdw = sin-u; -\-C = sin(x 3 ) + C. 


By changing the variable to w, we have simplified the integrand to cosw, which can be antidif¬ 
ferentiated more easily. The final step, after antidifferentiating, is to convert back to the original 
variable, x. 


Example 7 

Solution 



e cose sin9de. 


We let w = cos 6 since its derivative is — sin 0 and there is a factor of sin 0 in the integrand. This 
gives 

dw = w r {6) dO = — sinOdO^ 


so 

Thus, 


—dw = sinO d0. 


e cose sm6de = e w (-dw) = (-1) l e w dw = -e w + C= -e cos9 +C. 


Problems for Section 7.2 


Find the integrals in Problems 1-40. Check your answers by 7. / 也 

differentiation. J 


J 3x 2 (x 3 + 1)\ 
J (x+10) 3 dx 
J 2qe q2+1 dq 


2 - J J^l dX 

4. J x(x 2 + 9) 6 da: 
6. f be 5t+2 dt 


9. J t 2 (t 3 -3) w dt 
11. J x(x 2 - 4) 7/2 dx 

13 - Ivr^ dx 


8. J e~ x dx 
10. J x 2 (l + 2x 3 ) 2 dx 

12. / x{x 2 + 3) 2 dx 


14. 


f dy 

J y + s 
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15. J 12x 2 cos(x 3 )dx 
17. J (x 2 + 3) 2 dx 
19. J sin (3 — t) dt 
21. J V cos 3t sin 3t dt 
23. J sin 6 6 cos 0d6 
25. J sin 2 x cos xdx 
27. / xsin(4a; 2 )da; 


16. j (2t- 7) 73 dt 
18. J y 2 (l-\-y) 2 dy 
20. J sin 0(cos 0 + b) 7 dO 

22. / — dt 

J l + 3t2 

24. h x3+i dx 
26. J sin 3 a cos a da 
28. J e 3x ~ A dx 

30. / x V3x 2 + 4dx 


31 - j ^+l dq 

32. J^f dz 

33 ./ 心 

34. [ 


36. y 


f l + e x 

37. / , - dx 

J Vx-\-e x 

39. [ X + 1 — dx 

J x 2 + 2x-h 19 


38. f — 7 —~ —dt 

y y+i 

/* e 31 - e- 31 

40. / - dx 

J e x + e~ x 


41. If appropriate, evaluate the following integrals by substi¬ 
tution. If substitution is not appropriate, say so, and do 
not evaluate. 


⑻ 

J xsin(x 2 ) dx 

(b) 

J x 2 sin a; dx 

(C) 

f 

(d) 

/ (i+ 巧， 

(e) 

j x 3 e x2 dx 

(f) 

f n SinX dx 

1 2 + cos x 


42. (a) Find 5) 2 dx in two ways: 

(i) By multiplying out 

(ii) By substituting w = x -\-5 
(b) Are the results the same? Explain. 

43. Find f 4x(x 2 + 1) dx using two methods: 

(a) Do the multiplication first, and then antidifferentiate. 

(b) Use the substitution w = x 2 1. 

(c) Explain how the expressions from parts (a) and (b) 
are different. Are they both correct? 


7.3 USING THE FUNDAMENTAL THEOREM TO FIND DEFINITE INTEGRALS 

In the previous section we calculated antiderivatives. In this section we see how antiderivatives are 
used to calculate definite integrals exactly. This calculation is based on the Fundamental Theorem: 


Fundamental Theorem of Calculus If F f , the derivative of F, is continuous, then 

f F , (x)dx = F(b)-F(a). 

J a 


So far we have approximated definite integrals using a graph or left- and right-hand sums. The 
Fundamental Theorem gives us another method of calculating definite integrals. To find F\x) dx, 
we first try to find F, and then calculate F(b) — F(a). This method of computing definite integrals 
has an important advantage: it gives an exact answer. However, the method works only when we 
can find a formula for an antiderivative F(x). 


Example 1 Compute J 2x dx numerically and using the Fundamental Theorem. 


Solution 


Using a calculator, we obtain 


2xdx = 8.000. 
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Example 2 


Solution 


Example 3 


The Fundamental Theorem allows us to compute the integral exactly. We take F f {x) = 2x, so 
F{x) = x 2 and we obtain 

「 2xdx = F ⑶ - F ⑴ = 3 2 - l 2 = 8. 


In Example 1 we used the antiderivative F(x) = x 2 , but F(x) = x 2 -\-C works just as well for 
any constant C, because the constant cancels out when we subtract F(a) from F(b): 

j\xdx = F{3) - F(l) = (3 2 + C)~ (l 2 + C) = 8. 

It is helpful to introduce a shorthand notation for F{b) — F{a)\ we write 

F(x)\ b =F(b)-F(a). 

la 

For example: 

f 2x dx = x 2 = 3 2 — l 2 = 8. 


Use the Fundamental Theorem to compute the following definite integrals: 

(a) f 6x 2 dx (b) f t 3 dt (c) f (Sx + 5) dx (d) f 8e 2t dt 

Jo Jo Ji Jo 

⑻ Since F f (x) = 6x 2 , we take F(x) = 6(x 3 /3) = 2x s . So 

乂 2 6a; 2 (te = 6 ( 誓 )I =2a; 3 | = 2 • 2 3 - 2 • 0 3 = 16. 

(b) Since F f (t) = t 3 , we take F(t) = t 4 /4,so 

/■ 2 心=增| 2 =增-綱=¥-?=孕-。= 4 . 

Jo lo 4 4 4 

(c) Since F\x) = 8x + 5, we take F(x) = 4x 2 + 5x, giving 

ji (8x + h)dx = (Ax 2 + 5x)| = (4 • 2 2 + 5 • 2) - (4 • l 2 + 5.1) 

= 26 - 9 = 17. 

⑹ Since F\t) = 8e 2t , we take F(t) = (8e 2t )/2 = 4e 2t , so 


8e 2t dt = 8 (-e 2 *) I = 4e 叫 = 4e 2 - 4e 。 = 25.556. 


Write a definite integral to represent the area under the graph of f(t) = e 0 5t between t = 0 and 
t = 4：. Use the Fundamental Theorem to calculate the area. 
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Solution 


The function is graphed in Figure 7.1. We have 

Area= Ce 0M dt = 2e 0M \ = 2e。 5 ⑷ - 2e。 5 ⑼ = 2e 2 — 2 = 12.778. 



Figure 7.1 : Shaded area = J Q 4 e 0 5t dt 


Definite Integrals by Substitution 

The following example shows two ways of computing a definite integral by substitution. 


Example 4 Compute / xe x ^ dx. 

Jo 

Solution To evaluate this definite integral using the Fundamental Theorem of Calculus, we first need to find 
an antiderivative of f(x) = xe x . The inside function is x 2 , so we let w = x 2 . Then dw = 2x dx, 
so ^dw = x dx. Thus, 

J xe x2 dx = J e w ^dw = ^e w + C = 臺 + C. 

Now we find the definite integral: 

= 盖 0 4 _e。) = *(e 4 - 1). 

There is another way to look at the same problem. After we established that 

J xe x2 dx = ^e w + C, 

our next two steps were to replace w by x 2 , and then x by 2 and 0. We could have directly replaced 
the original limits of integration, x = 0 and x = 2, by the corresponding w limits. Since w = x 2 , 
the w limits are 忉 = 0 2 = 0 (when x = 0) and w = 2 2 = 4 ： (when x = 2), so we get 

x=2 -i pw=4： 1 14 1 i 

a;〆 dx = - e w dw = -e w \ = - (e 4 - e°) = -(e 4 - 1). 

=0 L Jw=0 z lo Z z 

As we would expect, both methods give the same answer. 



To Use Substitution to Find Definite Integrals 

Either 

• Compute the indefinite integral, expressing an antiderivative in terms of the original vari¬ 
able, and then evaluate the result at the original limits, 

or 

• Convert the original limits to new limits in terms of the new variable and do not convert 
the antiderivative back to the original variable. 









Improper Integrals 


7.3 USING THE FUNDAMENTAL THEOREM TO FIND DEFINITE INTEGRALS 


So far, in our discussion of the definite integral / f(x) dx, we have assumed that the interval 

J a 

a < x < bis of finite length and the integrand / is continuous. An improper integral is a definite 
integral in which one (or both) of the limits of integration is infinite or the integrand is unbounded. 
An example of an improper integral is 

rx dx 


This integral represents the area under the graph of — from x = 1 infinitely far to the right. (See 
Figure 7.2.) 

We estimate this area by letting the upper limit of integration get larger and larger. We see that 

/ 10 1 广 100 1 广 1000 1 

— dx = 0.9, J -^dx = 0.99, J -^dx = 0.999, 

and so on. These calculations suggest that as the upper limit of integration tends to infinity, the 

r°° l 

area tends to 1. We say that the improper integral / — dx converges to 1. To show that the 

integral converges to exactly 1 (and not to 1.0001, say), we need to use the Fundamental Theorem 
of Calculus. (See Problem 38.) It may seem strange that the region shaded in Figure 7.2 (which has 
infinite length) can have finite area. The area is finite because the values of the function 1/x 2 shrink 
to zero so fast as x —> oo. In other examples (where the integrand does not shrink to zero so fast), 
the area represented by an improper integral may not be finite. In that case, we say the improper 
integral diverges. (See Problem 52.) 

y 



Figure 7.2: Area representation of improper integral 


Problems for Section 7.3 


Using the Fundamental Theorem, evaluate the definite inte¬ 
grals in Problems 1-20 exactly. 

11. 

f 9 

1 y/xdx 

12. 

[(y 2 + y 4 ) dy 

Jo 

i. 

j\dx 

2. 

f 6x dx 

Jo 

13. 

}> 

14. 

J (x 3 — TVX 2 ) dx 

3. 

(2x + 3) dx 

4. 

[{3t 2 +At + 3)dt 

Jo 

15. 

f 1 e _0 - 2t dt 

lo 

16. 

f 2e x dx 

Jo 

S. 

L‘ dt 

6. 

I: $ dx 

17. 

j cos t dt 

18. 

厂 /4 

j (sin t + cos t) dt 

Jo 

7- 

j 3x 2 dx 

'o 

8. 

[t 3 dt 

Jo 

19. 

[ 3 e 0 05t dt 
fo 

20. 

[ (6g 2 + 4) dq 

Jo 


9. f 6x 2 dx 10. [ 5t 3 dt 
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21. Use substitution to express each of the following inte¬ 
grals as a multiple of J:(l/iy) dw for some a and b. 
Then evaluate the integrals. 


⑻ 



(b) 



smx 

- ( 

cosx 


Use integration by substitution and the Fundamental Theorem 
to evaluate the definite integrals in Problems 22-25. 



26. Use the Fundamental Theorem to find the area under 
f(x) = x 2 between x = 1 and x = 4. 

27. Write the definite integral for the area under the graph of 
f(x) = 6x 2 + 1 between rr = 0 and x = 2. Use the 
Fundamental Theorem of Calculus to evaluate it. 

28. Use the Fundamental Theorem to find the average value 
of f(x) = x 2 + 1 on the interval x = 0 to x = 10. 
Illustrate your answer on a graph of f(x). 

29. Use the Fundamental Theorem of Calculus to find the av¬ 
erage value of f{x) = e°' 5a: between x = 0 and x = 3. 
Show the average value on a graph of f(x). 

30. Find the exact area of the region bounded by the x-axis 
and the graph of y = x 3 — x. 

31. Use the Fundamental Theorem to determine the value of 
b if the area under the graph of f(x) = 4：x between 
x = 1 and x = bis equal to 240. Assume b > 1. 

32. Use the Fundamental Theorem to determine the value of 
b if the area under the graph of f(x) = 8x between 
x = 1 and x = bis equal to 192. Assume b > 1. 

33. Use the Fundamental Theorem to determine the value 
of b if the area under the graph of f(x) = x 2 between 
a: = 0 and x = bis equal to 100. Assume 6 > 0. 


36. (a) Graph f(x) = e~ x ^ and shade the area represented 

by the improper integral J 二 e~ x dx. 

(b) Find f: a e - x2 dx for a = 1, a = 2 } a = 3, a = 5. 

(c) The improper integral J 二 e~ x2 dx converges to a 
finite value. Use your answers from part (b) to esti¬ 
mate that value. 

37. Graph y = 1/x 2 and y = 1/x 3 on the same axes. Which 

do you think is larger: 1/x 2 dx or 1/x 3 dxl 

Why? 

38. In this problem, you will show that the following im¬ 
proper integral converges to 1. 

/ ^ dx - 

(a) Use the Fundamental Theorem to find 1/x 2 dx. 
Your answer will contain b. 

(b) Now take the limit as b oo. What does this tell 
you about the improper integral? 

39. Decide if the improper integral J 0 °° e~ 2t dt converges, 
and if so, to what value, by the following method. 

(a) Evaluate J Q 6 e~ 2t dt for 6 = 3,5,7,10. What do you 
observe? Make a guess about the convergence of the 
improper integral. 

(b) Find J Q 6 e~ 2t dt using the Fundamental Theorem. 
Your answer will contain b. 

(c) Take a limit as 6 —^ oo. Does your answer confirm 



40. (a) Evaluate J Q 6 xe~ x ^ 10 dx for b = 10,50,100,200. 
(b) Assuming that it converges, estimate the value of 

J- X e-^d X . 

41. The rate, r, at which people get sick during an epidemic 
of the flu can be approximated by 

r * lOOOte -0 - 64 , 

where r is measured in people/day and t is measured in 
days since the start of the epidemic. 

(a) Write an improper integral representing the total 
number of people that get sick. 

(b) Use a graph of r to represent the improper integral 
from part (a) as an area. 


34. Oil is leaking out of a ruptured tanker at the rate of 
r(t) = 50e _0 02t thousand liters per minute. 

(a) At what rate, in liters per minute, is oil leaking out 
att = 0? Att = 60? 

(b) How many liters leak out during the first hour? 

35. With t in years since 2000, the population, P, of the 
world in billions can be modeled by P = 6.1e 0 012£ . 

(a) What does this model predict for the world popula¬ 
tion in 2010? In 2020? 

(b) Use the Fundamental Theorem to predict the average 
population of the world between 2000 and 2010. 


42. Find the exact area below the curve y = x 3 (l — x) and 
above the x-axis. 

43. Find the exact area enclosed by the curve y = x 2 (l — x) 2 
and the x-axis. 

44. A car moves with velocity, v, at time t in hours by 

v(t) = miles/hour. 

(a) Does the car ever stop? 

(b) Write an integral representing the total distance trav¬ 
eled for t>0. 

(c) Do you think the car goes a finite distance for ^ > 0? 
If so, estimate that distance. 
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45. An island has a carrying capacity of 1 million rabbits. 
(That is, no more than 1 million rabbits can be supported 
by the island.) The rabbit population is two at time t = 1 
day and grows at a rate of r(t) thousand rabbits/day un¬ 
til the carrying capacity is reached. For each of the fol¬ 
lowing formulas for r(t), is the carrying capacity ever 
reached? Explain your answer. 

⑻ r(t) = 1/t 2 (b) r{t) = t 

(c) r(t) = 1/Vt 

46. (a) Between 1995 and 2005, ACME Widgets sold wid¬ 

gets at a continuous rate of R = Roe 015t widgets 
per year, where t is time in years since January 1, 
1995. Suppose they were selling widgets at a rate 


of 1000 per year on January 1, 1995. How many 
widgets did they sell between 1995 and 2005? How 
many did they sell if the rate on January 1, 1995 was 
150,000,000 widgets per year? 

(b) In the first case (1000 widgets per year on January 
1, 1995), how long did it take for half the widgets 
in the ten-year period to be sold? In the second case 
(150,000,000 widgets per year on January 1, 1995), 
when had half the widgets in the ten-year period 
been sold? 

(c) In 2005, ACME advertised that half the widgets it 
had sold in the previous ten years were still in use. 
Based on your answer to part (b), how long must a 
widget last in order to justify this claim? 


7.4 INTEGRATION BY PARTS 


Now we introduce integration by parts, which is a technique for finding integrals based on the 
product rule. To evaluate 

J xe x dx, 

we look for a function whose derivative is xe x . The product rule might lead us to guess xe x , because 
we know that its derivative has two terms, one of which is xe x : 

d 


X ㈣ eX . 


dx 


(e x ) = e x -\-xe x . 


Of course, our guess is wrong because of the extra e x . But we can adjust our guess by subtracting 
e x \ this leads us to try xe x — e x . Let’s check it: 

It works, so J xe x dx = xe x — e x -\-C. 

The General Formula for Integration by Parts 


We can formalize this process in the following way. We begin with the product rule: 

(uv) = v!v + uv' 
dx 

where u and v are functions of x with derivatives u' and v\ respectively. We rewrite this as: 

uv’ = 本 (uv) — u’v 
dx 


and then integrate both sides: 


J uv f dx 



v!v dx. 


Since an antiderivative of — (uv) is just uv, we get the following formula: 
dx 


Integration by Parts 




J uv f dx = uv — 

J u’v dx. 
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This technique is useful when the integrand can be viewed as a product and when the integral 
on the right-hand side is simpler than that on the left. 

Example 1 Use integration by parts to find J xe x dx. 

Solution We let xe x = (x) - (e^) = uv f , and choose u = x and v' = e x . Thus, u’ = 1 and v = e x , so 
[(x) (e x ) dx = (x) (e x ) — f (1) (e x ) dx = xe x — e x -\-C. 

U v' u V u' v 


Example 2 

Solution 


Let’s look again at Example 1. Notice what would have happened if we took v = e x -\- C\. 
Then 


J xe x dx = x(e x + Ci) - j(e x +Ch)dx 
= xe x + C\x — e x — C\x + C 
= xe x -e x -\-C, 

as before. Thus, it is not necessary to include an arbitrary constant in the antiderivative for v; any 
antiderivative will do. 

What would have happened if we had picked u and v f the other way around in Example 1? If 
u = e x and v f = x, then u' = e x and v = x 2 /2. The formula for integration by parts then gives 


J xe x dx = 


-e x - 



which is true but not helpful, since the new integral on the right seems harder than the original one 
on the left. To use this method, we must choose u and v' to make the integral on the right no harder 
to find than the integral on the left. 


How to Choose u and v r 

• Whatever you let v f be, you need to be able to find v. 

• It helps if u f v is simpler (or at least no more complicated) than uv f . 



We let xe Sx = (x) - (e 3a: ) = uv f , and choose u = x and v f = e 3x . Thus, v! 
have 




U v' U Y Y 


^xe Sx --e Sx -^C. 


There are some examples which don’t look like good candidates for integration by parts because 
they don’t appear to involve products, but for which the method works well. Such examples often 
involve In x or the inverse trigonometric functions. Here is one: 


Example 3 

Solution 


Find 


\nxdx. 


This does not look like a product unless we write \nx = (l)(ln x). Then we might say u = 1 so 
v! = 0, which certainly makes things simpler. But if = In x, what is vl If we knew, we would 
not need integration by parts. Let’s try the other way: \iu = \nx,u , = 1/x and liv 1 = l,v = x, so 
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Example 4 

Solution 


(lna;) (1) dx = (In x) (x) I — f f ^ - (x) dx 


: cln 叫 —J ldx = (a; In x — x) I 
31n3 - 3 - 21n2 + 2 = 31n3 - 21n2 - 1. 


Notice that when doing a definite integral by parts, we must remember to put the limits of 
integration (here 2 and 3) on the uv term (in this case x In x) as well as on the integral f vlv dx. 


Find J x 6 In x dx. 

We can write x 6 lnx as uv' where u = In x and v' = x 6 . Then v = jx 7 and vl = 1/x, so 
integration by parts gives us: 

J x 6 \n x dx = J (lnx)x 6 dx = (lnx) ( 卜 7 ) — / ^x 7 - — dx 

1 1 f 

= -x 7 Inx — - / x 6 dx 

= ^x 7 Inx — + C. 


In Example 4 we did not choose v 1 = In x, because it is not immediately clear what v would 
be. In fact, we used integration by parts in Example 3 to find the antiderivative of In x. Also, using 
u = \nx, as we have done, gives u’v = x 6 /7, which is simpler to integrate than uv' = x 6 Inx. This 
example shows that u does not have to be the first factor in the integrand (here 尤 6 ). 


Problems for Section 7.4 
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21. For each of the following integrals, indicate whether in¬ 
tegration by substitution or integration by parts is more 
appropriate. Do not evaluate the integrals. 



22. Find In x dx numerically. Find lnxdx using an¬ 
tiderivatives. Check that your answers agree. 


27. The concentration, C, in ng/ml, of a drug in the blood 
as a function of the time, t, in hours since the drug was 
administered is given by C = 15te~°' 2t . The area under 
the concentration curve is a measure of the overall effect 
of the drug on the body, called the bioavailability. Find 
the bioavailability of the drug between t = 0 and t = 3. 

28. During a surge in the demand for electricity, the rate, r, 
at which energy is used can be approximated by 

r = te~ at , 


In Problems 23-25, find the exact area. 

23. Under y = te~ l for 0 < t < 2. 

24. Between y = \nx and y = ln(x 2 ) for 1 < a: < 2. 

25. Between f(t) = ln(t 2 — 1) and g(t) = ln(t — 1) for 
2 < t < 3. 

26. Estimate f(x)g , (x) dx if f(x) = x 2 and g has the 
values in the following table. 


X 

0 

2 

4 

6 

8 

10 

9(x) 

^.3 

3.1 

4.1 

5.5 

5 9 

6.1 


where t is the time in hours and a is a positive constant. 

(a) Find the total energy, E ，used in the first T hours. 
Give your answer as a function of a. 

(b) What happens to E as T ^ oo? 

29. Derive the formula (called a reduction formula): 

x n e x dx = x n e x — n [ x n ~ 1 e x dx. 


7.5 ANALYZING ANTIDERIVATIVES GRAPHICALLY AND NUMERICALLY 

In this section, we use the Fundamental Theorem to approximate values of F when the rate of 
change, F,, and one value of the function, F(a), are known. 


Example 1 

Solution 


Suppose F r {t) = (1.8” and F(0) = 2. Find the value of F ⑻ for b = 0, 0.1 ， 0.2, • • . ， 1.0. 
Apply the Fundamental Theorem with F f (t) = (1.8)* and a = 0 to get values for F(b). Since 

F(b) - F(0) = [ b F\t)dt= 广 (1.8)* 也 
Jo Jo 

and F(0) = 2, we have 

F(b) = 2 + / (1 对 dt. 


Use a calculator or computer to estimate the definite integral / Q 6 (1.8) 4 dt for each value of b. For 
example, when b = 0.1, we find that (l.S)* dt = 0.103. Thus F(0.1) = 2.103. Continuing in this 
way gives the values in Table 7.1. 


Table 7.1 Approximate values of F 


b 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

m 

2 

2.103 

2.212 

2.328 

2.451 

2.581 

2.719 

2.866 

3.021 

3.186 

3.361 


Notice from the table that the function F(b) is increasing between 6 = 0 and b = 1. This is 
because the derivative F f (t) = (1.8)* is positive fort between 0 and 1. 




























Example 2 


7.5 ANALYZING ANTIDERIVATIVES GRAPHICALLY AND NUMERICALLY 


The graph of the derivative F r of a function F is shown in Figure 7.3. Assuming that F(20) = 150, 
estimate the maximum value attained by F. 



Solution We know that F(x) increases for x < 50 because the derivative of F is positive for x < 50. 

Similarly, F(x) decreases for x > 50 because F f (x) is negative forx > 50. Therefore, the graph of 
F rises until the point at which x = 50, and then it begins to fall. So the highest point on the graph 
of F is at x = 50 and the maximum value attained by F is F(50). By the Fundamental Theorem: 

广 50 

F(50) - F(20) = / F\x) dx. 

J 20 

Since F(20) = 150, we have 

疒 50 广 50 

F(50) = F(20) + / F\x) dx = 150+ / F\x)dx. 

J20 J20 

The definite integral is the area of the shaded region under the graph of F f , which is roughly a 
triangle of base 30 and height 20. Therefore, the shaded area is about 300 and the maximum value 
attained by F is F(50) « 150 + 300 = 450. 


Graphing a Function Given a Graph of its Derivative 

Suppose we have the graph of f and we want to sketch the graph of /. We know that when /’ is 
positive, / is increasing, and when f is negative, / is decreasing. If we want to know how much / 
increases or decreases, we compute a definite integral. 


Example 3 Figure 7.4 shows the rate of change of the concentration of adrenaline, in micrograms per milliliter 
per minute, in a person’s body. Sketch a graph of the concentration of adrenaline, in micrograms per 
milliliter, in the body as a function of time, in minutes. 

rate of change of adrenaline 
concentration (/xg/ml/min) 


pH — I — I —— h-V t (minutes) 
\l23y5 678 


Figure 7.4: Rate of change of adrenaline 
concentration 
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Solution 


Since the initial concentration of the drug is not given, we can start the graph anywhere on the 
positive vertical axis. The rate of change is negative for t < 5 and positive for t > 5, so the 
concentration of adrenaline decreases until t = 5 and then increases. Since the area below the t- 
axis is greater than the area above the t-axis, the concentration of adrenaline decreases more than it 
increases. Thus, the concentration at t = 8 is less than the concentration at t = 0. Since the rate of 
change of concentration is zero ait = 0, 5, and 8, the graph of concentration is horizontal at these 
points. See Figure 7.5. 


adrenaline 

concentration (/zg/ml) 


t (minutes) 


Figure 7.5: Adrenaline concentration 


Example 4 Figure 7.6 shows the derivative f f (x) of a function f(x) and the values of some areas. If f(0) = 10, 
sketch a graph of the function f(x). Give the coordinates of the local maxima and minima. 



Area = 20 


Figure 7.6: The graph of a derivative f 


Solution 


Figure 7.6 shows that the derivative f is positive between 0 and 2, negative between 2 and 5, 
and positive between 5 and 6. Therefore, the function / is increasing between 0 and 2, decreasing 
between 2 and 5, and increasing between 5 and 6. (See Figure 7.7.) There is a local maximum at 
x = 2 and a local minimum at x = 5. 


Notice that we can sketch the general shape of the graph of / without knowing any areas. The 
areas are used to make the graph more precise. We are told that f ⑼ = 10, so we plot the point 
(0,10) on the graph of / in Figure 7.8. The Fundamental Theorem and Figure 7.6 show that 


/(2) - /(0) = / f'(x) dx = 14. 

Jo 

Therefore, the total change in f between x = 0 and x = 2 is 14. Since /(0) = 10, we have 
/(2| = 10 + 14 = 24. 


The point (2,24) is on the graph of /. See Figure 7.8. 

Figure 7.6 shows that the area between x = 2 and x = 5 is 20. Since this area lies entirely 
below the x-axis, the Fundamental Theorem gives 


/(5)-/(2) = ^ f\x)dx =-20. 

The total change in / is —20 between x = 2 and x = 5. Since /(2) = 24, we have 
/(5) = 24 - 20 = 4. 
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Thus, the point (5,4) lies on the graph of /. Finally, 

/(6) = /(5) + y* f'(x) cte = 4 + 12 = 16, 
so the point (6,16) is on the graph of /. 



f increasing f decreasing f increasing Figure 7.8: The graph of / 


Figure 7.7: The shape of / 


In this section we have seen how antiderivatives can by analyzed using the Fundamental Theo¬ 
rem of Calculus in the form 


F(b) = F(0) ■ 


F\t) dt. 


In Section 8.2 we will see how antiderivatives can be constructed using the Second Fundamental 
Theorem introduced in Chapter 5，s Focus on Theory section. This version of the theorem says that 
if / is a continuous function on an interval, and if a is any number in that interval, then the function 
F defined by 


F ( x )= I 


is an antiderivative of /; that is F f 

Problems for Section 7.5 


The derivative F\t) is graphed in Figure 7.9. Given that 
F(0) = 5, calculate F(t) for t = 1,2,3,4,5. 


/ 




(X) 


1 

2 

3 

4 


/ 6 


丁 


1 2 

/r 4 ^5 

了 

i 


Figure 7.10 


3. Figure 7.11 shows = / and F(0) = 0, find F(b) 

for 6 = 1,2,3,4,5, 6. 


Figure 7.9 



2. Figure 7.10 shows the derivative g\ If p(0) = 0, graph g. 
Give (x, ?/)-coordinates of all local maxima and minima. 


Figure 7.11 
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4. (a) Using Figure 7.12, estimate fj f(x)dx. 

(b) If F is an antiderivative of the same function / and 
F(0) = 25, estimate F(7). 




• ' 



/ 

- 


4 (i f 

\ - 

/ 

/ 



Figure 7.12 



13. Figure 7.13 shows the rate at which photosynthesis is tak¬ 
ing place in a leaf. The rate at which the leaf grows is 
approximately proportional to the rate of photosynthesis. 
Sketch the size of the leaf against time for 100 days. 


rate of photosynthesis 
(oxygen/time) 


In Problems 5-8, sketch two functions F such that F，= f. 
In one case let F{0) = 0 and in the other, let F{0) = 1. 



Problems 9-12 show the derivative /’ of /. 

(a) Where is / increasing and where is / decreasing? What 
are the ^-coordinates of the local maxima and minima 
of/? 

(b) Sketch a possible graph for /. (You don’t need a scale on 
the vertical axis.) 



t (days) 

100 

Figure 7.13 


14. Figure 7.14 shows the derivative F' of F. Let F(0) = 0. 
Of the four numbers F(l), F(2), F(3), and F(4), which 
is largest? Which is smallest? How many of these num¬ 
bers are negative? 



15. Urologists are physicians who specialize in the health of 
the bladder. In a common diagnostic test, urologists mon¬ 
itor the emptying of the bladder using a device that pro¬ 
duces two graphs. In one of the graphs the flow rate (in 
milliliters per second) is measured as a function of time 
(in seconds). In the other graph, the volume emptied from 
the bladder is measured (in milliliters) as a function of 
time (in seconds). See Figure 7.15. 

(a) Which graph is the flow rate and which is the vol¬ 
ume? 

(b) Which one of these graphs is an antiderivative of the 



































Figure 7.15 


16. Use Figure 7.16 and the fact that F(2) = 3 to sketch the 
graph of F{x). Label the values of at least four points. 

Area = 4 



17. Figure 7.17 shows the derivative F'. If F(0) = 14, graph 
F. Give (x, 2 /)-coordinates of all local maxima and min¬ 
ima. 



18. Figure 7.18 shows the derivative ’⑷ • If F(0) = 3, find 
the values ofF(2), F(5), F(6). Graph F(t). 


Area = 16 

Figure 7.18 

19. Using Figure 7.19, sketch a graph of an antiderivative 
G(t) of g(t) satisfying G(0) = 5. Label each critical 
point of G(t) with its coordinates. 



In Problems 20-21, a graph of / is given. Let F\x) = f(x). 

(a) What are the critical points of F{x)l 

(b) Which critical points are local maxima, which are local 
minima, and which are neither? 

(c) Sketch a possible graph of F(x). 



Problems 22-23 concern the graph of f in Figure 7.20. 


y 



Figure 7.20: Note: Graph of not / 


22. Which is greater, /(0) or /(l)? 

23. List the following in increasing order: 

/(4) r /(2) , /(3) - m, /(4)-/(3). 
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For Problems 24-27, show the following quantities on Fig¬ 
ure 7.21. 



Figure 7.21 


CHAPTER SUMMARY 

• Computing antiderivatives 

Powers and polynomials, e kx , sin(fcx), cos(kx) 

• Integration by substitution 

• Integration by parts 

• Using antiderivatives to compute definite integrals 


24. A length representing f(b) — f(a). 

25. A slope representing —— ’⑷ . 

b — a 

26. An area representing F(b) — F(a), where F f = f. 

27. A length roughly approximating 

where ^ = /. 

b — a 


analytically: Fundamental Theorem of Calculus 

• Using definite integrals to analyze antiderivatives nu¬ 
merically and graphically 

• Improper integrals 


REVIEW PROBLEMS FOR CHAPTER SEVEN 

In Problems 1-10, find an antiderivative. Find the definite integrals in Problems 23-28 using the Fun¬ 

damental Theorem. 

1. f(t) » 2t 2 + 3t 3 + At* 2. h(t) = 3t 2 + 7t + l 


3. f{x) = 6ar 2 — 8x + 3 

4. f(z) = e z + 3 

23. 

J (12x 2 + 1) dx 

24. 


5. p(r) = 2 丌 r 

6. p(y) = ^ +y + 1 




/*2 1 


25. 

/ sin 9 d6 

26. 

/ 

7. r _ 轉長 

$. g(t) = sin t 


Jo 


Jl X 

9. g(x) = (x + l) 3 

10. f(x) = (2x + l) 3 

27. 

s> 

28. 

f{^ + 2x ) dX 

Find the indefinite integrals in Problems 11-22. 






r 

In Problems 29-31, find an antiderivative F(x) with F\x) 

11. / (4t + 7) dt 

12. / 3x dx 

f(x) and F(0) = 0. Is there only one possible solution? 

13. J (x 3 - x) dx 

14. J e ~ 0 05t dt 

29. f(x) = 2x 

30. f(x) = —x 

15 - / (l + l) df 

16 - / (^) dx 

31. 

f 2x dx 



J V^TT 



17. / (8t + 3) dt 

18 - / ( 1+ l) d p 





J 

In Problems 32-41, integrate by substitution. 

19. J (8x 3 + 1) cb 

20. J (5 cos x — 3 sin x)dx 

32. 

J 2x(x 2 + l) 5 dx 

33. 

f _a；2 

1 xe dx 

21. J + Trsmx^j dx 

22. J {Ax + 2e x )dx 

34. 

I 各 dx 

35. 

f 1 dx 


J (Sx + iy dX 
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36. 

["^ 
y/x 2 + 4 

37. 

J (5x-7) 10 dx 

38. 

1100e~ 02t dt 

39. 

J x\/x 2 + ldx 

40. 

f x sin(x 2 )dx 

41. 

/ tcos(t 2 ) dt 


In Problems 42-43, find the exact area. 

42. Under f(x) = xe x2 between x = 0 and x = 2. 

43. Under f(x) = l/{x -\-l) between x = 0 and x = 2. 

44. Find the exact average value of f(x) = l/(x + 1) on 
the interval x = 0 to x = 2. Sketch a graph showing the 
function and the average value. 

45. If t is in years, and t = 0 is January 1, 2005, worldwide 
energy consumption, r, in quadrillion (10 15 ) BTUs per 
year, is modeled by 

r = 462e 0019t . 

(a) Write a definite integral for the total energy use be¬ 
tween the start of 2005 and the start of 2010. 

(b) Use the Fundamental Theorem of Calculus to evalu¬ 
ate the integral. Give units with your answer. 

46. Use Figure 7.22 and the fact that P = 2 when t = 0 to 
find values of P when t = 1, 2, 3, 4 and 5. 


dP/dt 



Figure 7.22 


Problems 47-48 give a graph of f(x). Graph f(x). Mark the 
points a ； i,..., a；4 on your graph and label local maxima, local 
minima and points of inflection. 


49. Figure 7.23 shows the derivative F f (x). If F(0) = 5, 
find the value of _F(1), _F(3)，and F(4). 

F'(x) Area = 8 

A — Area = 6 

Area = 2 



50. Suppose J Q 2 g{t) dt = 5. Calculate the following: 

(a) J^g(t/2)dt (b) ^g{2-t)dt 

51. (a) Sketch the area represented by the improper integral 

ir—d X . 

(b) Calculate J: xe~ x dx for 6 = 5,10,20. 

(c) The improper integral in part (a) converges. Use 
your answers to part (b) to estimate its value. 

52. Consider the improper integral 



(a) Use a calculator or computer to find J: l/(y/x) dx 
for b = 100, 1000, 10,000. What do you notice? 

(b) Find l/(y/x) dx using the Fundamental Theo¬ 
rem of Calculus. Your answer will contain b. 

(c) Now take the limit as 6 —^ oo. What does this tell 
you about the improper integral? 

53. At a time t hours after taking a tablet, the rate at which a 
drug is being eliminated is 

r(t) = 50 (e -014 - e- 0 2t ) mg/hr. 

Assuming that all the drug is eventually eliminated, cal¬ 
culate the original dose. 

Use integration by parts to solve Problems 54-56. 


47 . 



X\ X2 Xs X4 


X 



54. 


J x cos x dx 


55. 


J ysmydy 


56 . 
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CHECK YOUR UNDERSTANDING 


In Problems 1-50, indicate whether the statement is true or 
false. 

t 3 

F(t) = — + 5 is an antiderivative of f(t) = t 2 . 


F(x) = e 3x is an antiderivative of f(x) = e 3x . 

f t 3 dt=j+c. 


/ 忐 


dz = 2y/z + C. 


In \t\ dt = — C. 


5 cos xdx = 5 sin x-\-C. 


If F(pc) and G{x) are both antiderivatives of h(x )，then 
F(x) — G(x) is a constant. 

The substitution w = q 3 -h 3q 2 — q converts the integral 
/ (q 3 + — g) 10 dq into f w 10 dw. 

The substitution w = Inx converts the integral 

J (l nX ) dx into J w 2 dw. 

The substitution w = x 2 converts the integral f e x2 dx 
into f e w dw. 

The substitution w = x 2 converts the integral f xe x2 dx 


The substitution w 


: ds into J dw. 


— s converts the integral 


The substitution w = t 2 + 1 converts the integral 
dt into / — ^-= dw. 


J 

The substitution w 

f e x - e— 




e x + e~ x converts the integral 

f dx into / — dw. 

j e x -he- x J w 

The substitution w = q 3 converts the integral f q 2 (q 3 + 

5) 10 ^into J in; 10 dw. 

s the integral 


The substitution w = sin a 
f sin 3 a cos a da into J w 3 dw. 
The substitution w = cosx 

[ S ^dxMo [ ^dw. 

J COSX J w 


averts the integral 


r 3 i . ii 

21. I — dx =———. 

h 35 3 2 

22 . / 垂 dx = ln3-ln2. 

23. 2xdx = 5 2 -l 2 . 

24. ^ 3a: 2 dx « 3(2 2 ) - 3(1 2 ). 



27. The substitution w = x 2 converts f n 2xe x dx into 

Jo eW dW - 

28. The substitution w = Inx converts J^ln x) 3 /xdx into 
fo « 3 dw. 

29. If f(x) is any function then f(x) dx = 
10 J^f(x)dx. 

30. The integral e~ kx dx is positive for any 一 0. 

31. If a function / is positive on an interval, then its an¬ 
tiderivatives are all increasing on that interval. 

32. If a function / is increasing on an interval, then its an¬ 
tiderivatives are all concave up on that interval. 

33. For any function F with continuous derivative, F(5)= 

F ⑼ + io 5 铲⑷ dt. 

34. For any function F with continuous derivative, F(3) = 
F ⑼ + j； 3 F'{t)dt. 

35. If f is in Figure 7.24, then /(4) > /(3). 


f'(x) 



Figure 7.24 


36. If/ 7 is in Figure 7.24, then /(2) > /(l) 

37. If /’ is in Figure 7.24, then /(3) > /(2) 

38. If /’ is in Figure 7.24, then f(5)> f(6) 

39. If /’ is in Figure 7.24, then /(l) > /(0) 

40. If/is in Figure 7.24, then /(l) w f(3) 
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41. Setting u = x 3 /S and dv = e x dx is a reasonable as¬ 
signment of the parts for the integral f x 2 e x dx. 

42. Setting u = x and dv = V3a; + 1 dx is a reasonable 
assignment of the parts for the integral f xy/3x + 1 dx. 

43. Jfu = x 2 and dv = e 3x dx in integration by parts, then 
du = 2x dx and v = 3e 3x . 


lfu = x 2 and dv = In x dx in integration by parts, then 
du = 2x dx and v = 1/x. 

Integration by parts is an appropriate method to use in 
evaluating 

46. Integration by parts is an appropriate method to use in 




44. 

45. 


47. Integration by parts is an appropriate method to use in 

evaluating / , X dx. 

J VEFTT 

48. Integration by parts is an appropriate method to use in 
evaluating J —^=^== dx. 

49. Integration by parts is an appropriate method to use in 
evaluating J x 2 ^/2x 3 -\-9dx. 

50. Integration by parts is an appropriate method to use in 
evaluating / x 3 In a; dx. 


PROJECTS FOR CHAPTER SEVEN 

1. Quabbin Reservoir The Quabbin Reservoir in the western part of Massachusetts provides 
most of Boston’s water. The graph in Figure 7.25 represents the flow of water in and out of the 
Quabbin Reservoir throughout 2007. 

(a) Sketch a graph of the quantity of water in the reservoir, as a function of time. 

(b) When, in the course of 2007, was the quantity of water in the reservoir largest? Smallest? 
Mark and label these points on the graph you drew in part (a). 

(c) When was the quantity of water increasing most rapidly? Decreasing most rapidly? Mark 
and label these times on both graphs. 

(d) By July 2008 the quantity of water in the reservoir was about the same as in January 2007. 
Draw plausible graphs for the flow into and the flow out of the reservoir for the first half of 
2008. 
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FOCUS ON PRACTICE 


For Problems 1-48, evaluate the integrals. Assume a, b, A, B, Pq, h, and k are constants. 

1. J (q 2 + 5g + 2)dq 

2. J (u 4 + 5) du 

3. J (pc 2 + 1) dx 

4. J e~ 3t dt 

5. J (6^)dx 

6. J (ax 2 + 6) dx 

1. J (x 3 + 4x + 8) dx 

8. j lQQe_°. 5t dt 

9. j (w* — 12w 3 + 6w 2 - 10) dw 

10 . / (^ + dx 

n./^l 

12. J 3sin6»d6» 

13- J {p 2 + ^)dp 

14. J P 0 e kt dt 

15. J {q 3 + 8 9 + 15) dq 

16. J lOOOe 0 0764 dt 

17. J (5 sin x + 3 cos x) dx 

18. J (10+ 5 sin a:) d® 

19. I —dw 

J 扣 

20. J nr 2 hdr 

21 - J ( 9 + dq 

22. J 15p 2 q 4 dp 

23. J 15pVdg 

24. J (3a: 2 + 6e 2x ) dx 

25. J 5e 2q dq 

26 - J (p 3 + J) d P 

27. J (Ax 3 + Bx) dx 

28. J + 15) dx 

29. y*(x 2 + 8 + e” dx 

30. J 30e~°- 2t dt 

31. J (t 2 - + 5) dt 

32 - j OS) dx 

33. J (Aq + B)dq 

34 _ / (^ +8V ^) dX 

35. J(e 2t + 5)dt 

36. J sin(3x)dx 

37. J 12 cos(4x)dx 

38 - / 点办 

39. J y(y 2 + 5fdy 

40. J cos(4x)dx 

41. J Asin(Bt)dt 

42. J y/3x + ldx 

f e x 

43. / - dx 

J 2 +e x 

44. J sin 6 (50) cos (50) 

AC f cosx , 

45. / i dx 

J yl + sinx 


46. I xlnxdx 


47. / xe x dx 


ze~ z dz 
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8.1 DENSITY FUNCTIONS 


Understanding the distribution of various quantities through the population can be important to 
decision makers. For example, the income distribution gives useful information about the economic 
structure of a society. In this section we look at the distribution of ages in the US. To allocate funding 
for education, health care, and social security, the government needs to know how many people are 
in each age group. We see how to represent such information by a density function. 

US Age Distribution 


Table 8.1 Distribution of ages in 
the US in 2000 


Age group 

Percentage of 
total population 

0-20 

29% 

20-40 

29% 

40-60 

26% 

60-80 

13% 

80-100 

3% 


fraction of population 
per year of age 



Figure 8.1 : How ages were distributed in the US in 2000 

Suppose we have the data in Table 8.1 showing how the ages of the US population 1 were 
distributed in 2000. To represent this information graphically we use a type of histogram 2 putting a 
vertical bar above each age group in such a way that the area of each bar represents the percentage 
in that age group. The total area of all the rectangles is 100% = 1. We only consider people who 
are less than 100 years old. 3 For the 0-20 age group, the base of the rectangle is 20, and we want 
the area to be 29%, so the height must be 29%/20 = 1.45%. We treat ages as though they were 
continuously distributed. The category 0-20, for example, contains people who are just one day 
short of their twentieth birthday. Notice that the vertical axis is measured in percent/year. (See 
Figure 8.1.) 


Example 1 In 2000, estimate what percentage of the US population was: 

(a) Between 20 and 60 years old? (b) Less than 10 years old? 

(c) Between 75 and 80 years old? (d) Between 80 and 85 years old? 


Solution (a) We add the percentages, so 29% + 26% = 55%. 

(b) To find the percentage less than 10 years old, we could assume, for example, that the population 
was distributed evenly over the 0-20 group. (This means we are assuming that babies were born 
at a fairly constant rate over the last 20 years, which is probably reasonable.) If we make this 
assumption, then we can say that the population less than 10 years old was about half that in 
the 0-20 group, that is, 14.5%. Notice that we get the same result by computing the area of the 
rectangle from 0 to 10. (See Figure 8.2.) 

(c) To find the population between 75 and 80 years old, since 13% of Americans in 2000 were 
in the 60-80 group, we might apply the same reasoning and say that *(13%) = 3.25% of 
the population was in this age group. This result is represented as an area in Figure 8.2. The 
assumption that the population was evenly distributed is not a good one here; certainly there 
were more people between the ages of 60 and 65 than between 75 and 80. Thus, the estimate of 
3.25% is certainly too high. 

1 www.censusscope.org/us/chart_age.html, accessed May 10, 2005. 

2 There are other types of histograms which have frequency on the vertical axis. 

3 In fact, 0.02% of the population is over 100, but this is too small to be visible on the histogram. 
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(d) Again using the (faulty) assumption that ages in each group were distributed uniformly, we 
would find that the percentage between 80 and 85 was ^(3%) = 0.75%. (See Figure 8.2.) 
This estimate is also poor — there were certainly more people in the 80-85 group than, say, the 
95-100 group, and so the 0.75% estimate is too low. 

fraction of population 
per year of age 



Figure 8.2: Ages in the US in 2000~various subgroups (for Example 1) 


Smoothing Out the Histogram 

We could get better estimates if we had smaller age groups (each age group in Figure 8.1 is 20 years, 
which is quite large) or if the histogram were smoother. Suppose we have the more detailed data in 
Table 8.2, which leads to the new histogram in Figure 8.3. 

As we get more detailed information, the upper silhouette of the histogram becomes smoother, 
but the area of any of the bars still represents the percentage of the population in that age group. 
Imagine, in the limit, replacing the upper silhouette of the histogram by a smooth curve in such a 
way that area under the curve above one age group is the same as the area in the corresponding 
rectangle. The total area under the whole curve is again 100%= 1. (See Figure 8.3.) 

The Age Density Function 

If t is age in years, we define p(t), the age density function, to be a function which “smooths out” 
the age histogram. This function has the property that 


Fraction of population _ 
between ages a and b 


Area under 
graph of p 
between a and b 


I ： 


p(t)dt. 


Table 8.2 Ages in the US in 
2000 (more detailed) 


Age group 

Percentage of 
total population 

0-10 

14% 

10-20 

15% 

20-30 

14% 

30-40 

15% 

40-50 

15% 

50-60 

11% 

60-70 

7% 

70-80 

6% 

80-90 

2% 

90- 100 

1% 
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If a and b are the smallest and largest possible ages (say, a = 0 and b = 100), so that the ages 
of all of the population are between a and b, then 

/ b /-100 

p(t)dt = p(t)dt = 1. 

Jo 

What does the age density function p tell us? Notice that we have not talked about the mean¬ 
ing of p(t) itself, but only of the integral p(t) dt. Let’s look at this in a bit more detail. Suppose, 
for example, that p(10) = 0.014 = 1.4% per year. This is not telling us that 1.4% of the popula¬ 
tion is precisely 10 years old (where 10 years old means exactly 10, not 10|, not 10^, not 10.1). 
However, p(10) = 0.014 does tell us that for some small interval At around 10, the fraction of 
the population with ages in this interval is approximately p(10) At = 0.014 At. Notice also that 
the units of p(t) are % per year, so p(t) must be multiplied by years to give a percentage of the 
population. 

The Density Function 


Suppose we are interested in how a certain numerical characteristic, x, is distributed through a 
population. For example, x might be height or age if the population is people, or might be wattage for 
a population of light bulbs. Then we define a general density function with the following properties: 


The function, p(x), is a density function if 



Fraction of population 

Area under 

r b 

for which x is = 

graph of p 

= / p(x)dx. 

between a and b 

between a and b 


/ p(x) dx = 1 and p(x) > 0 

for all x. 


The density function must be nonnegative if its integral always gives a fraction of the popula¬ 
tion. The fraction of the population with x between —oo and oo is 1 because the entire population 
has the characteristic x between —oo and oo. The function p that was used to smooth out the age 
histogram satisfies this definition of a density function. Notice that we do not assign a meaning 
to the value p(x) directly, but rather interpret p(x) Ax as the fraction of the population with the 
characteristic in a short interval of length Ax around x. 


Example 2 


Figure 8.4 gives the density function for the amount of time spent waiting at a doctor’s office. 

(a) What is the longest time anyone has to wait? 

(b) Approximately what fraction of patients wait between 1 and 2 hours? 

(c) Approximately what fraction of patients wait less than an hour? 



t (hours) 


Figure 8.4: Distribution of waiting time at a doctor’s office 
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Solution (a) The density function is zero for all t > 3, so no one waits more than 3 hours. The longest time 
anyone has to wait is 3 hours. 

(b) The fraction of patients who wait between 1 and 2 hours is equal to the area under the density 
curve between t = 1 and t = 2. We can estimate this area by counting squares: There are 
about 7.5 squares in this region, each of area (0.5) (0.1) = 0.05. The area is approximately 
(7.5) (0.05) = 0.375. Thus about 37.5% of patients wait between 1 and 2 hours. 

(c) This fraction is equal to the area under the density function for t < 1. There are about 12 squares 
in this area, and each has area 0.05 as in part (b), so our estimate for the area is (12)(0.05)= 
0.60. Therefore, about 60% of patients see the doctor in less than an hour. 


Problems for Section 8.1 


In Problems 1-4, the distribution of the heights, x t in meters, 
of trees is represented by the density function p(x). In each 
case, calculate the fraction of trees which are: 

(a) Less than 5 meters high 

(b) More than 6 meters high 

(c) Between 2 and 5 meters high 


7. A machine lasts up to 10 years. Figure 8.6 shows the den¬ 
sity function, p(t )，for the length of time it lasts. 

(a) What is the value of Cl 

(b) Is a machine more likely to break in its first year or 
in its tenth year? In its first or second year? 

(c) What fraction of the machines lasts 2 years or less? 
Between 5 and 7 years? Between 3 and 6 years? 



3. 


fraction of 
trees/ meter 


4. 


0.1 



20 


x ㈣ 


fraction of 
trees/meter 


P(x) 


0.1 


10 


Figure 8.6 


8. Figure 8.7 shows the distribution of the number of years 
of education completed by adults in a population. What 
x ( m ) does the shape of the graph tell you? Estimate the per¬ 
centage of adults who have completed less than 10 years 
of education. 


5. 


6 . 


Suppose that p(x) is the density function for heights of 
American men, in inches. What is the meaning of the 
statement p(68) = 0.2? 

The density function p(t) for the length of the larval 
stage, in days, for a breed of insect is given in Figure 8.5. 
What fraction of these insects are in the larval stage for 
between 10 and 12 days? For less than 8 days? For more 
than 12 days? In which one-day interval is the length of 
a larval stage most likely to fall? 




4 8 12 16 20 

Figure 8.5 


Figure 8.7 


In Problems 9-12, given that p(x) is a density function, find 
the value of a. 


t (days) 

9. a 

: 10. 2a 

l P ⑻ 




1 

- L T. 



15 5 10 
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11 . 




In Problems 13-15, graph a possible density function repre¬ 
senting crop yield (in kilograms) from a field under the given 
circumstance. 

13. All yields from 0 to 100 kg are equally likely; the field 
never yields more than 100 kg. 


14. High yields are more likely than low. The maximum yield 
is 200 kg. 

15. A drought makes low yields most common, and there is 
no yield greater than 30 kg. 


16. Which of the following functions makes the most sense 
as a model for the probability density representing the 
time (in minutes, starting from t = 0) that the next cus¬ 
tomer walks into a store? 


/、/_!•、 f cost 0 <t <2n 

(a) p(t) = ( e4 _ 2w a 

(b) p(t) = 3e _3t fort > 0 

(c) p(t) = e~ 3t for t > 0 

(d) p(t) = l/4for0<t<4 


8.2 CUMULATIVE DISTRIBUTION FUNCTIONS AND PROBABILITY 


Section 8.1 introduced density functions which describe the way in which a numerical character¬ 
istic is distributed through a population. In this section we study another way to present the same 
information. 


Cumulative Distribution Function for Ages 

An alternative way of showing how ages are distributed in the US is by using the cumulative distri¬ 
bution function P(t), defined by 


p Fraction of population = f 
of age less than tj 0 

Thus, P is the antiderivative of p with P(0) = 0, so P{t) is the area under the density curve between 
0 and t. See the left-hand part of Figure 8.8. 

Notice that the cumulative distribution function is nonnegative and increasing (or at least non¬ 
decreasing), since the number of people younger than age t increases as t increases. Another way 
of seeing this is to notice that P f = p, and p is positive (or nonnegative). Thus the cumulative age 
distribution is a function which starts with P(0) = 0 and increases as t increases. We have P(t) =0 
for t < 0 because, when t <0, there is no one whose age is less than t. The limiting value of P, as 
t ^ oo, is 1 since as t becomes very large (100 say), everyone is younger than age t, so the fraction 
of people with age less than t tends toward 1. 

We want to find the cumulative distribution function for the age density function shown in 
Figure 8.3. We see that P(10) is equal to 0.14, since Figure 8.3 shows that 14% of the population is 
between 0 and 10 years of age. Also, 


P(20) = Fraction of the population = 014 + (U5 = 0 29 
between 0 and 20 years old 


and similarly 


P(30) = 0.14 + 0.15 + 0.14 = 0.43. 

Continuing in this way gives the values for P{t) in Table 8.3. These values were used to graph P(t) 
in the right-hand part of Figure 8.8. 


Table 8.3 Cumulative distribution function, P(t), giving fraction of US population of age less than t years 


t 

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

m 

0 

0.14 

0.29 

0.43 

0.58 

0.73 

0.84 

0.91 

0.97 

0.99 

1.00 
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Figure 8.8: Graph of p(x), the age density function, and its relation to P(t), the cumulative age distribution function 


Cumulative Distribution Function 


A cumulative distribution function, P(t), of a density function p, is defined by 


P(t) = f p(x) dx = 
J—oo 


Fraction of population having 
values of x below t. 


Thus, P is an antiderivative of p, that is, P f = p. 

Any cumulative distribution function has the following properties: 

• Pis increasing (ornondecreasing). 

• lim P(t) = 1 and lim P(t) = 0. 

t—oo t—-oo 


Fraction of population 
having values of x 
between a and b 



p(x) dx = P(b) — P(a). 


Example 1 The time to conduct a routine maintenance check on a machine has a cumulative distribution func¬ 
tion P(t), which gives the fraction of maintenance checks completed in time less than or equal to t 
minutes. Values of P(t) are given in Table 8.4. 


Table 8.4 Cumulative distribution function for time to conduct maintenance checks 


t (minutes) 

0 

5 

10 

15 

20 

25 

30 

P(t) (fraction completed) 

0 

0.03 

0.08 

0.21 

0.38 

0.80 

0.98 


(a) What fraction of maintenance checks are completed in 15 minutes or less? 

(b) What fraction of maintenance checks take longer than 30 minutes? 

(c) What fraction take between 10 and 15 minutes? 

(d) Draw a histogram showing how times for maintenance checks are distributed. 

(e) In which of the given 5-minute intervals is the length of a maintenance check most likely to 
fall? 

(f) Give a rough sketch of the density function. 

(g) Sketch a graph of the cumulative distribution function. 
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Solution (a) The fraction of maintenance checks completed in 15 minutes is P(15) = 0.21, or 21%. 

(b) Since P(30) = 0.98, we see that 98% of maintenance checks take 30 minutes or less. Therefore, 
only 2% take more than 30 minutes. 

(c) Since 8% take 10 minutes or less and 21% take 15 minutes or less, the fraction taking between 
10 and 15 minutes is 0.21 — 0.08 = 0.13, or 13%. 

(d) We begin by making a table showing how the times are distributed. Table 8.4 shows that the 
fraction of checks completed between 0 and 5 minutes is 0.03, and the fraction completed 
between 5 and 10 minutes is 0.05, and so on. See Table 8.5. 


Table 8.5 Distribution of time to conduct maintenance checks 


t (minutes) 

0-5 

5-10 

10-15 

15-20 

20-25 

25-30 

>30 

Fraction completed 

0.03 

0.05 

0.13 

0.17 

0.42 

0.18 

0.02 


The histogram in Figure 8.9 is drawn so that the area of each bar is the fraction of checks 
completed in the corresponding time period. For instance, the first bar has area 0.03 and width 


5 minutes, so its height is 0.03/5 二 

0.006. 

fraction of checks 
per minute 



0.1 




0.08 






0.06 






0.04 

" 3% 



42% 


0.02 

— 1~~1 5% 

13% 

17% 


18% 


5 10 15 20 25 30 

Figure 8.9: Histogram of times for maintenance checks 


time (minutes) 


(e) From Figure 8.9, we see that more of the checks take between 20 and 25 minutes to complete, 
so this is the most likely length of time. 

(f) The density function, p(t), is a smoothed version of the histogram in Figure 8.9. A reasonable 
sketch is given in Figure 8.10. 

(g) A graph of P{t) is given in Figure 8.11. Since P{t) is a cumulative distribution function, P(t) 
is approaching 1 as t gets large, but is never larger than 1. 



Figure 8.10: Density function for time to conduct Figure 8.11: Cumulative distribution function for time to 

maintenance checks conduct maintenance checks 






























Probability 
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Suppose we pick a member of the US population at random. What is the probability that we pick a 
person who is between, say, the ages of 70 and 80? We saw in Table 8.2 on page 329 that 6% of the 
population is in this age group. We say that the probability, or chance, that the person is between 70 
and 80 is 0.06. Using any age density function p(t), we define probabilities as follows: 


Probability that a person is 
between ages a and b 


Fraction of population 
between ages a and b 



Since the cumulative distribution gives the fraction of the population younger than age t, the cu¬ 
mulative distribution function can also be used to calculate the probability that a randomly selected 
person is in a given age group. 


Probability that a person is _ Fraction of population 
younger than age t younger than age t 


P(t) = f p(x) dx. 

Jo 


In the next example, both a density function and a cumulative distribution function are used to 
describe the same situation. 


Example 2 Suppose you want to analyze the fishing industry in a small town. Each day, the boats bring back at 
least 2 tons of fish, but never more than 8 tons. 

(a) Using the density function describing the daily catch in Figure 8.12, find and graph the corre¬ 
sponding cumulative distribution function and explain its meaning. 

(b) What is the probability that the catch is between 5 and 7 tons? 



2 5 6 7 8 


x (tons of fish) 


Figure 8.12: Density function of daily catch 


Solution 


(a) The cumulative distribution function P(t) is equal to the fraction of days on which the catch is 
less than t tons of fish. Since the catch is never less than 2 tons, we have P{t) = 0 for t < 2. 
Since the catch is always less than 8 tons, we have P(t) = 1 for t > 8. For t in the range 
2 < t < 8 we must evaluate the integral 



p(x)dx = 


p(x)dx. 
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This integral equals the area under the graph of p(x) between x = 2 and x = t. It can be 
computed by counting grid squares in Figure 8.12; each square has area 0.04. For example, 

P(3) = J p{x)dx « Area of 2.5 squares = 2.5(0.04) = 0.10. 

Table 8.6 contains values of P(t); the graph is shown in Figure 8.13. 


Table 8.6 Estimates for P(t) of daily catch fraction of days 


t (tons of fish) 

P(t) (fraction of fishing days) 

2 

0 

3 

0.10 

4 

0.24 

5 

0.42 

6 

0.64 

7 

0.85 

8 

1 



Figure 8.13: Cumulative distribution, P(t), of daily catch 


(b) The probability that the catch is between 5 and 7 tons can be found using either the density 
function p or the cumulative distribution function P. When we use the density function, this 
probability is represented by the shaded area in Figure 8.14, which is about 10.75 squares, so 


Probability catch is 
between 5 and 7 tons 



p(x) dx « Area of 10.75 squares = 10.75(0.04) = 0.43. 


The probability can be found from the cumulative distribution function as follows: 


Probability catch is = p ⑺ — 尸 ⑹ = 0 85 _ o 犯 = o 肋 

between 5 and 7 tons 


fraction of days per 
ton of caught fish 



Figure 8.14: Shaded area represents the probability the catch is between 5 and 7 tons 
























Problems for Section 8.2 
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1. (a) Using the density function in Example 2 on 
page 330, fill in values for the cumulative distribu¬ 
tion function P(t) for the length of time people wait 
in the doctor’s office. 


t (hours) 

0 

1 

2 

3 

4 

P(t) (fraction of people waiting) 







(b) Graph P[t). 

2. In an agricultural experiment, the quantity of grain from 
a given size field is measured. The yield can be anything 
from 0 kg to 50 kg. For each of the following situations, 
pick the graph that best represents the: 

(i) Probability density function 

(ii) Cumulative distribution function. 

(a) Low yields are more likely than high yields. 

(b) All yields are equally likely. 

(c) High yields are more likely than low yields. 


(b) Now sketch the cumulative distribution function 
P(t). What measurement(s) on this graph corre¬ 
spond to the area shaded? What do the inflection 
point(s) on your graph of P correspond to on the 
graph of pi Interpret the inflection points on the 
graph of P without referring to the graph of p. 

4. The density function and cumulative distribution func¬ 
tion of heights of grass plants in a meadow are in Fig¬ 
ures 8.15 and 8.16, respectively. 

(a) There are two species of grass in the meadow, a short 
grass and a tall grass. Explain how the graph of the 
density function reflects this fact. 

(b) Explain how the graph of the cumulative distribution 
function reflects the fact that there are two species of 
grass in the meadow. 

(c) About what percentage of the grasses in the meadow 
belong to the short grass species? 



(Ill) 

1/20 



(IV) 

1/20 



(V) 




3. A person who travels regularly on the 9:00 am bus from 
Oakland to San Francisco reports that the bus is almost 
always a few minutes late but rarely more than five min¬ 
utes late. The bus is never more than two minutes early, 
although it is on very rare occasions a little early. 

(茲） Sketch a density function, p(t), where t is the num¬ 
ber of minutes that the bus is late. Shade the region 
under the graph between t = 2 minutes and t = 4 
minutes. Explain what this region represents. 



Figure 8.16 


5. Show that the area under the fishing density function 
in Figure 8.12 on page 335 is 1. Why is this to be ex¬ 
pected? 


6. Figure 8.17 shows a density function and the correspond¬ 
ing cumulative distribution function. 4 

(a) Which curve represents the density function and 
which represents the cumulative distribution func¬ 
tion? Give a reason for your choice. 

(b) Put reasonable values on the tick marks on each of 
the axes. 


1 Adapted from Calculus, by David A. Smith and Lawerence C. Moore (Lexington, D.C. Heath, 1994). 
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10. An experiment is done to determine the effect of two new 
fertilizers A and B on the growth of a species of peas. 
The cumulative distribution functions of the heights of 
the mature peas without treatment and treated with each 
of A and B are graphed in Figure 8.20. 


Figure 8.17 

7. Students at the University of California were surveyed 
and asked their grade point average. (The GPA ranges 
from 0 to 4, where 2 is just passing.) The distribution of 
GPAs is shown in Figure 8.18. 5 

(a) Roughly what fraction of students are passing? 

(b) Roughly what fraction of the students have honor 
grades (GPAs above 3)? 

(c) Why do you think there is a peak around 2? 

(d) Sketch the cumulative distribution function. 

fraction of students 
per GPA 



(a) About what height are most of the unfertilized 
plants? 

(b) Explain in words the effect of the fertilizers A and B 
on the mature height of the plants. 



For Problems 11-12, letp(t) = —0.0375t 2 + 0.225t be the 
density function for the shelf life of a brand of banana, with t 
in weeks and 0 < t < 4. See Figure 8.21. 


Figure 8.18 

8. Suppose F{x) is the cumulative distribution function for 
heights (in meters) of trees in a forest. 

(a) Explain in terms of trees the meaning of the state¬ 
ment F{7) = 0.6. 

(b) Which is greater, F(6) or F(7)l Justify your answer 
in terms of trees. 

9. Figure 8.19 shows P[t), the percentage of inventory of 
an item that has sold by time t，where t is in days and day 
1 is January 1. 


0.2 

0.1 


Figure 8.21 



(a) When did the first item sell? The last item? 

(b) On May 1 (day 121)，what percentage of the inven¬ 
tory had been sold? 

(c) Approximately what percentage of the inventory 
sold during May and June (days 121-181)? 

(d) What percentage of the inventory remained after half 
of the year had passed (at day 181)? 

(e) Estimate when items went on sale and sold quickly. 



60 120 180 240 300 360 

Figure 8.19 


11. Find the probability that a banana will last 

(a) Between 1 and 2 weeks. 

(b) More than 3 weeks. (c) More than 4 weeks. 

12. (a) Sketch the cumulative distribution function for the 

shelf life of bananas. [Note: The domain of your 
function should be all real numbers, including to the 
left of t = 0 and to the right of t = 4.] 

(b) Use the cumulative distribution function to estimate 
the probability that a banana lasts between 1 and 2 
weeks. Check with Problem 11(a). 

13. A group of people have received treatment for cancer. 
Let t be the survival time, the number of years a person 
lives after the treatment. The density function giving the 
distribution of t is p(t) = Ce~ ct for some positive con¬ 
stant C. What is the practical meaning of the cumulative 
distribution function P{t) = p{x) dxl 


5 Adapted from Statistics, by Freedman, Pisani, Purves, and Adikhari (New York: Norton, 1991). 
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14. The probability of a transistor failing between t = a 
months and t = b months is given by c f: e~ ct dt, for 
some constant c. 

(a) If the probability of failure within the first six 
months is 10%, what is cl 

(b) Given the value of c in part (a), what is the probabil¬ 
ity the transistor fails within the second six months? 

15. While taking a walk along the road where you live, 
you accidentally drop your glove, but you don’t know 

8.3 THE MEDIAN AND THE MEAN 


where. The probability density p(x) for having dropped 
the glove x kilometers from home (along the road) is 

p(x) = 2e~ 2x for x > 0. 

(a) What is the probability that you dropped it within 1 
kilometer of home? 

(b) At what distance y from home is the probability that 
you dropped it within y km of home equal to 0.95? 


It is often useful to be able to give an “average” value for a distribution. Two measures that are in 
common use are the median and the mean. 


The Median 


A median of a quantity x distributed through a population is a value T such that half the 
population has values of x less than (or equal to) T, and half the population has values of x 
greater than (or equal to) T. Thus, if p is the density function, a median T satisfies 



p(x) dx = 0.5. 


In other words, half the area under the graph of p lies to the left of T. Equivalently, if P is the 
cumulative distribution function, 


P(T) = 0.5. 


Example 1 Let t days be the length of time a pair of jeans remains in a shop before it is sold. The density 
function of t is graphed in Figure 8.22 and given by 

p{t) = 0.04 - 0.0008t. 

(a) What is the longest time a pair of jeans remains unsold? 

(b) Would you expect the median time till sale to be less than, equal to, or greater than 25 days? 

(c) Find the median time required to sell a pair of jeans. 

fraction of jeans 
sold per day 

0.04 


Figure 8.22: Density function for time till sale of a pair of jeans 



Solution (a) The density function is 0 for all times t > 50, so all jeans are sold within 50 days. 

(b) The area under the graph of the density function in the interval 0 < t < 25 is greater than the 
area under the graph in the interval 25 < t < 50. So more than half the jeans are sold before 
their 25 th day in the shop. The median time till sale is less than 25 days. 
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(c) Let P be the cumulative distribution function. We want to find the value of T such that 

P(T) = f p(t) dt = f p(t) dt = 0.5. 

J—oo J 0 


Using a calculator to evaluate the integrals, we obtain the values for P in Table 8.7. 
Table 8.7 Cumulative distribution for selling time 


T (days) 

0 

5 

10 

15 

20 

25 

P{T) (fraction of jeans sold by day T) 

0 

0.19 

0.36 

0.51 

0.64 

0.75 


Since about half the jeans are sold within 15 days, the median time to sale is about 15 days. 
See Figures 8.23 and 8.24. We could also use the Fundamental Theorem of Calculus to find the 
median exactly. See Problem 19. 


fraction of jeans 
sold per day 


fraction of jeans sold 



t (days) 


t (days) 


Figure 8.23: Median and density function Figure 8.24: Median and cumulative distribution function 



The Mean 

Another commonly used average value is the mean. To find the mean of N numbers, we add the 
numbers and divide the sum by N. For example, the mean of the numbers 1, 2, 7, and 10 is (1 + 
2 + 7 + 10)/4 = 5. The mean age of the entire US population is therefore defined as 

Mean a e S Ages of all people in the US 
Total number of people in the US 

Calculating the sum of all the ages directly would be an enormous task; we approximate the 
sum by an integral. We consider the people whose age is between t and t+ At. How many are there? 

The fraction of the population with age between t and t At is the area under the graph of p 
between these points, which is approximated by the area of the rectangle, p(t)At. (See Figure 8.25.) 
If the total number of people in the population is N, then 


Number of people with age 
between t and t-{- At 
The age of each of these people is approximately t, so 


« p(t)AtN. 


Sum of ages of people 吻说讓 . 
between age t and t-\- At 
Therefore, adding and factoring out an N gives us 

Sum of ages of all people « (f N. 

In the limit, as At shrinks to 0, the sum becomes an integral. Assuming no one is over 100 years 
old, we have 





















Example 2 

Solution 
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Figure 8.25: Shaded area is percentage of 
population with age between t and t-{- At 


=u: 


tp(t)dt ) N. 


Sum of ages of all people 

Since N is the total number of people in the US, 

Xir Sum of ages of all people in US f 100 , x . 

Mean age = --- - = tp{t)dt. 

N Jo 

We can give the same argument for any 6 density function p(x). 



It can be shown that the mean is the point on the horizontal axis where the region under the 
graph of the density function, if it were made out of cardboard, would balance. 


Find the mean time for jeans sales, using the density function of Example 1. 

The formula for p is p(t) = 0.04 — 0_0008t_ We compute 
广 50 广 50 

Mean time = / tp(t) dt= t(0.04 — 0.0008t) dt = 16.67 days. 

Jo Jo 

The mean is represented by the balance point in Figure 8.26. Notice that the mean is different from 
the median computed in Example 1. 


sold per 


of jean： 
day 



Mean = Balance point 
Figure 8.26: Mean sale time for jeans 


6 Provided all the relevant improper integrals converge. 
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Normal Distributions 


How much rain do you expect to fall in your home town this year? If you live in Anchorage, Alaska, 
the answer is something close to 15 inches (including the snow). Of course, you don’t expect exactly 
15 inches. Some years there are more than 15 inches, and some years there are less. Most years, 
however, the amount of rainfall is close to 15 inches; only rarely is it well above or well below 15 
inches. What does the density function for the rainfall look like? To answer this question, we look 
at rainfall data over many years. Records show that the distribution of rainfall is well-approximated 
by a normal distribution. The graph of its density function is a bell-shaped curve which peaks at 15 
inches and slopes downward approximately symmetrically on either side. 

Normal distributions are frequently used to model real phenomena, from grades on an exam 
to the number of airline passengers on a particular flight. A normal distribution is characterized by 
its mean, (jl, and its standard deviation, a. The mean tells us the location of the central peak. The 
standard deviation tells us how closely the data is clustered around the mean. A small value of a 
tells us that the data is close to the mean; a large a tells us the data is spread out. In the following 
formula for a normal distribution, the factor of 1/ (ay/^r) makes the area under the graph equal 
to 1. 


A normal distribution has a density function of the form 

p{x) = ^= e -(n)W )， 

av27r 

where fi is the mean of the distribution and a is the standard deviation, with a > 0. 


To model the rainfall in Anchorage, we use a normal distribution with // = 15 and a = 1. (See 
Figure 8.27.) 



(x-15) 2 /2 

X 


Figure 8.27: Normal distribution with /x = 15 and a = 1 


Example 3 


Solution 


For Anchorage’s rainfall, use the normal distribution with the density function with /x = 15 and 

cr = 1 to compute the fraction of the years with rainfall between 

(a) 14 and 16 inches, (b) 13 and 17 inches, (c) 12 and 18 inches. 

(a) The fraction of the years with annual rainfall between 14 and 16 inches is ^=e _ ^ _15 ^ 2 / 2 dx. 
Since there is no elementary antiderivative for e _ ( x_15 ) 2 / 2 , we find the integral numerically. Its 
value is about 0.68. 


Fraction of years with rainfall 
between 14 and 16 inches 



TT 一 )2/2d ， 0 . 68 - 


(b) Finding the integral numerically again: 


Fraction of years with rainfall = f 17 J_ e -(x-i 5) 2 /2 dx ^ Q g5 
between 13 and 17 inches J13 v27r 
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(C) 

Fractionofyearswithrainfall = f 8 - 卜叫 ，血 ㈣ . 997 _ 

between 12 and 18 inches J12 v27r 

Since 0.95 is so close to 1， we expect that most of the time the rainfall will be between 13 and 17 
inches a year. 


Among the normal distributions, the one having // = 0, cr = 1 is called the standard normal 
distribution. Values of the corresponding cumulative distribution function are published in tables. 


Problems for Section 8.3 


1. Estimate the median daily catch for the fishing data given 
in Example 2 of Section 8.2. 

2. (a) Use the cumulative distribution function in Fig¬ 

ure 8.28 to estimate the median. 

(b) Describe the density function: For what values is it 
positive? Increasing? Decreasing? Identify all local 
maxima and minima values. 



3. The speeds of cars on a road are approximately normally 
distributed with a mean /x = 58 km/hr and standard de¬ 
viation <t = 4 km/hr. 

(a) What is the probability that a randomly selected car 
is going between 60 and 65 km/hr? 

(b) What fraction of all cars are going slower than 52 
km/hr? 

4. The distribution of IQ scores can be modeled by a normal 
distribution with mean 100 and standard deviation 15. 

(a) Write the formula for the density function of IQ 
scores. 

(b) Estimate the fraction of the population with IQ be¬ 
tween 115 and 120. 

For Problems 5-6, letp(t) = —0.0375t 2 +0.225t be the den¬ 
sity function for the shelf life of a brand of banana which lasts 
up to 4 weeks. Time, t, is measured in weeks and 0 < t < 4. 

5. Find the median shelf life of a banana using p(t). Plot 
the median on a graph of p(t). Does it look like half the 
area is to the right of the median and half the area is to 
the left? 


6. Find the mean shelf life of a banana using p(t). Plot the 
mean on a graph of p(t). Does it look like the mean is the 
place where the density function balances? 

7. Suppose that x measures the time (in hours) it takes for 
a student to complete an exam. All students are done 
within two hours and the density function for x is 

p(x) ( x 3 /4 if0 <a ；<2 

10 otherwise. 

(a) What proportion of students take between 1.5 and 
2.0 hours to finish the exam? 

(b) What is the mean time for students to complete the 
exam? 

(c) Compute the median of this distribution. 

8. Letp(t) = 0.1e _o lt be the density function for the wait¬ 
ing time at a subway stop, with t in minutes, 0 < t < 60. 

(a) Graph p(t). Use the graph to estimate visually the 
median and the mean. 

(b) Calculate the median and the mean. Plot both on the 
graph of p(t). 

(c) Interpret the median and mean in terms of waiting 



9. Let P(x) be the cumulative distribution function for the 
household income distribution in the US in 2006. Values 
of P{x) are in the following table: 


Income x (thousand $) 

20 

40 

60 

80 

100 

150 

P(x) (%) 

21.7 

45.4 

63.0 

75.8 

84.0 

94.0 


(a) What percent of the households made between 
$40,000 and $60,000? More than $150,000? 

(b) Approximately what was the median income? 

(c) Is the statement 4< More than one-third of households 
made between $40,000 and $80,000” true or false? 
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CHAPTER SUMMARY 


• Density function • Median 

• Cumulative distribution function • Mean 

• Probability • Normal distribution 


REVIEW PROBLEMS FOR CHAPTER EIGHT 

1. Match the graphs of the density functions (a), (b), and (c) 
with the graphs of the cumulative distribution functions 
I, II, and m. 


⑻ （I) 



In Problems 2-3, graph a density function representing the 
given distribution. 

2. The age at which a person dies in a society with high in¬ 
fant mortality and in which adults usually die between 
age 40 and age 60. 


3. The heights of the people in an elementary school. 


In Problems 4-6, graph a density function and a cumulative 
distribution function which could represent the distribution of 
income through a population with the given characteristics. 


4. A large middle class. 

5. Small middle and upper classes and many poor people. 

6. Small middle class, many poor and many rich people. 


In Problems 7-10, calculate the value of c if p is a density 
function. 


7 . 



50 




10 . 



11. An insect has a life-span of no more than one year. Fig¬ 
ure 8.29 shows the density function, p(t )，for the life¬ 
span. 

(a) Do more insects die in the first month of their life or 
the twelfth month of their life? 

(b) What fraction of the insects live no more than 6 
months? 

(c) What fraction of the insects live more than 9 
months? 

fraction of population 
per month 


t (months) 

12 

Figure 8.29 

12. A large number of people take a standardized test, receiv¬ 
ing scores described by the density function p graphed in 
Figure 8.30. Does the density function imply that most 
people receive a score near 50? Explain why or why not. 

fraction of students 
per test score 


x test scores 

10 20 30 40 50 60 70 

Figure 8.30 

13. Figure 8.31 2 3 4 5 6 7 shows the distribution of elevation, in miles, 
across the earth’s surface. Positive elevation denotes land 
above sea level; negative elevation shows land below sea 
level (i.e., the ocean floor). 

(a) Describe in words the elevation of most of the earth’s 
surface. 




7 Adapted from Statistics, by Freedman, Pisani, Purves, and Adikhari (New York: Norton). 
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(b) Approximately what fraction of the earth’s surface 
is below sea level? 


fraction of earth’s surface 
per mile of elevation 


elevation (miles) 

-4 -2 0 2 4 


Figure 8.31 



fraction of drug 
absorbed 



14. A congressional committee is investigating a defense 
contractor whose projects often incur cost overruns. The 
data in Table 8.8 show y, the fraction of the projects with 
an overrun of at most C%. 

(a) Plot the data with C on the horizontal axis. Is this 
a density function or a cumulative distribution func¬ 
tion? Sketch a curve through these points. 

(b) If you think you drew a density function in part 
(a), sketch the corresponding cumulative distribution 
function on another set of axes. If you think you 
drew a cumulative distribution function in part (a), 
sketch the corresponding density function. 

(c) Based on the table, what is the probability that there 
will be a cost overrun of 50% or more? Between 
20% and 50%? Near what percent is the cost overrun 
most likely to be? 


Table 8.8 Fraction, y, of overruns that are at most C% 


15. The density function for radii r (mm) of spherical rain¬ 
drops during a storm is constant over the range 0 < r < 
5 and zero elsewhere. 

(a) Find the density function /(r) for the radii. 

(b) Find the cumulative distribution function F(r). 


17. After measuring the duration of many telephone calls, 
the telephone company found their data was well- 
approximated by the density function p(re) = 0.4e _0 ' 4x , 
where x is the duration of a call, in minutes. 

(a) What percentage of calls last between 1 and 2 min¬ 
utes? 

(b) What percentage of calls last 1 minute or less? 

(c) What percentage of calls last 3 minutes or more? 

(d) Find the cumulative distribution function. 

18. In southern Switzerland, most rain falls in the spring and 
fall; summers and winters are relatively dry. Sketch pos¬ 
sible graphs for the density function and the cumula¬ 
tive distribution function of the rain distribution over the 
course of one year. Put the date on the horizontal axis and 
fraction of the year’s rainfall on the vertical axis. 

19. Find the median of the density function given by p(t)= 
0.04 — 0.0008t for 0 < t < 50 using the Fundamental 
Theorem of Calculus. 

20. In 1950 an experiment was done observing the time 
gaps between successive cars on the Arroyo Seco Free¬ 
way. The data 9 show that, if x is time in seconds and 
0 < a: < 40, the density function of these time gaps is 

p(x) = 0.122e-° 122x . 

Find the median and mean time gap. Interpret them in 
terms of cars on the freeway. 

In Problems 21-25, a quantity x is distributed through a pop¬ 
ulation with probability density function p(x) and cumulative 
distribution function P(x). Decide if the statements in Prob¬ 
lems 21-25 are true or false. Give an explanation for your 
answer. 


16. Major absorption differences have been reported for dif¬ 
ferent commercial versions of the same drug. One study 
compared three commercial versions of timed-release 
theophylline capsules. 8 A theophylline solution was in¬ 
cluded for comparison. Figure 8.32 shows the cumulative 
distribution functions P(t), which represent the fraction 
of the drug absorbed by time t. Which curve represents 
the solution? Compare absorption rates of the four ver¬ 
sions of the drug. 


21. If p(10) = 1/2, then half the population has x < 10. 

22. If P(10) = 1/2, then half the population has x < 10. 

23. If p(10) = 1/2, then the fraction of the population lying 
between x = 9.98 and x = 10.04 is about 0.03. 

24. If p(10) = p(20), then none of the population has x val¬ 
ues lying between 10 and 20. 

25. If P(10) = P(20), then none of the population has x 
values lying between 10 and 20. 


名 Progress in Drug Metabolism, Bridges and Chasseaud (eds.) (New York: Wiley, 1980). 
9 Reported by Daniel Furlough and Frank Barnes. 
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CHECK YOUR UNDERSTANDING 


In Problems 1-30, indicate whether the statement is true or 

false. 

1. If p(x) dx = 1 then p(x) is a density function. 

2. The function given by p(x) = 0.25 when 0 < x < 4 and 
p{x) = 0 when x<0orx>4isa density function. 

3. If p{x) is a density function for the age in years of a pop¬ 
ulation, then p(x) dxis the fraction of the population 
with ages between 0 and 10 years. 

4. If p(t) is a density function for waiting times in minutes 
at a bank teller, then p(x) dx is the fraction of the 
people waiting in line for that teller who wait between 10 
and 15 minutes. 

5. If p(x) is the density function for age in years of the US 
population, then fj° p(x) dx « 0.5. 

6. If p(x) is the density function for age in years of a popu¬ 
lation, then p(50) is the fraction of the population exactly 
50 years old. 

7. If p{x) is the density function for age in years of a popu¬ 
lation, and p(10) = 0.014, then about 1.4 percent of the 
population have ages between 9.5 and 10.5 years. 

8. lfp(x) is a density function, then p(x) dx = 0.5. 

9. If p(x) is a density function, then p(x) dx < 
J^p{x)dx. 

10. If p(x) is a density function, then it could never happen 
that f 0 W0 p(x) dx = J 0 2 °° p(x) dx. 

11. A cumulative distribution function P(t) can never be de¬ 
creasing. 

12. If P(t) is the cumulative distribution function corre¬ 
sponding to the density function p(t), then p f = P. 

13. If _P(t) is a cumulative distribution function for a popu¬ 
lation, then P(30) is the fraction of the population with 
values above 30. 

14. If P(t) is a cumulative distribution function for a popula¬ 
tion, then P(20)—P(10) is the fraction of the population 
with values between 10 and 20. 

15. If P(t) is a cumulative distribution function for a popu¬ 
lation, then P(30) - P(10) = P(20). 


16. If P{t) is a cumulative distribution function for age in 
years of a population and P(10) = 0.5, then one half of 
the population is less than 10 years old. 

17. The units of a density function p(x) and its associated 
cumulative distribution function P{x) are the same. 

18. A cumulative distribution function P(t) satisfies 0 < 
P{t) < 1 for all t. 

19. If _P ⑷ is a cumulative distribution function such that 
P(10) = 0.05 and P(15) = 0.08, then P(25) = 0.13. 

20. If P(t) is the cumulative distribution function for a den¬ 
sity function p(x), then P(50) - P(25) = p(x) dx. 

21. If p(x) is the probability density function for a quantity, 
then the mean value of the quantity is J 二 xp{pc) dx. 

22. If P(t) is the cumulative distribution function for a quan¬ 
tity, then the mean value of the quantity is given by 



23. If P(t) is the cumulative distribution function for a quan¬ 
tity, then the median value T of the quantity is given by 
T = P(0.5). 

24. If p(x) is the density function for a quantity x, then the 
median T satisfies p(x) dx = 0.5. 

25. If p(x) is the density function for a quantity x, then the 
median T satisfies p(x) dx = 0.5. 

26. If a quantity has density function p(x), then the mean 
value and median are never equal. 

27. The normal distribution with density function p{x)= 
(l/v / 27r)e _a：2//2 has mean /j, = 0 and standard deviation 

(7 = 1 . 

28. The normal distribution with density function p(x)= 
(l/v / 27r)e - ^ -5 ^ 2 / 2 has mean // = —5 and standard de¬ 
viation cr=l. 

29. The integral /二 ( 1 / V2n) e - ^ -7 ^ 2 / 2 dx equals 1 . 

30. The mean value of a quantity x distributed through a pop¬ 
ulation is the value T such that half of the population has 
values x less than or equal to T. 


PROJECTS FOR CHAPTER EIGHT 

1. Triangular Probability Distribution 

Triangular probability distributions, such as the one with density function graphed in Fig¬ 
ure 8.33, are used in business to model uncertainty. Such a distribution can be used to model a 
variable where only three pieces of information are available: a lower bound (x = a), a most 
likely value (x = c), and an upper bound (x = b). 



Figure 8.33 


Thus, we can write the function p(x) as two linear functions: 

- f m i x + & i a S x < c 
P[ ) ~\m 2 x^b 2 c<x<b. 

(a) Find the value of p(c) geometrically, using the criterion that the probability that x takes on 
some value between a and b is 1. 

Suppose a new product costs between $6 and $10 per unit to produce, with a most likely cost 
of $9. 

(b) Findp(9). 

(c) Use the fact that p(6) = p(10) = 0 and the value of p(9) you found in part (b) to find 

mi, m 2 , bi, and62. 

(d) What is the probability that the production cost per unit will be less than $8? 

(e) What is the median cost? 

(f) Write a formula for the cumulative probability distribution function P(x) for 

⑴ 6 < 9 ， ⑼ 9 < x < 10. 

Sketch the graph of P{x). 
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9.1 UNDERSTANDING FUNCTIONS OF TWO VARIABLES 

In business, science, and politics, outcomes are rarely determined by a single variable. For example, 
consider an airline’s ticket pricing. To avoid flying planes with many empty seats, it sells some 
tickets at full price and some at a discount. Fora particular route, the airline’s revenue, R, earned in 
a given time period is determined by the number of full-price tickets, x, and the number of discount 
tickets, y, sold. We say that is a function of x and y, and we write 

R = f(x,y). 

This is just like the function notation of one-variable calculus. The variable R is the dependent vari¬ 
able and the variables x and y are the independent variables. The letter / stands for \h& function or 
rule that gives the value, or output, of R corresponding to given values of x and y. The collection of 
all possible inputs, (x^y), is called the domain of /. We say a function is an increasing (decreasing) 
function of one of its variables if it increases (decreases) as that variable increases while the other 
independent variables are held constant. 

A function of two variables can be represented numerically by a table of values, algebraically 
by a formula, or pictorially by a contour diagram. In this section we give numerical and algebraic 
examples; contour diagrams are introduced in Section 9.2. 

Functions Given Numerically 

The revenue, R, (in dollars) from a particular airline route is shown in Table 9.1 as a function of the 
number of full-price tickets and the number of discount tickets sold. 

Table 9.1 Revenue from ticket sales as a function ofx and y 


Number of full-price tickets, x 



100 

200 

300 

400 

200 

75,000 

110,000 

145,000 

180,000 

400 

115,000 

150,000 

185,000 

220,000 

600 

155,000 

190,000 

225,000 

260,000 

800 

195,000 

230,000 

265,000 

300,000 

1000 

235,000 

270,000 

305,000 

340,000 



Values of x are shown across the top, values of y are down the left side, and the corresponding 
values of f(x,y) are in the table. For example, to find the value of /(300,600)，we look in the 
column corresponding to x = 300 at the row y = 600, where we find the number 225,000. Thus, 

/(300,600) = 225,000. 

This means that the revenue from 300 full-price tickets and 600 discount tickets is $225,000. We 
see in Table 9.1 that / is an increasing function of x and an increasing function of y. 

Notice how this differs from the table of values of a one-variable function, where one row or 
one column is enough to list the values of the function. Here many rows and columns are needed 
because the function has an output for every pair of values of the independent variables. 

Functions Given Algebraically 

The function given in Table 9.1 can be represented by a formula. Looking across the rows, we see 
that each additional 100 full-price tickets sold raises the revenue by $35,000, so each full-price 
ticket must cost $350. Similarly, looking down a column shows that an additional 200 discount 
tickets sold increases the revenue by $40,000, so each discount ticket must cost $200. Thus, the 
revenue function is given by the formula 

R = 350$ + 200y. 


Example 1 Give a formula for the function M = f(B : t) where M is the amount of money in a bank account t 
years after an initial investment of B dollars, if interest accrues at a rate of 5% per year compounded 
(a) Annually (b) Continuously. 













Solution 
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(a) Annual compounding means that M increases by a factor of 1.05 every year, so 

M = f(B,t) = B(imY. 

(b) Continuous compounding means that M grows according to the function e kt , with k = 0.05, so 

M = f(B,t)=Be 0 气 


Example 2 A car rental company charges $40 a day and 15 cents a mile for its cars. 

(a) Write a formula for the cost, C, of renting a car as a function of the number of days, d, and the 
number of miles driven, m. 

(b) lfC = /(d,m), find /(5,300) and interpretit. 


Solution 


(a) The total cost in dollars of renting a car is 40 times the numbers of days plus 0.15 times the 
number of miles, so 

C = 40d +0.15m. 

(b) We have 

/(5,300) = 40(5) + 0.15(300) 

= 200 + 45 
= 245. 

We see that /(5,300) = 245. This tells us that if we rent a car for 5 days and drive it 300 miles, 
it costs us $245. 


Strategy to Investigate Functions of Two Variables: Vary One Variable at a Time 

We can learn a great deal about a function of two variables by letting one variable vary while holding 
the other fixed. This gives a function of one variable, called a cross-section of the original function. 

Concentration of a Drug in the Blood 

When a drug is injected into muscle tissue, it diffuses into the bloodstream. The concentration of 
the drug in the blood increases until it reaches a maximum, and then decreases. The concentration, 
C (in mg per liter), of the drug in the blood is a function of two variables: x, the amount (in mg) of 
the drug given in the injection, and t, the time (in hours) since the injection was administered. We 
are told that 

C = f(x,t) = te 一 *( 5 一 x ) for 0 < x < 4 and t>0. 

Example 3 In terms of the drug concentration in the blood, explain the significance of the cross-sections: 

⑻ /(4, t) (b) f(x, 1) 


Solution 


(a) Holding x fixed at 4 means that we are considering an injection of 4 mg of the drug; letting 
t vary means we are watching the effect of this dose as time passes. Thus the function /(4, t) 
describes the concentration of the drug in the blood resulting from a 4-mg injection as a function 
of time. Figure 9.1 shows the graph of /(4,i) = te—K Notice that the concentration in the blood 
from this dose is at a maximum at 1 hour after injection, and that the concentration in the blood 
eventually approaches zero. 


C (mg per liter) 
0.4 h 



C (mg per liter) 


0.4 

0.2 



C = f(x,l) 


^(mg) 


Figure 9.1 : The function /(4, t) shows 
the concentration in the blood resulting 
from a 4-mg injection 


Figure 9.2: The function /(x, 1) shows 
the concentration in the blood 1 hour 
after the injection 
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(b) Holding t fixed at 1 means that we are focusing on the blood 1 hour after the injection; letting 
x vary means we are considering the effect of different doses at that instant. Thus, the function 
f(x, 1) gives the concentration of the drug in the blood 1 hour after injection as a function of 
the amount injected. Figure 9.2 shows the graph of f(x, 1) = e -(5-x) _ Notice that 
f(x, 1) is an increasing function of x. This makes sense: If we administer more of the drug, the 
concentration in the bloodstream is higher. 

Continue with C = f(x,t)= Graph the cross-sections of f(a,t) for a = 1,2, 3, and 

4 on the same axes. Describe how the graph changes for larger values of a and explain what this 
means in terms of drug concentration in the blood. 

The one-variable function /(a, t) represents the effect of an injection of a mg at time t. Figure 9.3 
shows the graphs of the four functions /(l ， t) = te - 4t , /(2 ， t) = te - 3t ， /(3 ， t) = te~ 2t , and 
f(4,t) = te -t corresponding to injections of 1, 2, 3, and 4 mg of the drug. The general shape of 
the graph is the same in every case: The concentration in the blood is zero at the time of injection 
t = 0, then increases to a maximum value, and then decreases toward zero again. We see that if a 
larger dose of the drug is administered, the peak of the graph is later and higher. This makes sense, 
since a larger dose will take longer to diffuse fully into the bloodstream and will produce a higher 
concentration when it does. 


C (mg per liter) 



Figure 9.3: Concentration C = /(a, t) of the drug resulting from an a-mg injection 

Problems for Section 9.1 


Example 4 

Solution 


Problems 1-2 concern the cost, C, of renting a car from a 
company which charges $40 a day and 15 cents a mile, so 
C = f(d,m) = 40d + 0.15m, where d is the number of 
days, and m is the number of miles. 

1. Make a table of values for C, using d = 1, 2, 3, 4 and 
m = 100, 200, 300, 400. You should have 16 values in 
your table. 

2. (a) Find /(3, 200) and interpret it. 

(b) Explain the significance of /(3, m) in terms of 
rental car costs. Graph this function, with C as a 
function of m. 

(c) Explain the significance of f(d, 100) in terms of 
rental car costs. Graph this function, with (7 as a 
function of d. 

Problems 3-7 refer to Table 9.2, which shows 1 the weekly 
beef consumption, C, (in lbs) of an average household as a 
function of p, the price of beef (in $/lb) and J, annual house¬ 
hold income (in $1000s). 


Table 9.2 Quantity of beef bought (Ibs/household/week) 


P 



3. Give tables for beef consumption as a function of p, with 
I fixed at / = 20 and / = 100. Give tables for beef con¬ 
sumption as a function of /, with p fixed at p = 3.00 and 
p = 4.00. Comment on what you see in the tables. 

4. How does beef consumption vary as a function of house¬ 
hold income if the price of beef is held constant? 

5. Make a table showing the amount of money, M, that the 
average household spends on beef (in dollars per house¬ 
hold per week) as a function of the price of beef and 
household income. 


^rom Richard G. Lipsey, An Introduction to Positive Economics, 3rd Ed. (London: Weidenfeld and Nicolson, 1971). 




















6. Make a table of the proportion, P, of household income 
spent on beef per week as a function of price and income. 
(Note that P is the fraction of income spent on beef.) 

7. Express P, the proportion of household income spent on 
beef per week, in terms of the original function f(I ， p) 
which gave consumption as a function of p and I. 

8. Graph the bank-account function / in Example 1 on 
page 350, holding B fixed dX B = 10, 20,30 and let¬ 
ting t vary. Then graph /, holding t fixed at t = 0, 5,10 
and letting B vary. Explain what you see. 

9. The total sales of a product, S, can be expressed as a 
function of the price p charged for the product and the 
amount, a, spent on advertising, so S = /(p, a). Do you 
expect / to be an increasing or decreasing function of p? 
Do you expect / to be an increasing or decreasing func¬ 
tion of a? Why? 

10. The number, n, of new cars sold in a year is a function of 
the price of new cars, c, and the average price of gas, g. 

(a) If c is held constant, is n an increasing or decreasing 
function of gl Why? 

(b) If pis held constant, is n an increasing or decreasing 



11. The heat index is a temperature which tells you how hot 
it feels as a result of the combination of temperature and 
humidity. See Table 9.3. Heat exhaustion is likely to oc¬ 
cur when the heat index reaches 105° F. 

(a) If the temperature is 80°F and the humidity is 50%, 
how hot does it feel? 

(b) At what humidity does 90°F feel like 90°F? 

(c) Make a table showing the approximate temperature 
at which heat exhaustion becomes a danger, as a 
function of humidity. 

(d) Explain why the heat index is sometimes above the 
actual temperature and sometimes below it. 

Table 9.3 Heat index (°F) as a function of humidity (H%) and 
temperature (T°F) 



12. Using Table 9.3, graph heat index as a function of hu¬ 
midity with temperature fixed at 70°F and at 100°F. Ex¬ 
plain the features of each graph and the difference be¬ 
tween them in common-sense terms. 

13. The monthly payments, P dollars, on a mortgage in 
which A dollars were borrowed at an annual interest rate 
of r% for t years is given by P = f(A^r,t). Is / an 
increasing or decreasing function of A1 Of r? Oft? 
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14. You are planning a trip whose principal cost is gasoline. 


⑻ 


(b) 


Make a table showing how the daily fuel cost varies 
as a function of the price of gasoline (in dollars per 
gallon) and the number of gallons you buy each day. 
If your car goes 30 miles on each gallon of gaso¬ 
line, make a table showing how your daily fuel cost 
varies as a function of your daily travel distance and 


the price of gas. 


In Problems 15-16, the fallout, V (in kilograms per square 
kilometer), from a volcanic explosion depends on the distance, 
d， from the volcano and the time, t, since the explosion: 

¥^f(d,t)^(Vi)e- d . 


15. On the same axes, graph cross-sections of / with t = 1, 
and t = 2. As distance from the volcano increases, how 
does the fallout change? Look at the relationship between 
the graphs: how does the fallout change as time passes? 
Explain your answers in terms of volcanoes. 

16. On the same axes, graph cross-sections of / with d = 0, 
d = 1, and d = 2. As time passes since the explosion, 
how does the fallout change? Look at the relationship be¬ 
tween the graphs: how does fallout change as a function 
of distance? Explain your answers in terms of volcanoes. 

17. An airport can be cleared of fog by heating the air. The 
amount of heat required, H (T, w) (in calories per cubic 
meter of fog), depends on the temperature of the air, T 
(in °C), and the wetness of the fog, w (in grams per cu¬ 
bic meter of fog). Figure 9.4 shows several graphs of H 
against T with w fixed. 

(a) Estimate 丑 (20,0.3) and explain what information 
it gives us. 

(b) Make a table of values for H (T, w). Use T = 0,10, 
20, 30, 40, and w = 0.1, 0.2, 0.3, 0.4. 


H (calories/m 3 ) 



Figure 9.4 














































354 Chapter Nine FUNCTIONS OF SEVERAL VARIABLES 


9.2 CONTOUR DIAGRAMS 

How can we visualize a function of two variables? Just as a function of one variable can be rep¬ 
resented by a graph, a function of two variables can be represented by a surface in space or by 
a contour diagram in the plane. Numerical information is more easily obtained from contour dia¬ 
grams, so we concentrate on their use. 

Weather Maps 

Figure 9.5 shows a weather map from a newspaper. This contour diagram shows the predicted high 
temperature, T, in degrees Fahrenheit (°F), throughout the US on that day. The curves on the map, 
called isotherms, separate the country into zones, according to whether T is in the 60s, 70s, 80s, 
90s, or 100s. (Iso means same and therm means heat.) Notice that the isotherm separating the 80s 
and 90s zones connects all the points where the temperature is predicted to be exactly 90°F. 

If the function T = f(x,y) gives the predicted high temperature (in °F) on this particular day 
as a function of latitude x and longitude y, then the isotherms are graphs of the equations 

/0, y) = c 

where c is a constant. In general, such curves are called contours, and a graph showing selected 
contours of a function is called a contour diagram. 



Figure 9.5: Weather map showing predicted high temperatures, T, on a summer day 


Example 1 Estimate the predicted value of T in Boise, Idaho; Topeka, Kansas; and Buffalo, New York. 

Solution Boise and Buffalo are in the 70s region, and Topeka is in the 80s region. Thus, the predicted tem¬ 

perature in Boise and Buffalo is between 70 and 80 while the predicted temperature in Topeka is 
between 80 and 90. 

In fact, we can say more. Although both Boise and Buffalo are in the 70s, Boise is quite close to 
the T = 70 isotherm, whereas Buffalo is quite close to the T = 80 isotherm. So we estimate that the 
temperature will be in the low 70s in Boise and in the high 70s in Buffalo. Topeka is about halfway 
between the T = 80 isotherm and the T = 90 isotherm. Thus, we guess that the temperature in 
Topeka will be in the mid-80s. In fact, the actual high temperatures for that day were 71°F for Boise, 
79°F for Buffalo, and 86°F for Topeka. 
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Figure 9.6: A topographical map showing the region around South Hamilton, NY 

Topographical Maps 

Another common example of a contour diagram is a topographical map like that shown in Figure 9.6. 
Here, the contours separate regions of lower elevation from regions of higher elevation, and give an 
overall picture of the nature of the terrain. Such topographical maps are frequently colored green at 
the lower elevations and brown, red, or even white at the higher elevations. 


Example 2 Explain why the topographical map shown in Figure 9.7 corresponds to the surface of the terrain 

shown in Figure 9.8. 




Figure 9.8: Terrain corresponding to the 

Figure 9.7: A topographical map topographical map in Figure 9.7 

Solution We see from the topographical map in Figure 9.7 that there are two hills, one with height about 12, 
and the other with height about 4. Most of the terrain is around height 0, and there is one valley with 
height about —4. This matches the surface of the terrain in Figure 9.8 since there are two hills (one 
taller than the other) and one valley. 



The contours on a topographical map outline the contour or shape of the land. Because every 
point along the same contour has the same elevation, contours are also called level curves or level 
sets. We usually draw contours for equally spaced values of the function. The more closely spaced 
the contours, the steeper the terrain; the more widely spaced the contours, the flatter the terrain 
(provided, of course, that the elevation between contours varies by a constant amount). Certain 
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features have distinctive characteristics. A mountain peak is typically surrounded by contours like 
those in Figure 9.9. A pass in a range of mountains may have contours that look like Figure 9.10. 
A long valley has parallel contours indicating the rising elevations on both sides of the valley (see 
Figure 9.11); a long ridge of mountains has the same type of contours, only the elevations decrease 
on both sides of the ridge. Notice that the elevation numbers on the contours are as important as the 
curves themselves. 








Figure 9.9: Mountain peak 


Figure 9.10: Pass between two 
mountains 


Figure 9.11: Long valley 


Figure 9.12: Impossible 
contour lines 


There are some things contours cannot do. Two contours corresponding to different elevations 
cannot cross each other as shown in Figure 9.12. If they did, the point of intersection of the two 
curves would have two different elevations, which is impossible (assuming the terrain has no over¬ 
hangs). 


Using Contour Diagrams 


Consider the effect of different weather conditions on US corn production. What would happen if 
the average temperature were to increase (due to global wanning, for example) or if the rainfall 
were to decrease (due to a drought)? One way of estimating the effect of these climatic changes is to 
use Figure 9.13. This map is a contour diagram giving the com production C = /(i?, T) in the US 
as a function of the total rainfall, R, in inches, and average temperature, T, in degrees Fahrenheit, 
during the growing season. 2 Suppose at the present time, R = 15 inches and T = 76°F. Production 
is measured as a percentage of the present production; thus, the contour through R = 15,T = 76 is 
C= 100, that is, C = /(15,76) = 100. 


Example 3 Use Figure 9.13 to evaluate f(18, 78) and /(12,76) and explain the answers in terms of com pro¬ 
duction. 


T (temperature in °F) 



Solution 


Figure 9.13: Com production, C, as a function of rainfall and temperature 

The point with incoordinate 18 and T-coordinate 78 is on the contour with value C = 100, so 
f(18, 78) = 100. This means that if the annual rainfall were 18 inches and the temperature were 
78°F, the country would produce about the same amount of com as at present, although it would 
be wetter and warmer than it is now. The point with incoordinate 12 and T-coordinate 76 is about 


2 Adapted from S. Beaty and R. Healy, The Future of American Agriculture, Scientific American, Vol. 248, No. 2, Febru¬ 
ary, 1983. 
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halfway between the (7 = 80 and C = 90 contours, so /(12,76) « 85. This means that if the 
rainfall dropped to 12 inches and the temperature stayed at 76°F, then com production would drop 
to about 85% of what it is now. 


Example 4 Describe how com production changes as a function of rainfall if temperature is fixed at the present 
value in Figure 9.13. Describe how corn production changes as a function of temperature if rainfall 
is held constant at the present value. Give common-sense explanations for your answers. 

Solution To see what happens to com production if the temperature stays fixed at 76°F but the rainfall 
changes, look along the horizontal line T = 76. Starting from the present and moving left along 
the line T = 76, the values on the contours decrease. In other words, if there is a drought, com 
production decreases. Conversely, as rainfall increases, that is, as we move from the present to the 
right along the line T = 76, com production increases, reaching a maximum of more than 110% 
when R = 21, and then decreases (too much rainfall floods the fields). If, instead, rainfall remains at 
the present value and temperature increases, we move up the vertical line R = 15. Under these cir¬ 
cumstances corn production decreases; a 2° increase causes a 10% drop in production. This makes 
sense since hotter temperatures lead to greater evaporation and hence drier conditions, even with 
rainfall constant at 15 inches. Similarly, a decrease in temperature leads to a very slight increase in 
production, reaching a maximum of around 102% when T = 74, followed by a decrease (the com 
won’t grow if it is too cold). 


Cobb-Douglas Production Functions 

Suppose you are running a small printing business, and decide to expand because you have more 
orders than you can handle. How should you expand? Should you start a night shift and hire more 
workers? Should you buy more expensive but faster computers which will enable the current staff 
to keep up with the work? Or should you do some combination of the two? 

Obviously, the way such a decision is made in practice involves many other considerations — 
such as whether you could get a suitably trained night shift, or whether there are any faster comput¬ 
ers available. Nevertheless, you might model the quantity, P, of work produced by your business 
as a function of two variables: your total number, N, of workers, and the total value, V, of your 
equipment. 

How would you expect such a production function to behave? In general, having more equip¬ 
ment and more workers enables you to produce more. However, increasing equipment without in- 
creasing the number of workers will increase production a bit, but not beyond a point. (If equipment 
is already lying idle, having more of it won’t help.) Similarly, increasing the number of workers 
without increasing equipment will increase production, but not past the point where the equipment 
is fully utilized, as any new workers would have no equipment available to them. 


Example 5 


Explain why the contour diagram in Figure 9.14 does not model the behavior expected of the pro¬ 
duction function, whereas the contour diagram in Figure 9.15 does. 
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Solution Production P should be an increasing function of N and an increasing function of V. We see 
that both contour diagrams (in Figure 9.14 and Figure 9.15) satisfy this condition. Which of the 
contour diagrams has production increasing in the correct way? First look at the contour diagram 
in Figure 9.14. Fixing F at a particular value and letting N increase means moving to the right 
on the contour diagram. As we do so, we cross contours with larger and larger P values, meaning 
that production increases indefinitely. On the other hand, in Figure 9.15, as we move in the same 
direction we eventually find ourselves moving nearly parallel to the contours, crossing them less 
and less frequently. Therefore, production increases more and more slowly as N increases while V 
is held fixed. Similarly, if we hold N fixed and let V increase, the contour diagram in Figure 9.14 
shows production increasing at a steady rate, whereas Figure 9.15 shows production increasing, but 
at a decreasing rate. Thus, Figure 9.15 fits the expected behavior of the production function best. 


The Cobb-Douglas Production Model 

In 1928, Cobb and Douglas used a simple formula to model the production of the entire US economy 
in the first quarter of the 20 th century. Using government estimates of P, the total yearly production 
between 1899 and 1922, and of K, the total capital investment over the same period, and of L, the 
total labor force, they found that P was well approximated by the function: 

p = i.oil 0 - 75 k 0 - 25 . 

This function turned out to model the US economy surprisingly accurately, both for the period 
on which it was based, and for some time afterward. The contour diagram of this function is similar 
to that in Figure 9.15. In general, production is often modeled by a function of the following form: 

Cobb-Douglas Production Function 

P = f(N, V) = cN a V 0 

where P is the total quantity produced and c, a, and (3 are positive constants with 0 < a < 1 
and 0 < /? < 1. 


Contour Diagrams and Tables 

Table 9.4 shows the heat index as a function of temperature and humidity. The heat index is a 
temperature which tells you how hot it feels as a result of the combination of the two. We can also 
display this function using a contour diagram. Scales for the two independent variables (temperature 
and humidity) go on the axes. The heat indices shown range from 64 to 151， so we will draw 
contours at values of 70, 80, 90, 100, 110, 120, 130, 140, and 150. How do we know where the 
contour for 70 goes? Table 9.4 shows that, when humidity is 0%, a heat index of 70 occurs between 
75°F and 80°F, so the contour will go approximately through the point (76,0). It also goes through 
the point (75,10). Continuing in this way, we can approximate the 70 contour. See Figure 9.16. You 
can construct all the contours in Figure 9.17 in a similar way. 

Table 9.4 Heat index (°F) 


Humidity 

(%) 


Temperature (°F) 



70 

75 

80 

85 

90 

95 

100 

105 

110 

115 

0 

64 

69 

73 

78 

83 

87 

91 

95 

99 

103 

10 

65 

70 

75 

80 

85 

90 

95 

100 

105 

111 

20 

66 

72 

77 

82 

87 

93 

99 

105 

112 

120 

30 

67 

73 

78 

84 

90 

96 

104 

113 

123 

135 

40 

68 

74 

79 

86 

93 

101 

110 

123 

137 

151 

50 

69 

75 

81 

88 

96 

107 

120 

135 

150 


60 

TO 

76 

82 

90 

100 

114 

132 

149 
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humidity)%) 

60 
50 
40 
30 
20 
10 


humidity)%) 


temperature (°F) 


70 80 90 100 110 

Figure 9.16: The contour for a heat index of 70 


90 110 130 150 



Example 6 Heat exhaustion is likely to occur where the heat index is 105 or higher. On the contour diagram in 
Figure 9.17, shade in the region where heat exhaustion is likely to occur. 

Solution The shaded region in Figure 9.18 shows the values of temperature and humidity at which the heat 
index is above 105. 


humidity 错 ) 


90 110 130 150 



Figure 9.18: Shaded region shows conditions under which heat exhaustion is likely 


Finding Contours Algebraically 

Algebraic equations for the contours of a function / are easy to find if we have a formula for f(x,y). 
A contour consists of all the points (x, y) where f(x,y) has a constant value, c. Its equation is 

f(x, y) = c. 


Example 7 Draw a contour diagram for the airline revenue function R = 350x + 200y. Include contours for 

R = 4000, 8000, 12000,16000. 

Solution The contour for R = 4000 is given by 

350x + 200y = 4000. 

This is the equation of a line with intercepts x = 4000/350 = 11.43 and? / = 4000/200 = 20. (See 
Figure 9.19.) The contour for R = 8000 is given by 

350a; + 200y = 8000. 

This is the equation of a parallel line with intercepts x = 8000/350 = 22.86 and y = 8000/200 = 
40. The contours for R = 12000 and R = 16000 are parallel lines drawn similarly. (See Fig¬ 
ure 9.19.) 
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y 



Problems for Section 9.2 


1. Figure 9.20 shows contours for the function ^ = /(x, y). 
Is z an increasing or a decreasing function of x? Is ^ an 
increasing or a decreasing function of yl 

y 



2. Figure 9.21 is a contour diagram for the demand for or¬ 
ange juice as a function of the price of orange juice and 
the price of apple juice. Which axis corresponds to or¬ 
ange juice? Which to apple juice? Explain. 


3. Figure 9.22 shows contour diagrams of temperature in 
°C in a room at three different times. Describe the heat 
flow in the room. What could be causing this? 



t = 3 


Figure 9.22 

4. A topographic map is given in Figure 9.23. How many 
hills are there? Estimate the x- and ^-coordinates of the 
tops of the hills. Which hill is the highest? A river runs 
through the valley; in which direction is it flowing? 






Figure 9.21 


Figure 9.23 
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5. Draw a contour diagram for the function C = 40d + 
0.15m. Include contours for C = 50, 100, 150, 200. 

Problems 6-8 refer to the map in Figure 9.5 on page 354. 

6. Give the range of daily high temperatures for: 

(a) Pennsylvania (b) North Dakota 

(c) California 

7. Sketch a possible graph of the predicted high temperature 
T on a line north-south through Topeka. 

8. Sketch possible graphs of the predicted high temperature 
on a north-south line and an east-west line through Boise. 

9. Maple syrup production is highest when the nights are 
cold and the days are warm. Make a possible contour di¬ 
agram for maple syrup production as a function of the 
high (daytime) temperature and the low (nighttime) tem¬ 
perature. Label the contours with 10, 20, 30, and 40 (in 
liters of maple syrup). 

10. A manufacturer sells two products, one at a price of 
$3000 a unit and the other at a price of $12,000 a unit. A 
quantity qi of the first product and of the second prod¬ 
uct are sold at a total cost of $4000 to the manufacturer. 

(a) Express the manufacturer’s profit, 7r, as a function of 
qi andg 2 . 

(b) Sketch contours of 7r for 7r = 10,000, 7r = 20,000, 
and 7r = 30,000 and the break-even curve 7r = 0. 

11. Sketch a contour diagram forz = y — sinx. Include 
at least four labeled contours. Describe the contours in 
words and how they are spaced. 

12. The contour diagram in Figure 9.24 shows your happi¬ 
ness as a function of love and money. 

(a) Describe in words your happiness as a function of: 

(i) Money, with love fixed. 

(ii) Love, with money fixed. 

(b) Graph two different cross-sections with love fixed 
and two different cross-sections with money fixed. 


money 



Figure 9.24 

13. The concentration, C, of a drug in the blood is given by 
C = f[x ， t) = te -t ( 5 一 x ), where x is the amount of 


drug injected (in mg) and t is the number of hours since 
the injection. The contour diagram of f(x^t) is given in 
Figure 9.25. Explain the diagram by varying one variable 
at a time: describe / as a function of x if t is held fixed, 
and then describe / as a function oft iix is held fixed. 



2 3 4 

Figure 9.25 


14. The cornea is the front surface of the eye. Comeal spe¬ 
cialists use a TMS, or Topographical Modeling System, 
to produce a “map” of the curvature of the eye’s surface. 
A computer analyzes light reflected off the eye and draws 
level curves joining points of constant curvature. The re¬ 
gions between these curves are colored different colors. 

The first two pictures in Figure 9.26 are cross- 
sections of eyes with constant curvature, the smaller be¬ 
ing about 38 units and the larger about 50 units. For con¬ 
trast, the third eye has varying curvature. 

(a) Describe in words how the TMS map of an eye of 
constant curvature will look. 

(b) Draw the TMS map of an eye with the cross-section 
in Figure 9.27. Assume the eye is circular when 
viewed from the front, and the cross-section is the 
same in every direction. Put reasonable numeric la¬ 
bels on your level curves. 



Figure 9.26: Pictures of eyes with different curvature 



Figure 9.27 
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In Problems 15-20, sketch a contour diagram for the function 
with at least four labeled contours. Describe in words the con¬ 
tours and how they are spaced. 


15. f(x,y) = x-\-y 
17. f(x,y) =a: + 2 / + l 
19. f(x,y) = -x -y 


16. f(x ， y) = 3x-\-3y 
18. f(x ， y) = 2x-y 
20 . f(x, y) = y-x 2 


21. Figure 9.28 shows contours of the function giving the 
species density of breeding birds at each point in the US, 
Canada, and Mexico. 3 Are the following statements true 
or false? Explain your answers. 


(a) Moving from south to north across Canada, the 
species density increases. 

(b) In general, peninsulas (for example, Florida, Baja 
California, the Yucatan) have lower species densities 
than the areas around them. 

(c) The species density around Miami is over 100. 

(d) The greatest rate of change in species density with 
distance is in Mexico. If this is true, mark the point 
and direction giving the maximum rate. 



22. Each of the contour diagrams in Figure 9.29 shows pop¬ 
ulation density in a certain region of a city. Choose the 
contour diagram that best corresponds to each of the fol¬ 
lowing situations. Many different matchings are possible. 
Pick a reasonable one and justify your choice. 

(a) The middle contour is a highway. 


(b) The middle contour is an open sewage canal. 

(c) The middle contour is a railroad line. 



Figure 9.29 

23. In a small printing business, P = 2N°' 6 V 0A , where N 

is the number of workers, V is the value of the equip¬ 
ment, and P is production, in thousands of pages per day. 

(a) If this company has a labor force of 300 workers and 
200 units worth of equipment, what is production? 

(b) If the labor force is doubled (to 600 workers), how 
does production change? 

(c) If the company purchases enough equipment to dou¬ 
ble the value of its equipment (to 400 units), how 
does production change? 

(d) If both N and V are doubled from the values given 
in part (a), how does production change? 

24. Figure 9.30 shows a contour map of a hill with two paths, 

A and B. 

(a) On which path, A or B, will you have to climb more 
steeply? 

(b) On which path, A or B, will you probably have 
a better view of the surrounding countryside? (As¬ 
sume trees do not block your view.) 

(c) Alongside which path is there more likely to be a 
stream? 



Figure 9.30 


名 = 300 

名 = 200 

名 = 100 


3 From the undergraduate senior thesis of Professor Robert Cook, Director of Harvard’s Arnold Arboretum. 
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25. Match the following descriptions of a company’s success 
with the contour diagrams of success as a function of 
money and work in Figure 9.31. 

(a) Our success is measured in dollars, plain and simple. 
More hard work won’t hurt, but it also won’t help. 

(b) No matter how much money or hard work we put 
into the company, we just can’t make a go of it. 

(c) Although we are not always totally successful, it 
seems that the amount of money invested does not 
matter. As long as we put hard work into the com¬ 
pany, our success increases. 

(d) The company’s success is based on both hard work 
and investment. 

(I) work (II) work 



(III) work 1 2 3 4 (IV) work 


(c) Is cardiac output an increasing or decreasing func¬ 
tion of time, t, where t represents the elapsed time 
since the patient went into shock? 

(d) If blood pressure is 3 mm Hg, explain how cardiac 
output changes as a function of time. In particular, 
does it change rapidly or slowly during the first two 
hours of shock? During hours 2 to 4? During the last 
hour of the study? Explain why this information is 
useful to a physician treating a patient for shock. 

27. Antibiotics can be toxic in large doses. If repeated doses 
of an antibiotic are to be given, the rate at which the 
medicine is excreted through the kidneys should be mon- 
itored by a physician. One measure of kidney function 
is the glomerular filtration rate, or GFR, which measures 
the amount of material crossing the outer (or glomeru¬ 
lar) membrane of the kidney, in milliliters per minute. 
A normal GFR is about 125 ml/min. Figure 9.33 gives 
a contour diagram of the percent, P, of a dose of me¬ 
zlocillin (an antibiotic) excreted, as a function of the pa¬ 
tient^ GFR and the time, t, in hours since the dose was 
administered. 5 



Figure 9.31 


26. Figure 9.32 shows cardiac output (in liters per minute) 
in patients suffering from shock as a function of blood 
pressure in the central veins (in mm Hg) and the time in 
hours since the onset of shock. 4 


(a) In a patient with a GFR of 50, approximately how 
long will it take for 30% of the dose to be excreted? 

(b) In a patient with a GFR of 60, approximately what 
percent of the dose has been excreted after 5 hours? 

(c) Explain how we can tell from the graph that, fora pa¬ 
tient with a fixed GFR, the amount excreted changes 
very little after 12 hours. 

(d) Is the percent excreted an increasing or decreasing 
function of time? Explain why this makes sense. 

(e) Is the percent excreted an increasing or decreas¬ 
ing function of GFR? Explain what this means to a 
physician giving antibiotics to a patient with kidney 


pressure (mm Hg) 



Figure 9.32 

(a) In a patient with blood pressure of 4 mm Hg, what is 
cardiac output when the patient first goes into shock? 
Estimate cardiac output three hours later. How much 
time has passed when cardiac output is reduced to 
50% of the initial value? 

(b) In patients suffering from shock, is cardiac output an 
increasing or decreasing function of blood pressure? 


disease. 


GFR (ml/min) 



Figure 9.33 


4 Arthur C. Guyton and John E. Hall, Textbook of Medical Physiology, Ninth Edition, p. 288 (Philadelphia: W. B. Saun¬ 
ders, 1996). 

5 Peter G. Welling and Francis L. S.Tse, Pharmacokinetics of Cardiovascular, Central Nervous System, and Antimicrobial 
Drugs, The Royal Society of Chemistry, 1985, p. 316. 
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9.3 PARTIAL DERIVATIVES 

In one-variable calculus we saw how the derivative measures the rate of change of a function. We 
begin by reviewing this idea. 


Rate of Change of Airline Revenue 

In Section 9.1 we saw a two-variable function which gives an airline’s revenue, R, as a function of 
the number of full price tickets, x, and the number of discount tickets, y, sold: 

R = f[x,y) = 350a; + 200?/. 

If we fix the number of discount tickets at y = 10, we have a one-variable function 
R = f(x, 10) = g(x) = 350a; + 2000. 

The rate of the change of revenue with respect to x is given by the one-variable derivative 
g\x) = 350. 

This tells us that, if y is fixed at 10, then the revenue increases by $350 for each additional full 
price ticket sold. We call g r [x) the partial derivative of R with respect to x at the point (x, 10). If 
R = f(x, y), we write 

尝 = fx{x ： 10) = g\x) = 350. 

Example 1 Find the rate of change of revenue, R, as y increases with x fixed at $ = 20. 

Solution Substituting x = 20 into R = 350a: 4- 200y gives the one-variable function 
R = h(y) = 350(20) + 200y = 7000 + 200y. 

The rate of change of 丑 as y increases with x fixed is 

^ = /“ 2 。， 2/) = h\y) = 200. 


We call dR/dy = / y (20, y) the partial derivative of R with respect to y at the point (20, y). 
The fact that both partial derivatives of R are positive corresponds to the fact that the revenue is 
increasing as more of either type of ticket is sold. 


Definition of the Partial Derivative 

For any function f(x,y) we study the influence of x and y separately on the value f(x,y) by keeping 
one fixed and letting the other vary. The method of the previous example allows us to calculate the 
rates of change of f(x,y) with respect to x and y. For all points (a, b) at which the limits exist, we 
make the following definitions: 




9.3 PARTIAL DERIVATIVES 365 


Partial Derivatives of / with Respect to x and y 

The partial derivative of f with respect to x at (a, b) is the derivative of / with y constant: 

/ ( a 6) _ Rate of change of / withy fixed _ 此 f(a-\-h,b) - f(a,b) 
at b, at the point (a, b) h ^° ^ 

The partial derivative of f with respect to y at (a, b) is the derivative of / with x constant: 

y ( a 6) — Rate of change of / with x fixed _ f (a, b + h) - f (a, b) 
at a, at the point (a, b) h ~^° ^ 

If we think of a and b as variables, a = x and 6 = y, we have the partial derivative functions 

fx{x,y) wdf y (x,y). 


Just as with ordinary derivatives, there is an alternative notation: 


Alternative Notation for Partial Derivatives 

Jf z = f(x,y) we can write 




and 

咖 )=_ 

九 m) = £ 

aX \(a,b) 

and 

fy{as=d iL 


We use the symbol d to distinguish partial derivatives from ordinary derivatives. In cases where 
the independent variables have names different from x and y, we adjust the notation accordingly. 
For example, the partial derivatives of f(u,v) are denoted by f u and f v . 


Estimating Partial Derivatives from a Table 


Example 2 An experiment 6 done on rats to measure the toxicity of formaldehyde yielded the data shown in 
Table 9.5. The values in the table show the percent, P, of rats that survived an exposure with con¬ 
centration c (in parts per million) after t months, so P = f(t, c). Using Table 9.5, estimate / t(18,6) 
and / c (18,6). Interpret your answers in terms of formaldehyde toxicity. 

Table 9.5 Percent, P, of rat population surviving after exposure to formaldehyde vapor 


Time t (months) 



0 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

22 

24 

0 

100 

100 

100 

100 

100 

100 

100 

100 

100 

100 

99 

97 

95 

2 

100 

100 

100 

100 

100 

100 

100 

100 

99 

98 

97 

95 

92 

6 

100 

100 

100 

99 

99 

98 

96 

96 

95 

93 

90 

86 

80 

15 

100 

100 

100 

99 

99 

99 

99 

96 

93 

82 

70 

58 

36 


Solution 


For f t (18,6 )， we fix c at 6 ppm, and find the rate of change of percent surviving, P, with respect to 
t. We have 


/t( 18 , 6 )« 


AP 


/(20,6)-/(18,6) 

20-18 


90-93 
= 20-18 


« —1.5 % per month. 


6 James E. Gibson, Formaldehyde Toxicity, p. 125 (Hemisphere Publishing Company, McGraw-Hill, 1983). 
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This is the rate of change of percent surviving, P, in the time t direction at the point (18,6). The 
fact that it is negative means that P is decreasing as we read across the c = 6 row of the table in the 
direction of increasing t (that is, horizontally from left to right in Table 9.5). For / c (18,6), we fix t 
at 18, and calculate the rate of change of as we move in the direction of increasing c (that is, from 
top to bottom in Table 9.5). We have 


/ c (18,6) « 


AP _ /(18,15) - /(18,6) — 82-93 


-1.22% per ppm. 


15-6 15-6 

The rate of change of P as c increases is about — 1.22% per ppm. This means that as the concen¬ 
tration increases by 1 ppm from 6 ppm, the percent surviving 18 months decreases by about 1.22% 
per unit increase ppm. The partial derivative is negative because fewer rats survive this long when 
the concentration of formaldehyde increases. (That is, P goes down as c goes up.) 


Using Partial Derivatives to Estimate Values of the Function 


Example 3 Use Table 9.5 and partial derivatives to estimate the percent of rats surviving if they are exposed to 

formaldehyde with a concentration of 

(a) 6 ppm for 18.5 months (b) 18 ppm for 24 months (c) 9 ppm for 20.5 months 


Solution (a) Since t = 18.5 and c = 6, we want to evaluate P : 
93% and we have just calculated 


/(18.5,6). Table 9.5 tells us that/(18,6) 


/t(18,6) = -1.5% per month. 


(18,6) 


This partial derivative tells us that after 18 months of exposure to formaldehyde at a concentra¬ 
tion of 6 ppm, P decreases by 1.5% for every additional month of exposure. Therefore after an 
additional 0.5 month, we have 

P«93 - 1.5(0.5) = 92.25%. 

(b) Now we wish to evaluate /(24,18). The closest entry to this in Table 9.5 is /(24,15) = 36. 
We keep t fixed at 24 and increase c from 15 to 18. We estimate the rate of change in P as c 
changes; this is dP/dc. We see from Table 9.5 that 

dP\ AP 36 - 80 






15 


=—4.89% per ppm. 


1(24,15) 

The percent surviving 24 months goes down from 36% by about 4.89% for every unit increase 
in the formaldehyde concentration above 15 ppm. We have: 

/(24,18) « 36 — 4.89(3) = 21.33%. 

We estimate that only about 21% of the rats would survive for 24 months if they were exposed 
to formaldehyde as strong as 18 ppm. Since this figure is an extrapolation from the available 
data, we should use it with caution. 

(c) To estimate /(20.5,9), we use the closest entry /(20,6) = 90. As we move from (20,6) to 
(20.5,9), the percentage, P, changes both due to the change in t and due to the change in c. We 
estimate the two partial derivatives at t = 20, c = 6: 


% 


o o 

2 9 
I I 

2 0 
2 7 


APArAPlAC 
ll w 


菩 aplac 
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The change in P due to a change of At = 0.5 month and Ac = 3 ppm is 
AP « Change due to At + Change due to Ac 
=-2(0.5) - 2.22(3) 

=-7.66. 

So for t = 20.5, c = 9 we have 

/(20.5,9)« /(20, 6) - 7.66 = 82.34%. 


In Example 3 part (c), we used the relationship between AP, At, and Ac. In general, the 
relationship between the change A/, in function value f(x, y) and the changes Ax and Ay is as 
follows: 



Change 〜 Rate of change △$ + Rate of change 
in / in ^-direction in ^-direction 

Af w f x • Ax fy • Ay 


Estimating Partial Derivatives from a Contour Diagram 

If we move parallel to one of the axes on a contour diagram, the partial derivative is the rate of 
change of the value of the function on the contours. For example, if the values on the contours are 
increasing in the direction of positive change, then the partial derivative must be positive. 


Example 4 


Solution 


Figure 9.34 shows the contour diagram for the temperature H(x,t) (in °F) in a room as a function 
of distance x (in feet) from a heater and time t (in minutes) after the heater has been turned on. 
What are the signs of ^(10,20) and 丑 t(10,20)? Estimate these partial derivatives and explain the 
answers in practical terms. 



The point (10,20) is on the H = 80 contour. As x increases, we move toward the = 75 contour, 
so H is decreasing and H x (10, 20) is negative. This makes sense because as we move further from 
the heater, the temperature drops. On the other hand, as t increases, we move toward the if = 85 
contour, so H is increasing and H t (10, 20) is positive. This also makes sense, because it says that 
as time passes, the room warms up. 
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To estimate the partial derivatives, use a difference quotient. Looking at the contour diagram, 
we see there is a point on the H = 7b contour about 14 units to the right of (10,20). Hence, 
H decreases by 5 when x increases by 14, so the rate of change of H with respect to x is about 
AH/Ax = —5/14 « —0.36. Thus, we find 

iJ x (10,20)«-0.36°F/ft. 

This means that near the point 10 feet from the heater, after 20 minutes the temperature drops about 
1/3 of a degree for each foot we move away from the heater. 

To estimate 20), we look again at the contour diagram and notice that the H = 85 

contour is about 32 units directly above the point (10,20). So H increases by 5 when t increases by 
32. Hence, 

i? t (10,20) « 等 =^ w 0.16°F/min. 

This means that after 20 minutes the temperature is going up about 1/6 of a degree each minute at 
the point 10 ft from the heater. 


Using Units to Interpret Partial Derivatives 

The units of the independent and dependent variables can often be helpful in explaining the meaning 
of a partial derivative. 


Example 5 Suppose that your weight w in pounds is a function /(c, n) of the number c of calories you consume 
daily and the number n of minutes you exercise daily. Using the units for w, c and n, interpret in 
everyday terms the statements 


dw I 

刻 ㈤ 華 ) 


= 0.02 


and 


dw I 

1(2000,15) 


=-0.025. 


Solution The units of dw/dc are pounds per calorie. The statement 

dw I 一 ~ 

I =0.02 

° C 丨 (2000,15) 

means that if you are presently consuming 2000 calories daily and exercising 15 minutes daily, you 
will weigh 0.02 pounds more for each extra calorie you consume daily, or about 2 pounds for each 
extra 100 calories per day. The units of dw/dn are pounds per minute. The statement 

尝 I =-0.025 

1(2000,15) 

means that for the same calorie consumption and number of minutes of exercise, you will weigh 
0.025 pounds less for each extra minute you exercise daily, or about 1 pound less for each extra 
40 minutes per day. So if you eat an extra 100 calories each day and exercise about 80 minutes more 
each day, your weight should remain roughly steady. 





Problems for Section 9.3 
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1. Using the contour diagram for f(x, y) in Figure 9.35, de¬ 
cide whether each of these partial derivatives is positive, 
negative, or approximately zero. 

⑻ /44,1) (b) / y (4 ， l) 

(c) 尺 (5,2) ⑹九 (5,2) 



2 3 4 5 6 

Figure 9.35 


2. According to the contour diagram for f(x,y) in Fig¬ 
ure 9.35, which is larger: f x (3,1) or /a ； (5,2)? Explain. 

For Problems 3-4 refer to Table 9.4 on page 358 giving the 
heat index, /, in Q F，as a function f[H, T) of the relative hu¬ 
midity, H, and the temperature, T, in °F. The heat index is a 
temperature which tells you how hot it feels as a result of the 
combination of humidity and temperature. 

3. Estimate dl/dH and dl/dT for typical weather condi¬ 
tions in Tucson in summer (H = 10, T = 100). What 
do your answers mean in practical terms for the residents 
of Tucson? 

4. Answer the question in Problem 3 for Boston in summer 
(H = 50 9 T = 80). 

5. The demand for coffee, Q, in pounds sold per week, is a 
function of the price of coffee, c, in dollars per pound and 
the price of tea, t, in dollars per pound, so Q = /(c, t). 

(a) Do you expect f c to be positive or negative? What 
about /t? Explain. 

(b) Interpret each of the following statements in terms 
of the demand for coffee: 

/(3,2) = 780 / c (3,2) = —60 / t (3,2) = 20 

6. The quantity Q (in pounds) of beef that a certain com¬ 
munity buys during a week is a function Q = /(&， c) 
of the prices of beef, 6, and chicken, c, during the week. 
Do you expect dQ/db to be positive or negative? What 
about dQ/dcl 


7. A drug is injected into a patient’s blood vessel. The func¬ 
tion c = /(x, t) represents the concentration of the drug 
at a distance x mm in the direction of the blood flow 
measured from the point of injection and at time t sec¬ 
onds since the injection. What are the units of the follow¬ 
ing partial derivatives? What are their practical interpre¬ 
tations? What do you expect their signs to be? 

⑻ dc/dx (b) dc/dt 

8. Table 9.6 gives the number of calories burned per minute, 
B = f(s, w), for someone roller-blading, 7 as a function 
of the person’s weight, w, and speed, s. 

(a) Is f w positive or negative? Is f s positive or nega¬ 
tive? What do your answers tell us about the effect 
of weight and speed on calories burned per minute? 

(b) Estimate (160,10) and / s (160,10). Interpret 
your answers. 


Table 9.6 Calories burned per minute 


w\s 

8 mph 

9 mph 

10 mph 

11 mph 

120 lbs 

4.2 

5.8 

7.4 

8.9 

140 lbs 

5.1 

6.7 

8.3 

9.9 

160 lbs 

6.1 

7.7 

9.2 

10.8 

180 lbs 

7.0 

8.6 

10.2 

11.7 

200 lbs 

7.9 

9.5 

11.1 

12.6 


9. Estimate z x (l, 0) and 2^(0,1) and z y (0, 1) from the 
contour diagram for z(x,y) in Figure 9.36. 


y 



Figure 9.36 

10. The monthly mortgage payment in dollars, P, fora house 
is a function of three variables: 

P^f(A,r,N), 

where A is the amount borrowed in dollars, r is the in¬ 
terest rate, and iV is the number of years before the mort¬ 
gage is paid off. 

(a) /(92000,14,30) = 1090.08. What does this tell 
you, in financial terms? 


7 From the August 28, 1994, issue of Parade Magazine. 
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= 72.82. What is the financial 

significance of the number 72.82? 

(c) Would you expect dP/dA to be positive or nega¬ 
tive? Why? 

(d) Would you expect dP/dN to be positive or nega¬ 
tive? Why? 

11 . The sales of a product, S = f(p, a), are a function of 
the price, p, of the product (in dollars per unit) and the 
amount, a, spent on advertising (in thousands of dollars). 

(a) Do you expect f p to be positive or negative? Why? 

(b) Explain the meaning of the statement f a (8, 12) 二 
150 in terms of sales. 

12 . Figure 9.37 shows a contour diagram for the monthly 
payment P as a function of the interest rate, r%, and 
the amount, L, of a 5-year loan. Estimate dP/dr and 
dP/dL at the point where r = 8 and L = 5000. Give 
the units and the financial meaning of your answers. 




L($) 



Figure 9.37 


13 . Figure 9.13 on page 356 gives a contour diagram of com 
production as a function of rainfall, R, in inches and tem¬ 
perature, T, in °F. Com production, C, is measured as a 
percentage of the present production, and C = f(R, T). 
Estimate the following quantities. Give units and inter¬ 
pret your answers in terms of com production: 

⑻ /h(15,76) (b) /t(15,76) 

14 . Use the diagram from Problem 17 in Section 9.1, to 
estimate Ht{T,w) for T = 10,20,30 and w = 
0.1,0.2,0.3. What is the practical meaning of these par¬ 
tial derivatives? 

15 . People commuting to a city can choose to go either by 
bus or by train. The number of people who choose ei¬ 
ther method depends in part upon the price of each. Let 
/(_Pi ， _P2) be the number of people who take the bus 
when Pi is the price of a bus ride and P 2 is the price of a 
train ride. What can you say about the signs of df/dPi 
and dj jdP^l Explain your answers. 


16 . In the 1940s the quantity, q, of beer sold each year 
in Britain was found to depend on I (the aggregate 
personal income, adjusted for taxes and inflation), pi 
(the average price of beer), and P 2 (the average price 
of all other goods and services). Would you expect 
dq/dl : dq/dpi^ dq/dp 2 to be positive or negative? Give 
reasons for your answers. 

17 . An airline’s revenue，is a function of the number of 
full price tickets, x, and the number of discount tickets, y, 
sold. Values ofR = /(x, y) are in Table 9.1 on page 350. 

(a) Evaluate /(200,400), and interpret your answer. 

(b) Is f x (200,400) positive or negative? Is 
^(200,400) positive or negative? Explain. 

(c) Estimate the partial derivatives in part (b). Give units 
and interpret your answers in terms of revenue. 

18 . In Problem 17 the revenue is $150,000 when 200 full- 
price tickets and 400 discount tickets are sold; that is, 
/(200,400) = 150,000. Use this fact and the partial 
derivatives (200,400) = 350 and200,400)= 
200 to estimate the revenue when 

(a) x = 201 and y = 400 (b) x = 200 and y = 405 
(c) x = 203 and y = 406 

19 . Table 9.5 on page 365 gives the percent of rats surviving, 
P, as a function of time, t, in months and concentration 
of formaldehyde, c, in ppm, so P = f(t, c). Use par¬ 
tial derivatives to estimate the percent surviving after 26 
months when the concentration is 15. 

20 . Fora function /(x, y), we are given /(100,20) = 2750, 
and /a ； (100,20) = 4, and /j ； (100,20) = 7. Estimate 
/(105, 21). 

21 . For a function /(r, 5), we are given /(50, 100) = 5.67, 
and / r (50,100) = 0.60, and / s (50,100) = -0.15. Es¬ 
timate /(52,108). 

22 . The cardiac output, represented by c, is the volume of 
blood flowing through a person’s heart, per unit time. The 
systemic vascular resistance (SVR), represented by s, is 
the resistance to blood flowing through veins and arteries. 
Let p be a person’s blood pressure. Then p is a function 
of c and s, so p = /(c, s). 

(a) What does dp/dc represent? 


Suppose now that p = kcs, where /c is a constant. 


(b) Sketch the level curves of p. What do they represent? 
Label your axes. 

(c) For a person with a weak heart, it is desirable to 
have the heart pumping against less resistance, while 
maintaining the same blood pressure. Such a per¬ 
son maybe given the drug nitroglycerine to decrease 
the SYR and the drug Dopamine to increase the car¬ 


diac output. Represent this on a graph showing level 
curves. Put a point A on the graph representing the 
person’s state before drugs are given and a point B 
for after. 































(d) Right after a heart attack, a patient’s cardiac output 
drops, thereby causing the blood pressure to drop. A 
common mistake made by medical residents is to get 
the patient’s blood pressure back to normal by using 
drugs to increase the SVR, rather than by increasing 
the cardiac output. On a graph of the level curves of 
p ，put a point D representing the patient before the 
heart attack, a point E representing the patient right 
after the heart attack, and a third point F represent¬ 
ing the patient after the resident has given the drugs 
to increase the SVR. 

23 . In each case, give a possible contour diagram for the 
function f(x,y) if 

⑻ f x > 0 and f y >0 (b) f x >0 and f y <0 
(c) / x <0and/ y >0 ⑹ f x <0mdf y <0 

24 . Figure 9.38 shows contours of f(x, y) with values of / 
on the contours omitted. If f x (P) > 0, find the sign of 
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⑻ fy(P) (b) fy(Q) (C) f X (Q) 

y y) 



9.4 COMPUTING PARTIAL DERIVATIVES ALGEBRAICALLY 

The partial derivative f x {x, y) is the ordinary derivative of the function f(x,y) with respect to x 
with y fixed, and the partial derivative f y (x, y) is the ordinary derivative of f(x, y) with respect to 
y with x fixed. Thus, we can use all the techniques for differentiation from single-variable calculus 
to find partial derivatives. 


Example 1 Let f(x, y)=x 2 -^ by 2 . Find ^(3,2) and / y (3,2) algebraically. 

Solution We use the fact that / x (3,2) is the derivative of f(x, 2) at $ = 3. To find f x , we fix y at 2: 

/(x,2)=a; 2 + 5(2 2 ) = a; 2 +20. 

Differentiating with respect to x gives 

f x (x,2) = 2x so / x (3,2) = 2(3) = 6. 

Similarly, f y (3,2) is the derivative of /(3, y) aty = 2. To find f y , we fix x at 3: 

/(3, y) = 3 2 +5y 2 = 9 + 5y 2 . 

Differentiating with respect to y, we have 

f y (3,y) = lOy so f y (3,2) = 10(2) = 20. 


Example 2 Let f(x, y) = x 2 -\- by 2 as in Example 1. Find f x and f y as functions of x and y. 

Solution To find f x , we treat y as a constant. Thus 5y 2 is a constant and the derivative with respect to x of 

this term is 0. We have 

fx{x, y) =2x -\-0 = 2x. 

To find f y , we treat x as a constant and so the derivative of x 2 with respect to y is zero. We have 
f y (x,y) = 0 + 10y = lOy. 


Example 3 Find both partial derivatives of each of the following functions: 

⑻ f(x, y) = 3x-\- e~ by (b) f(x,y)=x 2 y (c) f(u,v) = u 2 e 2v 
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Solution (a) To find f x , we treat y as a constant, so the term e~ 5y is a constant, and the derivative of this 

term is zero. Likewise, to find f y , we treat x as a constant. We have 

f x (x, y) = 3 + 0 = 3 and f y (x, y) = 0-\- (~b)e~ 5y = -5e _5y . 

(b) To find f x , we treat y as a constant, so the function is treated as a constant times x 2 . The 
derivative of a constant times x 2 is the constant times 2x, and so we have 

fx[x,y) = (2x)y = 2xy Similarly, f y (x,y) = (x 2 )(l) = x 2 . 

(c) To find f u , we treat v as a constant, and to find f v , we treat u as a constant. We have 

f u (u,v) = (2u)(e 2v ) = 2ue 2v and fv(u,v) = u 2 (2e 2v ) = 2u 2 e 2v . 


Example 4 


Solution 


The concentration C of bacteria in the blood (in millions of bacteria/ml) following the injection of 
an antibiotic is a function of the dose x (in gm) injected and the time t (in hours) since the injection. 
Suppose we are told that C = f(x,t) = te~ xt . Evaluate the following quantities and explain what 
each one means in practical terms: (a) / x (1,2) (b) /*(!, 2) 


(a) To find f x , we treat t as a constant and differentiate with respect to x, giving 

fx(x : t) = -t 2 e~ xt . 

Substituting x = l,t = 2 gives 

/ x (l ， 2) = -4e_ 2 «—0.54. 

To see what / x (l, 2) means, think about the function f(x, 2) of which it is the derivative. The 
graph of f(x, 2) in Figure 9.39 gives the concentration of bacteria as a function of the dose two 
hours after the injection. The derivative / x (l, 2) is the slope of this graph at the point x = 1; 
it is negative because a larger dose reduces the bacteria population. More precisely, the partial 
derivative /“l ， 2) gives the rate of change of bacteria concentration with respect to the dose 
injected, namely a decrease in bacteria concentration of 0.54 million/ml per gram of additional 
antibiotic injected. 

(b) To find ft, treat x as a constant and differentiate using the product rule: 

ft[x, t) = 1 • e~ xt — xte~ xt . 


Substituting x = l,t = 2 gives 

/t(l ， 2) = e_ 2 _ 2e_ 2 « -0.14. 

To see what /t(l, 2) means, think about the function /(l,t) of which it is the derivative. The 
graph of /(l, t) in Figure 9.40 gives the concentration of bacteria at time t if the dose of antibi¬ 
otic is 1 gm. The derivative /t(l, 2) is the slope of the graph at the point t = 2; it is negative 
because after 2 hours the concentration of bacteria is decreasing. More precisely, the partial 
derivative / t (l, 2) gives the rate at which the bacteria concentration is changing with respect to 
time, namely a decrease in bacteria concentration of 0.14 million/ml per hour. 



x(gm) 


C (million/ml) 


0.25 


2 3 


」 - L t (hours) 

4 5 



Figure 9.39: Bacteria concentration after 2 Figure 9.40: Bacteria concentration as a 

hours as a function of the quantity of function of time if 1 unit of antibiotic is 

antibiotic injected injected 
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Example 5 Let’s consider a small printing business where N is the number of workers, V is the value of the 

equipment (in units of $25,000), and P is the production, measured in thousands of pages per day. 
Suppose the production function for this company is given by 

p = /(AT,F) = 2N 06 V 0A . 

(a) If this company has a labor force of 100 workers and 200 units’ worth of equipment, what is the 
production output of the company? 

(b) Find /iv(100,200) and /^(100,200). Interpret your answers in terms of production. 

Solution (a) We have N = 100 and V = 200, so 

Production = 2(100) 0-6 (200)°* 4 = 263.9 thousand pages per day. 

(b) To find /jv, we treat V as a constant and differentiate with respect to N: 

f N {N,V) = 2(0.6 )N~ oa V oa . 

Substituting N = 100, V = 200 gives 

/jv(100, 200) = 1.2(100—o. 4 )(200 0 . 4 ) « 1.583 thousand pages/worker. 

This tells us that if we have 200 units of equipment and increase the number of workers by 1 
from 100 to 101, the production output will go up by about 1.58 units, or 1580 pages per day. 
Similarly, to find /y(100,200), we treat iV as a constant and differentiate with respect to 

f v (N,V) = 2{OA)N 0 - 6 V~ 0 - 6 . 

Substituting N = 100, V = 200 gives 

/y(100,200) = 0.8(100°' 6 )(200 -0 ' 6 ) « 0.53 thousand pages/unit of equipment. 

This tells us that if we have 100 workers and increase the value of the equipment by 1 unit 
($25,000) from 200 units to 201 units, the production goes up by about 0.53 units, or 530 pages 
per day. 


Second-Order Partial Derivatives 

Since the partial derivatives of a function are themselves functions, we can usually differentiate 
them, giving second-order partial derivatives. A function z = f(x, y) has two first-order partial 
derivatives, f x and f y , and four second-order partial derivatives. 


The Second-Order Partial Derivatives of z = f(x^ y) 

d 2 z 

d 2 z 

= f xx = (fx)x ， 

■^ = fy X = (fy) X , 

d^z 

d 2 z 

^=f xy =(f x ) y , 

0^2 = Jw = 


It is usual to omit the parentheses, writing f xy instead of (f x )y and ^ q instead of . 
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Example 6 Use the values of the function f(x,y) in Table 9.7 to estimate / X2/ (l, 2) and f yx (l,2). 

Table 9.7 Values off[x,y) 


Solution 


X 



0.9 

1.0 

1.1 

1.8 

4.72 

5.83 

7.06 

2.0 

6.48 

8.00 

9.60 

2.2 

8.62 

10.65 

12.88 


Since f xy = {f x ) y , we first estimate f x : 


Thus, 

Similarly, 

f yx (l,2) « 


/x (l,2.2)« /(l_l ， 2_t 删 = 1 謂 o _ 广观 =22 . 3 . 
/x ,(l,2)« 以 1 刘：九叫 ) = 22 - 3 ~ 16 -° =31.5. 


0.2 


0.2 


九 (1.1,2)- 八 (1,2) 〜丄 //(1.1 ? 2.2)-/(1.1,2) _ /(1 ， 2.2) — /(1,2) ' 

0A 0.1 V 02 02 y 

1 /12.88-9.60 10.65-8.00 、 

= oT I 02 oY 


= 31.5. 


Observe that in this example, f xy = f yx at the point (1,2). 


Example 7 Compute the four second-order partial derivatives of f(x, y) = xy 2 H- 3x 2 e y . 

Solution From f x (x, y) = y 2 ^xe y we get 

fxx(x，y) = ^(y 2 + 6xe v ) = 6e v and f xy (x,y) = ^(y 2 + 6xe v ) = 2y + 6xe v . 
From f y (x,y) = 2xy + 3x 2 e y we get 

fyx{x,y) = -^-(2xy-\-3x 2 e y ) = 2y-\-6xe y and f yy (x,y) = -^-(2xy-\-3x 2 e y ) = 2x-\-3x 2 e y . 
Observe that f xy = f yx in this example. 


The Mixed Partial Derivatives Are Equal 

It is not an accident that the estimates for / xy (l, 2) and f yx (l,2) are equal in Example 6, because 
the same values of the function are used to calculate each one. The fact that f xy = f yx in Example 7 
corroborates the following general result: 

If f xy and f yx are continuous at (a, b), then 

fxyip^b) = fyx (fly b ). 

Most of the functions we will encounter not only have f xy and f yx continuous, but all their 
higher-order partial derivatives (such as f xxy or f xyyy ) will be continuous. We call such functions 
smooth. 
























Problems for Section 9.4 
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Find the partial derivatives in Problems 1-13. The variables 
are restricted to a domain on which the function is defined. 

1. f x ^ndf y iff(x,y) = 2x 2 + 3y 2 

2. / x and / y if f(x,y) = 100x 2 y 

3. f x and f y if f(x, y) = x 2 -h 2xy + y 3 

4. z x ifz = x 2 y-\-2x 5 y 

5. f u and f v if f(u, v) = u 2 huv + v 2 

6. 塞 if z = x 2 e y 

7. ^ifQ = 5a 2 p-3ap 3 
op 

8. ft if f(t,a) = ba 2 t 3 

9. f x and f y if f(x,y) = 5x 2 y 3 + 8xy 2 — 3x 2 

10. f x and f y if f(x,y) = 10x 2 e 3y 

11. if P = 100e rt 
or 

12. if A =^{a + b)h 

14. + 3i/ 2 ,find /(I ， 2) ， /,(1,2), f y (l,2). 

15. If/(«,«) = 5iw 2 , find /(3,1), / u (3,1), and / v (3 ， l) 

16. (a) Let f(x, y) = x 2 + y 2 . Estimate f x (2,l) and 

f y (2,1) using the contour diagram for / in Fig¬ 
ure 9.41. 

(b) Estimate /a ； (2,1) and f y (2, 1) from a table of values 
for / with x = 1.9,2,2.1 and y = 0.9,1,1.1. 

(c) Compare your estimates in parts (a) and (b) with 
the exact values of /a ； (2,1) and / y (2,1) found al¬ 
gebraically. 


18. The cost of renting a car from a certain company is $40 
per day plus 15 cents per mile, and so we have 

C = 40d + 0.15m. 

Find dC/dd and dC/dm. Give units and explain why 
your answers make sense. 

19. A company’s production output, P, is given in tons, and 
is a function of the number of workers, N ， and the value 
of the equipment, V, in units of $25,000. The production 
function for the company is 

P = f(N,V) = 5N°- 75 V 0 - 26 . 


The company currently employs 80 workers, and has 
equipment worth $750,000. What are N and V? Find 
the values of /, /iv, and fv at these values of N and V. 
Give units and explain what each answer means in terms 


For Problems 20-31, calculate all four second-order partial 
derivatives and confirm that the mixed partials are equal. 


20. f(x, y) = x 2 y 

22. f(x, y) = xe y 

24. / = 5 + x 2 y 2 

26. Q = P2^0 

28. P = 2KL 2 

30. f(x, t) = t 3 — 4x 2 t 


21. f(x,y) =x 2 +2xy-\-y 2 

23. f(x,y) = y^0 

25. f = e xy 

27. V = vrr 2 h 

29. B = 5xe~ 2t 

31. f = 100e rt 


32. Is there a function / which has the following partial 
derivatives? If so what is it? Are there any others? 


y 



17. The amount of money, in a bank account earning 
interest at a continuous rate, r, depends on the amount 
deposited, $P, and the time, t, it has been in the bank, 
where 

B = Pe rt . 

Find dB/dt, dB/dr and dB/dP and interpret each in 
financial terms. 


fx(x,y) = Ax 3 y 2 - 3y 4 , 
fy(x,y) = 2x 4 y - 12xy 3 . 

33. Show that the Cobb-Douglas function 

Q = bK^L 1 - 01 where 0<a< 1 


satisfies the equation 




Problems 34-36 are about the money supply, M, which is the 
total value of all the cash and checking account balances in an 
economy. It is determined by the value of all the cash, B, the 
ratio, c, of cash to checking deposits, and the fraction, r, of 
checking account deposits that banks hold as cash: 

c + r 

(a) Find the partial derivative. 

(b) Give its sign. 

(c) Explain the significance of the sign in practical terms. 
34. dM/dB 35. dM/dr 36. dM/dc 
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9.5 CRITICAL POINTS AND OPTIMIZATION 

To optimize a function means to find the largest or smallest value of the function. If the function 
represents profit，we may want to find the conditions that maximize profit. On the other hand, if the 
function represents cost, we may want to find the conditions that minimize cost. In Chapter 4, we 
saw how to optimize a function of one variable by investigating critical points. In this section, we 
see how to extend the notions of critical points and local extrema to a function of more than one 
variable. 

Local and Global Maxima and Minima for Functions of Two Variables 

Functions of several variables, like functions of one variable, can have local and global extrema 
(that is, local and global maxima and minima). A function has a local extremum at a point where 
it takes on the largest or smallest value in a small region around the point. Global extrema are the 
largest or smallest value anywhere. For a function / defined on a domain R, we say: 


• f has a local maximum at Po if f(Po) > f(P) for all points P nearPo 

• f has a local minimum at Po if /(-Po) ^ /(P) for all points P near Pq 

• / has a global maximum at Po if /(Po) ^ /(P) for all points P in R 

• / has a global minimum at Pq if /(Pq) ^ /(P) for all points P in R 


Example 1 Table 9.8 gives a table of values for a function f(x, y). Estimate the location and value of any global 
maxima or minima for 0 < a: < 1 and 0 < y < 20. 

Table 9.8 Where are the extreme points of this function f(x, y)? 


x 



0 

0.2 

0.4 

0.6 

0.8 

1.0 

0 

80 

84 

82 

76 

71 

65 

5 

86 

90 

88 

73 

77 

71 

10 

91 

95 

93 

88 

82 

76 

15 

87 

91 

89 

84 

78 

72 

20 

82 

86 

84 

79 

73 

67 


Solution The global maximum value of the function appears to be 95 at the point (0.2,10). Since the table 
only gives certain values, we cannot be sure that this is exactly the maximum. (The function might 
have a larger value at, for example, (0.3,11).) The global minimum value of this function on the 
points given is 65 at the point (1,0). 


Example2 Figure 9.42 gives a contour diagram for a function /(x, y). Estimate the location and value of any 
local maxima or minima. Are any of these global maxima or minima on the square shown? 

















9.5 CRITICAL POINTS AND OPTIMIZATION 377 


y 



Figure 9.42: Where are the local and global extreme points of this function? 


Solution There is a local maximum of above 8 near the point (6,5)，a local maximum of above 6 near the 

point (2,6)，and a local minimum of below 3 near the point (3,2). The value above 8 is the global 
maximum and the value below 3 is the global minimum on the given domain. 


In Example 1 and Example 2, we can estimate the location and value of extreme points, but we 
do not have enough information to find them exactly. This is usually true when we are given a table 
of values or a contour diagram. To find local or global extrema exactly, we usually need to have a 
formula for the function. 

Finding a Local Maximum or Minimum Analytically 

In one-variable calculus, the local extrema of a function occur at points where the derivative is zero 
or undefined. How does this generalize to the case of functions of two or more variables? Suppose 
that a function f(x,y) has a local maximum at a point (XQ,yo) which is not on the boundary of the 
domain of /. If the partial derivative f x (XQ ， yo) were defined and positive, then we could increase 
/by increasing x. If f x {xo^yo) < 0, then we could increase / by decreasing x. Since / has a 
local maximum at (xo, yo )， there can be no direction in which / is increasing, so we must have 
f x (x 0 , yo) = 0. Similarly, if f y (x 0 , yo) is defined, then fy(x 0 , yo) = 0. The case in which f(x,y) 
has a local minimum is similar. Therefore, we arrive at the following conclusion: 


If a function f(x,y) has a local maximum or minimum at a point (xo, yo) not on the boundary 
of the domain of /, then either 

f x (x 0 ,yo) = 0 and f y (x 0 ,yo) = 0 

or (at least) one partial derivative is undefined at the point (xo, yo)- Points where each of the 
partial derivatives is either zero or undefined are called critical points. 


As in the single-variable case, the fact that (xo, yo) is a critical point for / does not necessarily 
mean that / has a maximum or a minimum there. 

How Do We Find Critical Points? 

To find critical points of a function f, we find the points where both partial derivatives of / are zero 
or undefined. 
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Example 3 Find and analyze the critical points of f(x, y) = x 2 — 2x y 2 — Ay 5. 

Solution To find the critical points, we set both partial derivatives equal to zero: 

fx{x,y) =2x-2 = 0, 

fy(x,y) =2y-4 ： = 0. 

Solving these equations gives x = 1 and y = 2. Hence, / has only one critical point, namely 
(1,2). What is the behavior of / near (1,2)? The values of the function in Table 9.9 suggest that the 
function has a local minimum value of 0 at the point (1,2). 

Table 9.9 Values off(x,y) near the point (1,2) 


x 



0.8 

0.9 

1.0 

1.1 

1.2 

1.8 

0.08 

0.05 

0.04 

0.05 

0.08 

1.9 

0.05 

0.02 

0.01 

0.02 

0.05 

2.0 

0.04 

0.01 

0.00 

0.01 

0.04 

2.1 

0.05 

0.02 

0.01 

0.02 

0.05 

2.2 

0.08 

0.05 

0.04 

0.05 

0.08 


Example 4 A manufacturing company produces two products which are sold in two separate markets. The com¬ 
pany^ economists analyze the two markets and determine that the quantities, q\ and q2, demanded 
by consumers and the prices, pi and p2 (in dollars), of each item are related by the equations 

Pi = 600 — 0.3gi and p 2 = 500 — 0.2q 2 . 

Thus, if the price for either item increases, the demand for it decreases. The company’s total pro¬ 
duction cost is given by 

C = 16 + 1.2^1 + 1.5^2 0.2^i^2. 

If the company wants to maximize its total profits, how much of each product should it produce? 
What is the maximum profit? 8 

Solution The total revenue R is the sum of the revenues, piqi and P2q2, from each market. Substituting for 
Pi and p 2 , we get 

R = Piqi -\-p2q2 

= (600 — 0.3gi)^i + (500 - 0 . 2 q 2 )q 2 
= 600^1 — 0.3^2 500^2 — 0.2^2 • 

Thus the total profit 丌 is given by 

tt = R-C 

= 600^i — 0.3^ 500^2 — 0.2^2 _ (16 + 1.2 奶 + 1.5^2 H - ^• c ^QiQ2) 

= — 16 + 598.8^1 — 0.3^^ + 498.5^2 — 0.2^2 — 0.2^i Q2- 
To maximize 7r, we compute partial derivatives: 

—— = 598.8 — 0.6^1 — 0.2^2 ? 

—— = 498.5 — 0.4^2 — 0.2^i. 

8 Adapted from M. Rosser, Basic Mathematics for Economists, p. 316 (New York: Routledge, 1993). 
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Since the partial derivatives are defined everywhere, the only critical points of 丌 are those where the 
partial derivatives of 7r are both equal to zero. Thus, we solve the equations for qi and q 2 , 

598.8 — 0.6^1 — 0.2^2 = 0, 

498.5 _ 0.4^2 _ 0.2^i = 0, 

giving 

qi = 699.1 « 699 and g 2 = 896.7 « 897. 

To see whether this is a maximum, we look at a table of values of profit 丌 around this point. Ta¬ 
ble 9.10 suggests that profit is greatest at (699,897). So the company should produce 699 units of 
the first product priced at $390.30 per unit, and 897 units of the second product priced at $320.60 
per unit. The maximum profit is then 7r(699,897) = $432,797. 

Table 9.10 Does this profit function have a maximum at (699,897)? 


Quantity, q\ 



698 

699 

700 

896 

432,796.4 

432,796.9 

432,796.8 

897 

432,796.7 

432,797.0 

432,796.7 

898 

432,796.6 

432,796.7 

432,796.2 



Is a Critical Point a Local Maximum or a Local Minimum? 

We can often see whether a critical point is a local maximum or minimum or neither by looking 
at a table or contour diagram. The following analytic method may also be useful in distinguishing 
between local maxima and minima. 9 It is analogous to the Second Derivative Test in Chapter 4. 

Second Derivative Test for Functions of Two Variables 

Suppose (x 0 , y 0 ) is a critical point where f x (x 0 , yo) = f y (xo, Vo) = 0. Let 

D = fxx{^0 ： Vo)fyy{ x 0^yo) ~ fxy{p^Q ， yo). 

• If _D > 0 and fxxi^o^ Vo) > 0» then f has a local minimum at (xo, yo)- 

• If D > 0 and f xx {xo, yo) < 0, then f has a local maximum at (xo,yo)- 

• If _D < 0, then / has neither a local maximum or minimum at (xo, yo)- 

• If D = 0, the test is inconclusive. 


Example 5 

Solution 


Use the second derivative test to confirm that the critical point 奶 = 699.1, = 896.7 gives a local 

maximum of the profit function tt of Example 4. 

To see whether or not we have found a maximum point, we compute the second-order partial deriva¬ 
tives: 

w 2 = ~ 0A, ^k = ~ 0 - 2 - 

Since 

D= = M. 6 )(- Q . 4 ) - (-0.2) 2 = 0.2>0, 

the second derivative test implies that we have found a local maximum point. 


9 An explanation of this test can be found, for example, in Multivariable Calculus by W. McCallum et al. (New York: 
John Wiley, 1997). 
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Problems for Section 9.5 


1. Figure 9.43 shows contours of f(x,y). List x- and y- 
coordinates and the value of the function at any local 
maximum and local minimum points, and identify which 
is which. Are any of these local extrema also global ex¬ 
trema on the region shown? If so, which ones? 



Figure 9.43 

2. Figure 9.44 shows contours of f(x,y). List the x- and 
^/-coordinates and the value of the function at any local 
maximum and local minimum points, and identify which 
is which. Are any of these local extrema also global ex¬ 
trema on the region shown? If so, which ones? 


4. y 






In Problems 6-15, find all the critical points and determine 
whether each is a local maximum, local minimum, or neither. 


y 



Figure 9.44 

In Problems 3-5, estimate the position and approximate value 
of the global maxima and minima on the region shown. 


6. f(x, y) = x 2 -\-Ax + y 2 

7. f(x, y)=x 2 -\-xy-\- 3y 

8 - f(x ， y) = x 2 y 2 dx — lOy -h 8 

9. f(x, y) = y 3 - 3xy + 6x 

10. f(x, y) = x 2 - 2xy + 3y 2 - 8y 

11. f(x, y) = x 3 -3x-\-y 3 - 3y 

12. f(x, y) = X s -\-y 2 - 3x 2 + lOy + 6 

13. f(x ， y) = x 3 y 3 — 6y 2 — 3x 9 

14. f(x, y) = X s y 3 - 3x 2 一 3y + 10 

15. f(x,y)=m-3x 2 - + 2xy - by 2 + 48? / 

16. By looking at the weather map in Figure 9.5 on page 354, 
find the maximum and minimum daily high temperatures 
in the states of Mississippi, Alabama, Pennsylvania, New 
York, California, Arizona, and Massachusetts. 

17. For f(x, y) = A — (x 2 4 - Bx + t/ 2 + Cy )，what values 
of A, B, and C give / a local maximum value of 15 at 
the point (—2,1)? 



7 


18. A missile has a guidance device which is sensitive to both 
temperature, t°C, and humidity, h. The range in km over 
which the missile can be controlled is given by 

Range = 27,800 - 5t 2 - 6ht- 3h 2 + 400t + 300/i. 

What are the optimal atmospheric conditions for control¬ 
ling the missile? 
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19. The quantity of a product demanded by consumers is a 
function of its price. The quantity of one product de¬ 
manded may also depend on the price of other products. 
For example, the demand for tea is affected by the price 
of coffee; the demand for cars is affected by the price of 
gas. The quantities demanded, qi and 奶 ， of two products 
depend on their prices, pi and p 2 , as follows: 

qi = 150 - 2px - p 2 

q2 = 200 — pi — 3p2- 

(a) What does the fact that the coefficients of pi and p2 
are negative tell you? Give an example of two prod¬ 
ucts that might be related this way. 

(b) If one manufacturer sells both products, how should 
the prices be set to generate the maximum possible 
revenue? What is that maximum possible revenue? 

20. Two products are manufactured in quantities q\ and 
and sold at prices of pi and p 2 , respectively. The cost of 

9.6 CONSTRAINED OPTIMIZATION 


producing them is given by 

C = 2qf + 2ql + 10. 

(a) Find the maximum profit that can be made, assum¬ 
ing the prices are fixed. 

(b) Find the rate of change of that maximum profit as pi 
increases. 

21. A company operates two plants which manufacture the 
same item and whose total cost functions are 

Cl = 8.5 + 0.03gf and C 2 = 5.2 + 0.04g| : 

where qi and 取 are the quantities produced by each 
plant. The company is a monopoly. The total quantity de¬ 
manded, q = qi -q 2 , is related to the price, p, by 

p = 60 - 0.04g. 

How much should each plant produce in order to maxi¬ 
mize the company’s profit? 10 


Many real optimization problems are constrained by external circumstances. For example, a city 
wanting to build a public transportation system has a limited number of tax dollars available. A 
nation trying to maintain its balance of trade must spend less on imports than it earns on exports. In 
this section, we see how to find an optimum value under such constraints. 


A Constrained Optimization Problem 

Suppose we want to maximize the production of a company under a budget constraint. Suppose 
production, /, is a function of two variables, x and y, which are quantities of two raw materials, and 

f{x,y) = x 2/3 y 1/3 . 

If x and y are purchased at prices of pi and P 2 dollars per unit, what is the maximum production / 
that can be obtained with a budget of c dollars? 

To increase / without regard to the budget, we simply increase x and y. However, the budget 
prevents us from increasing x and y beyond a certain point. Exactly how does the budget constrain 
us? Suppose that x and y each cost $100 per unit, and suppose that the total budget is $378,000. 
The amount spent on x and y together is given by g(x,y) = lOOx + lOOy, and since we can’t spend 
more than the budget allows, we must have: 

g{x,y) = 100a: + lOOy < 378,000. 

The goal is to maximize the function 

f{x,y) = x 2/3 y 1/3 . 

Since we expect to exhaust the budget, we have 

100x + lOOy = 378,000. 

10 Adapted from M. Rosser, Basic Mathematics for Economists, p. 318 (New York: Routledge, 1993). 
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Example 1 A company has production function f(x,y) = x 2 ^ 3 y 1 ^ 3 and budget constraint 
lOOx + lOOy = 378,000. 

(a) If $100,000 is spent on x, how much can be spent on yl What is the production in this case? 

(b) If $200,000 is spent on x, how much can be spent on yl What is the production in this case? 

(c) Which of the two options above is the better choice for the company? Do you think this is the 
best of all possible options? 


Solution (a) If the company spends $100,000 on x, then it has $278,000 left to spend on y. In this case, we 
have lOOx = 100,000, sox = 1000, and 100 沒 = 278,000, soy = 2780. Therefore, 

Production = /(1000,2780) = (1000) 2 / 3 (2780) 1//3 = 1406 units. 

(b) If the company spends $200,000 on x, then it has $178,000 left to spend on y. Therefore, 
x = 2000 and y = 1780, and so 

Production = /(2000,1780) = (2000) 2/3 (1780) 1/3 = 1924 units. 

(c) Of these two options, (b) is better since production is larger in this case. This is probably not 
optimal, since there are many other combinations of x and y that we have not checked. 


Graphical Approach: Maximizing Production Subject to a Budget Constraint 

How can we find the maximum value of production? We maximize the objective function 
f{x,y) = x 2/s y 1/s 

subject to a; > 0 and y >0 and the budget constraint 

g(x,y) = 100a; + 100y = 378,000. 

The constraint is represented by the line in Figure 9.45. Any point on or below the line represents 
a pair of values of x and y that we can afford. A point on the line completely exhausts the budget, 
while a point below the line represents values of x and y which can be bought without using up the 
budget. Any point above the line represents a pair of values that we cannot afford. 

Figure 9.45 also shows some contours of the production function /. Since we want to maximize 
/, we want to find the point which lies on the contour with the largest possible / value and which 
lies within the budget. The point we are looking for must lie on the budget constraint because we 
should spend all the available money. The key observation is this: The maximum occurs at a point 
P where the budget constraint is tangent to a production contour. (See Figure 9.45.) The reason is 

y 



production contour 
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that if we are on the constraint line to the left of P, moving right on the constraint increases /; if 
we are on the line to the right of P, moving left increases /. Thus, the maximum value of / on the 
budget constraint line occurs at the point P. 

In general, provided / and g are smooth, we have the following result: 


If f(x, y) has a global maximum or minimum on the constraint g(x, y) = c, it occurs at a 
point where the graph of the constraint is tangent to a contour of /, or at an endpoint of the 
constraint. 11 


Analytical Approach: The Method of Lagrange Multipliers 

Suppose we want to optimize f(x, y) subject to the constraint g(x,y) = c. We make the following 
definition. 


Suppose Pq is a point satisfying the constraint g(x, y) = c. 

• / has a local maximum at Po subject to the constraint if /(Pq) ^ /(-P) for all points 
P near Pq satisfying the constraint. 

• f has a global maximum at Po subject to the constraint if /(Po) ^ f(P) for all points 
P satisfying the constraint. 

Local and global minima are defined similarly. 


It can be shown 12 that the constraint is tangent to a contour of / at the point which satisfies the 
equations laid out in the following method. 


Method of Lagrange Multipliers To optimize f(x,y) subject to the constraint g(x, y) = c, 
solve the following system of three equations: 

fx[x,y) = Xg x (x,y), 
fv(x,y) =Xg y (x,y), 
g(x, y) =c, 

for the three unknowns x,y, and A; the number A is called the Lagrange multiplier. If / has 
a constrained global maximum or minimum, then it occurs at one of the solutions (xo, yo) to 
this system or at an endpoint of the constraint. 


Example 2 Maximize f(x,y) = x 2 ^y 1 ^ subject to lOOx + 100? / = 378,000 and ^ > 0, y > 0. 

Solution Differentiating gives 

/x(a ；， y)= 暑 33_ 1/3 2/ 1/3 and f v (x,y) = ^ 2/3 y- 2/3 

11 If the constraint has endpoints. 

12 See W. McCallum, et al., Multivariable Calculus (New York: John Wiley, 2009). 
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and 

g x (x,y) = 100 and g y (x,y) = 100, 

leading to the equations 

誉 ar 1 / 3 "" 3 = A(ioo) 

^x 2/3 y~ 2/a = A(100) 

100a; + lOOy = 378,000. 

The first two equations show that we must have 

暑 ar 1 ， 3 " 1 / 3 = lx 2 / 3 y~ 2 / 3 . 

Using the fact that x-V 3 = l/x 1 ^ 3 , we can rewrite this as 
2y l/3 — x 2/3 

3a; 1 / 3 3y 2 , 3 • 

Multiplying through by the denominators gives 

2y 1/s (3y 2 / s ) = 

and simplifying using y 1 〆 3 • y 2 / 3 = y 1 gives 

6y = 3x 
2y = x. 

Since we must also satisfy the constraint 100$ + lOOy = 378,000, we substitute x = 2y and get 

100(22/) + I00y = 378,000 
300y = 378,000 
y= 1260. 

Since x = 2y, we have x = 2520. The optimum value occurs 3.tx = 2520 and y = 1260. For these 
values, 

/(2520,1260) = (2520) 2/3 (1260) 1/3 w 2000.1. 

The endpoints of the constraint are the points (3780,0) and (0,3780). Since 
/(3780,0) = /(0,3780) = 0, 

we see that the maximum value of / is approximately 2000 and that it occurs at x = 2520 and 
y = 1260. 


The Meaning of 入 

In the previous example, we never found (or needed) the value of A. However ， 入 does have a practical 
interpretation. In the production problem we maximized 

f(x,y)= x 2/3 y 1/3 

subject to the constraint 

g(x,y) = lOOx + lOOy = 378,000. 



We solved the equations 
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Example 3 


Solution 


= 氧 

13,2/3^2/3 = 臟， 
100x + lOOy = 378,000, 

to get x = 2520, 2 / = 1260. Continuing to find A gives us 
A « 0.0053. 


Suppose now we do another, apparently unrelated calculation. Suppose our budget is increased by 
$1000, from $378,000 to $379,000. The new budget constraint is 

100x + lOOy = 379,000. 

The corresponding solution is at x = 2527, y = 1263 and the new maximum value (instead of 
/ = 2000.1) is 

/= (2527) 2/3 (1263) 1/3 w 2005.4. 

The additional $1000 in the budget increased the production level / by 5.3 units. Notice that pro¬ 
duction increased by 5.3/1000 = 0.0053 units per dollar, which is our value of 入 . The value of A 
represents the extra production achieved by increasing the budget by one dollar — in other words, 
the extra “bang” you get for an extra “buck” of budget. 

Solving for A in either of the equations f x = Xg x or f y = Xg y suggests that the Lagrange 
multiplier is given by the ratio of the changes: 


A « 


A/ 
A^ = 


Change in optimum value of / 

Change in g 

These results suggest the following interpretations of the Lagrange multiplier A: 


• The value of A is approximately the change in the optimum value of / when the value of 
the constraint is increased by 1 unit. 

• The value of A represents the rate of change of the optimum value of / as the constraint 
increases. 


The quantity of goods produced according to the function f(x,y) = x 2 〆 3 〆/ 3 is maximized subject 
to the budget constraint 100$ + lOOy = 378,000. Suppose the budget is increased to allow a small 
increase in production. What price must the product sell for if it is to be worth the increased budget? 

We know that A = 0.0053. Therefore, increasing the budget by $1 increases production by about 
0.0053 unit. In order to make the increase in budget profitable, the extra goods produced must 
sell for more than $1. If the price is p in dollars, we must have 0.0053p > 1. Thus, we need 
p> 1/0.0053 « $189. 


Example 4 If X and y are the amounts of raw materials used, the quantity, Q, of a product manufactured is 

Q = xy. 

Assume that x costs $20 per unit, y costs $10 per unit, and the production budget is $10,000. 

(a) How many units of x and y should be purchased in order to maximize production? How many 
units are produced at that point? 

(b) Find the value of 入 and interpret it. 
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Solution (a) We maximize f(x, y) = xy subject to the constraint g(x, y) = 20x + 10y = 10,000 and x > 0, 
y >0. We have the following partial derivatives: 

fx = y ， fy = 怎， and g x = 20, g y = 10. 

The method of Lagrange multipliers gives the following equations: 

y = 20A 
x = 10 入 

20$ + 10y = 10,000. 

Substituting values of x and y from the first two equations into the third gives 
20(10A) + 10(20A) = 10,000 
400A = 10,000 
A = 25. 

Substituting A = 25 in the first two equations above gives x = 250 and y = 500. 

The endpoints of the constraint are the point (500,0) and (0,1000). Since 

/(500,0) = 0 and /(0, 1000) = 0, 
the maximum value of the production function is 

/(250,500) = 250 - 500 = 125,000 units. 

The company should purchase 250 units of x and 500 units of y, giving 125,000 units of prod¬ 
ucts. 

(b) We have 入 = 25. This tells us that if the budget is increased by $1, we expect production to go 
up by about 25 units. If the budget goes up by $1000, maximum production will increase about 
25,000 to a total of roughly 150,000 units. 


The Lagrangian Function 


Constrained optimization problems are frequently solved using a Lagrangian function, C. For ex¬ 
ample, to optimize the function f(x,y) subject to the constraint g(x, y) = c, we use the Lagrangian 
function 

C{x,y,\) = f{x,y) - \{g{x,y) -c). 

To see why the function C is useful, compute the partial derivatives of C\ 
dC = df_ _,dg_ 
dx dx dx’ 

dC _ df dg 

dy dy dy’ 

盖 =-( 咖 y)-c). 

Notice that if (xo, yo) gives a maximum or minimum value of f(x, y) subject to the constraint 
g(x, y) = c and Aq is the corresponding Lagrange multiplier, then at the point (xq, yo, Aq), we have 


= 0 and 


= 0 and 


= 0. 


In other words, (xo,yo, Ao) is a critical point for the unconstrained problem of optimization of the 
Lagrangian, jC(x,y,A). 

We can therefore attack constrained optimization problems in two steps. First, write down the 
Lagrangian function C. Second, find the critical points of C. 



Problems for Section 9.6 
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In Problems 1-10, use Lagrange multipliers to find the maxi¬ 
mum or minimum values of f(x, y) subject to the constraint. 

1. f(x, y) = x 2 4xy ， x -\-y = 100 

2. f(x ， y) = xy, 5x-\-2y = 100 

3. f(x ， y) = x 2 3y 2 + 100, Sx -{-6y = 88 

4. f(x ， y) = 5xy, x + Sy = 24 

5. f(x,y) =x-\-y, x 2 -^y 2 = 1 

6. f(x ， y) = x 2 -\r y 2 , 4x — 2y = 15 

7. f(x,y) = 3x-2y, x 2 +2y 2 =U 

8. f(x ， y) =x 2 -\-y, x 2 -y 2 = 1 

9. f(x,y)=xy t 4x 2 + y 2 = 8 

10. f{x, y)=x 2 -\- y 2 , : r 4 + y 4 = 2 

11. Figure 9.46 shows contours of /(x, y) and the constraint 
g(x,y) = c. Approximately what values of x and y max¬ 
imize f(x,y) subject to the constraint? What is the ap¬ 
proximate value of / at this maximum? 



13. The quantity, Q, of a good produced depends on the 
quantities x\ and X 2 of two raw materials used: 

Q = Xi' 6 X2 A - 

A unit of xi costs $127, and a unit of X 2 costs $92. We 
want to minimize the cost, C, of producing 500 units of 
the good. 


y 



(a) What is the objective function? 

(b) What is the constraint? 


14. The quantity, Q，of a certain product manufactured de¬ 
pends on the quantity of labor, L, and of capital, K, used 
according to the function 

Q = 900L 1/2 K 2/3 . 

Labor costs $100 per unit and capital costs $200 per unit. 
What combination of labor and capital should be used 
to produce 36,000 units of the goods at minimum cost? 
What is that minimum cost? 

15. The Cobb-Douglas production function for a product is 

P~5L°- 8 K 0 - 2 , 


12. Figure 9.47 shows contours labeled with values of 
f(x ， y) and a constraint g(x,y) = c. Mark the approxi¬ 
mate points at which: 

(a) f has a maximum 

(b) / has a maximum on the constraint g = c. 


where P is the quantity produced, L is the size of the la¬ 
bor force, and K is the amount of total equipment. Each 
unit of labor costs $300, each unit of equipment costs 
$100, and the total budget is $15,000. 

(a) Make a table of L and K values which exhaust the 
budget. Find the production level, P, for each. 

(b) Use the method of Lagrange multipliers to find the 
optimal way to spend the budget. 
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16. A firm manufactures a commodity at two different fac¬ 
tories. The total cost of manufacturing depends on the 
quantities, qi and 的 ， supplied by each factory, and is ex¬ 
pressed by the joint cost function, 

C = f(qi, q 2 ) = 2ql + qiq 2 + ^2 + 500. 

The company’s objective is to produce 200 units, while 
minimizing production costs. How many units should be 
supplied by each factory? 

17. The quantity, Q, of a product manufactured by a com¬ 
pany is given by 

Q = aK 06 L 0A , 

where a is a positive constant, K is the quantity of cap¬ 
ital and L is the quantity of labor used. Capital costs are 
$20 per unit, labor costs are $10 per unit, and the com¬ 
pany wants costs for capital and labor combined to be no 
higher than $150. Suppose you are asked to consult for 
the company, and learn that 5 units each of capital and 
labor are being used. 

(a) What do you advise? Should the company use more 
or less labor? More or less capital? If so, by how 
much? 

(b) Write a one-sentence summary that could be used to 
sell your advice to the board of directors. 

18. For a cost function, f(x,y), the minimum cost for a 
production of 50 is given by /(33,87) = 1200, with 
入 =15. Estimate the cost if the production quota is: 

(a) Raised to 51 (b) Lowered to 49 

19. A company has the production function P(x,y), which 
gives the number of units that can be produced for given 
values of x and y; the cost function C(x, y) gives the cost 
of production for given values of x and y. 

(a) If the company wishes to maximize production at a 
cost of $50,000, what is the objective function /? 
What is the constraint equation? What is the mean- 
ing of 入 in this situation? 

(b) If instead the company wishes to minimize the costs 
at a fixed production level of 2000 units, what is the 
objective function /? What is the constraint equa¬ 
tion? What is the meaning of A in this situation? 

20. You have set aside 20 hours to work on two class projects. 
You want to maximize your grade (measured in points), 
which depends on how you divide your time between the 
two projects. 

(a) What is the objective function for this optimization 
problem and what are its units? 

(b) What is the constraint? 

(c) Suppose you solve the problem by the method of La¬ 
grange multipliers. What are the units for 入？ 

(d) What is the practical meaning of the statement 
入 = 5? 


21. A steel manufacturer can produce P(K, L) tons of steel 
using K units of capital and L units of labor, with 
production costs C(K, L) dollars. With a budget of 
$600,000, the maximum production is 2,500,000 tons, 
using $400,000 of capital and $200,000 of labor. The 
Lagrange multiplier is A = 3.17. 

(a) What is the objective function? 

(b) What is the constraint? 

(c) What are the units for A? 

(d) What is the practical meaning of the statement A = 
3.17? 

22. The quantity, q, of a product manufactured depends on 
the number of workers, W, and the amount of capital in¬ 
vested, K, and is given by the Cobb-Douglas function 

q = 6W 3/4 X 1/4 


In addition, labor costs are $10 per worker and capital 
costs are $20 per unit and the budget is $3000. 

(a) What are the optimum number of workers and the 
optimum number of units of capital? 

(b) Recompute the optimum values of W and K when 
the budget is increased by $1. Check that increasing 
the budget by $1 allows the production of 入 extra 
units of the product, where 入 is the Lagrange multi- 



23. The terminal velocity (meters/second) that a two-stage 
rocket achieves is a function of the amount of fuel xi 
and X 2 (measured in liters) loaded into the two stages. 
You wish to minimize the total quantity of fuel required 
to achieve a specified terminal velocity, vo. 

(a) What is the objective function and what are its units? 

(b) What is the constraint? 

(c) Suppose you solve the problem by the method of La¬ 
grange multipliers. What are the units for A? 

(d) What is the practical meaning of the statement 

A = 8 when the terminal velocity of the rocket is 
50 meters/second? 

24. Each person tries to balance his or her time between 
leisure and work. The tradeoff is that as you work less 
your income falls. Therefore each person has indifference 
curves which connect the number of hours of leisure, l, 
and income, s. If, for example, you are indifferent be¬ 
tween 0 hours of leisure and an income of $1125 a week 
on the one hand, and 10 hours of leisure and an income 
of $750 a week on the other hand, then the points l = 0, 
s = 1125, and ^ = 10, 5 = 750 both lie on the same 
indifference curve. Table 9.11 gives information on three 
indifference curves, I, II, and III. 


Table 9.11 
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Weekly income Weekly leisure hours 


n m 


1125 

750 

500 

375 

250 


1250 

875 

625 

500 

375 


1375 

1000 

750 

625 

500 


40 

50 

60 

70 

90 


(a) Graph the three indifference curves. 

(b) You have 100 hours a week available for work and 
leisure combined, and you earn $ 10/hour. Write an 
equation in terms of Z and s which represents this 
constraint. 

CHAPTER SUMMARY 

• Functions of two variables 

Represented by: tables, graphs, formulas, cross-sections 
(one variable fixed), contours (function value fixed). 

• Partial derivatives 

Definition as a difference quotient, interpreting using 
units, estimating from a contour diagram or a table, com¬ 
puting from a formula, second-order partial derivatives. 

REVIEW PROBLEMS FOR CHAPTER NINE 

1. Use Table 9.12. Is / an increasing or decreasing function 
of xl Is / an increasing or decreasing function of yl 


(c) On the same axes, graph this constraint. 

(d) Estimate from the graph what combination of leisure 
hours and income you would choose under these 
circumstances. Give the corresponding number of 
hours per week you would work. 

25. If xi and X 2 are the number of items of two goods 
bought, a customer’s utility is 

U(xijX2) = 2xiX2 + Sxi. 

The unit cost is $1 for the first good and $3 for the 
second. Use Lagrange multipliers to find the maximum 
value of U if the consumer’s disposable income is $100. 
Estimate the new optimal utility if the consumer’s dis¬ 
posable income increases by $6. 


• Optimization 

Critical points, local and global maxima and minima. 

• Constrained optimization 

Geometric interpretation of Lagrange multiplier method, 
solving Lagrange multiplier problems algebraically, in- 
terpreting 入 ， Lagrangian function. 


plot in the region —2 < x < 2 and —2 < y < 2. In each 
case, what is the equation and the shape of the contour lines? 


Table 9.12 Values of a function f(x,y) 


3. z = 3x-by-\-l 4 . z = 2x 2 + y 2 


u 



2. The balance, B, in dollars, in a bank account depends 
on the amount deposited, A dollars, the annual interest 
rate, r%, and the time, t, in months since the deposit, so 
B = /(A, r,t). 

(a) Is / an increasing or decreasing function of A1 Of 
r? Oft? 

(b) Interpret the statement /(1250,1,25) w 1276. Give 
units. 

For each of the functions in Problems 3-4, make a contour 


5. Table 9.13 shows the wind-chill factor as a function of 
wind speed and temperature. Draw a possible contour di¬ 
agram for this function. Include contours at wind chills 
of 20°, 0°, and —20°. 


6. The temperature adjusted for wind-chill is a temperature 
which tells you how cold it feels, as a result of the com¬ 
bination of wind and temperature. 13 See Table 9.13. 

(a) If the temperature is 0°F and the wind speed is 15 
mph, how cold does it feel? 

(b) If the temperature is 35° F, what wind speed makes 
it feel like 24°F? 

(c) If the temperature is 25° F, what wind speed makes 
it feel like 12°F? 

(d) If the wind is blowing at 20 mph, what temperature 
feels like 0°F? 


13 Data from www.nws.noaa.gov/om/windchill, accessed on May 22, 2009. 
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7. Using Table 9.13, make tables of the temperature ad¬ 
justed for wind-chill as a function of wind speed for tem¬ 
peratures of 20° F and 0°F. 

8. Using Table 9.13, make tables of the temperature ad¬ 
justed for wind-chill as a function of temperature for 
wind speeds of 5 mph and 20 mph. 

9. Figure 9.48 is a contour diagram for the sales of a prod¬ 
uct as a function of the price of the product and the 
amount spent on advertising. Which axis corresponds to 
the amount spent on advertising? Explain. 


Q = 4000 Q = 3000 



Figure 9.49 


11. Figure 9.50 shows the contours of the temperature H in 
a room near a recently opened window. Label the three 
contours with reasonable values of H if the house is in 
the following locations. 

(a) Minnesota in winter (where winters are harsh). 

(b) San Francisco in winter (where winters are mild). 

(c) Houston in summer (where summers are hot). 

(d) Oregon in summer (where summers are mild). 



10. Each of the contour diagrams in Figure 9.49 shows pop¬ 
ulation density in a certain region. Choose the contour 
diagram that best corresponds to each of the following 
situations. Many different matchings are possible. Pick 
any reasonable one and justify your choice. 

(a) The center of the diagram is a city. 

(b) The center of the diagram is a lake. 

(c) The center of the diagram is a power plant. 


12. Figure 9.51 is a contour diagram of the monthly payment 
on a 5-year car loan as a function of the interest rate and 
the amount you borrow. The interest rate is 8% and you 
borrow $6000 for a used car. 

(a) What is your monthly payment? 

(b) If interest rates drop to 6%, how much more can you 
borrow without increasing your monthly payment? 

(c) Make a table of how much you can borrow, without 
increasing your monthly payment, as a function of 
the interest rate. 
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interest 

rate(%) 


Figure 9.51 


14. Figure 9.53 gives contour diagrams for different Cobb- 
Douglas production functions F[L, K). Match each con¬ 
tour diagram with the correct statement. 

(A) Tripling each input triples output. 

(B) Quadrupling each input doubles output. 

(C) Doubling each input almost triples output. 


F = 1.5 


13. Match tables (a)-(d) with the contour diagrams (I)-(IV) 
in Figure 9.52. 



Figure 9.53 


15. Figure 9.54 is a contour diagram for 之 = f(x, y). Is f x 
positive or negative? Is f y positive or negative? Estimate 
/(2, l),/x(2, l),and/ y (2,1). 


-10 0 -10 1 




16. You borrow $A at an interest rate of r% (per month) and 
pay it off over t months by making monthly payments of 
P = g(A,Vj t) dollars. In financial terms, what do the 
following statements tell you? 


(a) ^(8000,1,24) = 376.59 


W ||| = 0 . 047 

1(8000,1,24) 


(c) 



= 44.83 
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For Problems 17-19, refer to Table 9.13 on page 390 giving 
the temperature adjusted for wind-chill, C, in °F, as a function 
f(w, T) of the wind speed, w, in mph, and the temperature, 
T, in °F. The temperature adjusted for wind-chill tells you 
how cold it feels, as a result of the combination of wind and 
temperature. 

17. Estimate /u ； (10,25). What does your answer mean in 
practical terms? 

18. Estimate /t(5, 20). What does your answer mean in 
practical terms? 

19. From Table 9.13 you can see that when the temperature 
is 20° F, the temperature adjusted for wind-chill drops by 
an average of about 0.8°F with every 1 mph increase in 
wind speed from 5 mph to 10 mph. Which partial deriva¬ 
tive is this telling you about? 

20. Suppose that x is the price of one brand of gasoline and 
y is the price of a competing brand. Then qi, the quan¬ 
tity of the first brand sold in a fixed time period, depends 
on both x and y, so qi = f(x, y). Similarly, if q 2 is the 
quantity of the second brand sold during the same pe¬ 
riod, q 2 = g(x,y). What do you expect the signs of the 
following quantities to be? Explain. 

(a) dqi/dx and dq^ldy 

(b) dqi/dy and dq 2 /dx 

21. Suppose that x is the average price of a new car and that 
2 /is the average price of a gallon of gasoline. Then qi t the 
number of new cars bought in a year, depends on both x 
and y, so qi = f(x, y). Similarly, if is the quantity of 
gas bought in a year, then q 2 = g(x,y). 

(a) What do you expect the signs of dqi / dx and 
dq 2 /dy to be? Explain. 

(b) What do you expect the signs of dqi / dy and 
dq 2 /dx to be? Explain. 

22. Figure 9.55 shows the density of the fox population P (in 
foxes per square kilometer) for southern England. Draw 
two different graphs of the fox population as a function 
of kilometers north, with kilometers east fixed at two dif¬ 
ferent values, and draw two different graphs of the fox 
population as a function of kilometers east, with kilome¬ 
ters north fixed at two different values. 


23. Figure 9.55 gives a contour diagram for the number n 
of foxes per square kilometer in southwestern England. 
Estimate dn/dx and dn/dy at the points A, B ，and C, 
where x is kilometers east and y is kilometers north. 

Find the partial derivatives in Problems 24-29. The variables 
are restricted to a domain on which the function is defined. 

24. f x and f y if f(x, y) = x 2 xy + y 2 

25. P a and P 6 if P = a 2 -2a6 2 

26. and ifQ = 50pip2 - pi 

27. ^md^iff = 5xe~ 2t 
dx dt 

28. and if F » IQK 0 7 L o z 

29. f x and f y if f(x, y) = yjx 2 -\-y 2 

30. A manufacturing company produces two items in quan¬ 
tities qi and q 2 , respectively. Total production costs are 
given by 

Cost = f(qi,q 2 ) = 16 + l.2qi 4 - 1.5^2 + 0.2qiq2. 

Find/(500,1000), f qi (500,1000), and/ Q2 (500,1000). 
Give units with your answers and interpret each of your 
answers in terms of production cost. 

31. The Cobb-Douglas production function for a product is 
given by 

Q = 25K°- 76 L 0 - 25 , 

where Q is the quantity produced for a capital investment 
of K dollars and a labor investment of L. 

(a) Find Qk and Ql. 

(b) Find the values of Q, Qk and Ql given that K = 
60 and L = 100. 

(c) Interpret each of the values you found in part (b) in 
terms of production. 

32. Figure 9.56 is a contour diagram of In each of 

the following cases, list the marked points in the diagram 
(there may be none or more than one) at which 

⑻ /x <0 (b) f y >0 

(c) >0 (d) fyy<0 
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Figure 9.55 
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33. You are an anthropologist observing a native ritual. Six- 
teen people arrange themselves with their backs to you 
along a bench; all but the three on the far left side are 
seated. The first person on the far left is standing with her 
hands at her side, the second is standing with his hands 
raised and the third is standing with her hands at her side. 
At some unseen signal, the first one sits down, and every¬ 
one else copies what his neighbor to the left was doing 
one second earlier. Every second that passes, this behav¬ 
ior is repeated until all are once again seated. 

(a) Draw graphs at several different times showing how 
the height depends upon the distance along the 
bench. 

(b) Graph the location of the raised hands as a function 
of time. 

(c) What US ritual is most closely related to what you 
have observed? 


34. You are in a stadium doing the wave. This is a ritual 
in which members of the audience stand up and down 
in such a way as to create a wave that moves around 
the stadium. Normally a single wave travels all the way 
around the stadium, but we assume there is a continuous 
sequence of waves. Let h(x, t) = 5 + cos(0.5a: — t) be 
the function describing this stadium wave. The value of 
h(x,t) gives the height (in feet) of the head of the spec¬ 
tator in seat x at time t seconds. Evaluate h x (2, 5) and 
/it (2,5) and interpret each in terms of the wave. 

35. Find all critical points of /(re, y) = x 3 — 3x-\-y 2 . Make 
a table of values to determine if each critical point is a 
local minimum, a local maximum, or neither. 

36. Find all critical points of f(x, y) = x 2 -3y 2 — 4x + 
6y + 10. 


37. A company sells two products which are partial substi¬ 
tutes for each other, such as coffee and tea. If the price of 
one product rises, then the demand for the other product 
rises. The quantities demanded, qi and 的 ， are given as a 
function of the prices, pi and p 2 , by 


qi = 517—3.5pi+0.8p2 ， q 2 = 770 —4 • 知 2 + 1.4pi. 


(a) Write total sales revenue as a function of pi and P 2 . 

(b) What prices should the company charge in order to 
maximize the total sales revenue? 14 


Figure 9.57 shows contours of /. In Problems 38-40 give an 
approximate maximum or minimum value of / for 0 < a: < 
300, 0 <y < 300 subject to the given constraint. 
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38. Minimum, constraint is y = 100 

39. Maximum, constraint isy = 100 

40. Maximum, constraint isy = x 

41. The quantity, Q, of a good produced depends on the 
quantities x\ and X 2 of two raw materials used: 

Q = Xi' 3 X2' 7 • 


A unit of xi costs $10, and a unit of X 2 costs $25. We 
want to maximize production with a budget of $50 thou¬ 
sand for raw materials. 

(a) What is the objective function? 

(b) What is the constraint? 

42. Figure 9.58 shows level curves for production f(x, y) as 
a function of the quantities x and y of two raw materials 
utilized. The cost of the materials is 15a; + 20i / thousand 
dollars. What is the maximum production possible with a 
budget of 300 thousand dollars? How much of each raw 
material should be purchased to achieve this maximum? 


gl 


5 10 15 20 25 


Figure 9.58 


43. An automobile manufacturing plant currently employs 
1500 workers and has capital investment of 15 million 
dollars per month. The production function is 

Q = ^°V- 6 , 


1 Adapted from M. Rosser, Basic Mathematics for Economists, p. 318 (New York: Routledge, 1993). 
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where Q is the number of cars produced per month, x is 
the number of workers and y is capital investment. Each 
worker’s salary is $5000 per month and each unit of cap¬ 
ital costs $4000 per month. 

(a) How many cars is the factory currently assembling 
each month? 

(b) Due to the sluggish economy, the factory decides to 
decrease production to 2000 cars per month. The 
factory wants to minimize the cost of producing 
these 2000 cars. How many workers will need to 
be laid off? By what amount should monthly invest¬ 
ment be decreased? 

(c) Give the value of the Lagrange multiplier, 入， and in¬ 
terpret it in terms of the car factory. 

44. A company manufactures x units of one item and y units 
of another. The total cost in dollars, C, of producing these 
two items is approximated by the function 

C = 5x 2 + 2xy + 3y 2 + 800. 

CHECK YOUR UNDERSTANDING 


(a) If the production quota for the total number of items 
(both types combined) is 39, find the minimum pro¬ 
duction cost. 

(b) Estimate the additional production cost or savings if 
the production quota is raised to 40 or lowered to 38. 

45. A monopolistic producer of two goods A and B has a 
joint total cost function 

C = 10gi 4-10^2, 

where qi and 仍 denote the quantities of A and B respec¬ 
tively. The demand curves for the corresponding prices 
pi and p 2 are 

pi = 50 - Qi + q 2 
P 2 = 30 + 2qi - q 2 . 

(a) Find the maximum profit if the firm produces a total 
of 15. 

(b) Estimate the new optimal profit if the production 
quota increases by one unit. 


In Problems 1-60, indicate whether the statement is true or 
false. 

1. If Q = /(x,t) gives the quantity Q of pollutants, in 
ppm (parts per million), at a distance x kilometers from a 
waste incinerator at time t hours after incineration ends, 
we have /(1.5,6) = 4.1. The units for 1.5 are ppm. 

2. If Q = /(x, t) gives the quantity Q of pollutants, in 
ppm (parts per million), at a distance x kilometers from a 
waste incinerator at time t hours after incineration ends, 
we have /(1.5,6) = 4.1. The units for 6 are hours. 

3. If Q = f(x,t) gives the quantity Q of pollutants, in 
ppm (parts per million), at a distance x kilometers from a 
waste incinerator at time t hours after incineration ends, 
we have /(1.5, 6) = 4.1. The units for 4.1 are kilome¬ 
ters. 

4. If Q = f(x,t) gives the quantity Q of pollutants, in 
ppm (parts per million), at a distance x kilometers from a 
waste incinerator at time t hours after incineration ends, 
then Q is most likely an increasing function of x. 

5. If Q = /(x, t) gives the quantity Q of pollutants, in 
ppm (parts per million), at a distance x kilometers from a 
waste incinerator at time t hours after incineration ends, 
in the statement /(2,3) = 5, the units of the 2 are km. 

6. If f(x,y) is a function of two variables, then / is an 
increasing function of x if / increases when both x in¬ 
creases and y increases. 

7. A function f(x,y) can be both an increasing function of 
x and a decreasing function of y. 


8. The function /(x, y) = x 2 — y is a. decreasing function 
ofy. 

9. If f(x,y) = e xy — y 2 , then the cross-section x = 1 is 
f(l,y) = ey-l_ 

10. If f(x, y) = e xy — y 2 , then the cross-section y = 0 is 
f(x,0) = 0. 

11. The function f(x,y) = y 3x — 1 has contours which 
are lines. 

12. The function f(x, y) = x 2 — y has contours which are 
parabolas. 

13. For a given function f(x,y) the two contours f(x, y)= 
1 and f(x,y) = 2 can never intersect. 

14. Contours of the function g(x,y) = 3x + 2y are parallel 
lines. 

15. The function P = is a Cobb-Douglas pro¬ 

duction function. 

16. The function P = 10iV 3 V 2 is a Cobb-Douglas produc¬ 
tion function. 

17. The function f(x,y) has the same value at all points 
along a specific contour. 

18. A contour can consist of a single point. 

19. Contours of a Cobb-Douglas production function are de¬ 
creasing, concave up. 

20. Every point in the domain of g(x,y) has a contour that 
contains it. 

21. The partial derivative f x (a, b) is the rate of change of the 
function / with respect to x at the point (a, b) with y 
fixed at I. 
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22. If P = /(m, t) gives the price P (in dollars) of a used 
car as a function of its mileage m (in miles) and its age t 
(in years), then dP/dm has units miles per year. 

23. If P = /(m, t) gives the price P (in dollars) of a used 
car as a function of its mileage m (in miles) and its age t 
(in years), then dP/dm is most likely to be negative. 

24. HW = /(c, t) gives the weight W (in pounds) of a per¬ 
son as a function of their daily food intake c (in calories) 
and daily aerobic exercise time t (in hours), then dW/dc 
has units pounds per calorie. 

25. IfW = /(c, t) gives the weight W (in pounds) of a per¬ 
son as a function of their daily food intake c (in calories) 
and daily aerobic exercise time t (in hours), then dW/dc 
is most likely to be negative. 

26. lfW = /(c, t) gives the weight W (in pounds) of a per¬ 
son as a function of their daily food intake c (in calories) 
and daily aerobic exercise time t (in hours), then dW/dc 
and dW/dt most likely have opposite signs. 

27. For a function z = assume /(1,2) = 10 

and /(1.1,2) = 10.5 and /(1,2.1) = 10.8 and 

f (1.1,2.1) = 11.3.Then/ x (l,2)«5. 

28. For a function z = f(x, y), assume /(l, 2) = 10 

and /(1.1,2) = 10.5 and /(1,2.1) = 10.8 and 

/(l.l, 2.1) = 11.3. Then /“l, 2) « 13. 

29. For a function 2 ： = f(x,y) t assume /(5,3) = 7 and 
/(5.1,3) = 7.9 and /(5,3.1) = 6.4 and /(5.1,3.1)= 
7.3. Then / x (5,3) « 9. 

30. For a function 2 : = f(x,y), assume /(5,3) = 7 and 
/(5.1,3) = 7.9 and /(5,3.1) = 6.4 and /(5.1,3.1)= 
7.3. Then / y (5,3) « 6. 

31. If f(x, y) = x 2 y + 3x then f x (x,y) = 2xy + 3. 

32. If f(x,y) = x 2 y + 3x then f y {l, 2) = 4. 

33. If g(u,v) = ue v then g u (0, 0) = 1. 

34. There exists a function / with f x (x, y) = f y (x,y). 

35. The function Q(x,y) = x 3 y 2 is decreasing in the y di¬ 
rection near (1,2). 

36. IfP = 2N 06 V oa then = 0.8N OM V-°- 6 . 

oV 

37. For all functions / it is always true that f xx = f yy if f xx 
and fyy are continuous. 

38. If f(x,y) = 3x 2 e 2y then / y (1 ， 0) < /a ： (l,0). 

39. lfz = p(A,B) = (1/2)(A 2 -B) then 盖 =A. 

40. If z = V (r, h) = Trr 2 h then ^ : = 2tv. 

orori 

41. If / is a function with /$ (1 ， 2) = 0 then (1 ， 2) is a criti- 



42. The point (1,1) is a critical point of f(x,y) = x 2 y 2 . 

43. The point (3, 2) is a critical point of g(u,v) = (it— 3) 2 + 

(y - 2 ) 2 . 

44. The function f(x,y) = xe y has no critical points. 

45. If (0,0) is a critical point of / then / has either a local 
maximum or local minimum at (0,0). 

46. If D > 0 and f xx > 0 in the second derivative test at the 
point (a, b) then / has a local minimum at (a, b). 

47. To use the second derivative test on a function / at a point 
(a, b), we must have f x (a, b) = 0 and f y (a, b) = 0. 

48. The function f(x,y) = x 2 — y 2 has a local minimum at 

(0,0). 

49. The function f(x,y) = 3xy has a neither a local maxi¬ 
mum or minimum at (0,0). 

50. A local minimum of / can also be a global minimum of 
/• 

51. If / has a local maximum at Pq subject to the constraint 
g(x,y) = c then Pq is a critical point of /. 

52. If / has a local maximum at Pq subject to the constraint 
g(x,y) = c then Po satisfies the equation g(x,y) = c. 

53. If we wish to maximize production given a fixed budget, 
then the production function is the constraint equation. 

54. If we wish to minimize costs given a fixed production 
level, then the production equation is the constraint equa¬ 
tion. 

55. The minimum value of f(x, y) = x 2 + y 2 subject to the 
constraint x — y = 0 is /(0,0) = 0. 

56. The minimum value of f(x, y) = x 2 y 2 subject to the 
constraint 2x -\-Sy = 12 is /(0,0) = 0. 

57. If the minimum cost is $50,000 given a fixed production 
level of 8,000 tons with 入 =120, then we expect pro¬ 
duction of 8,001 tons to cost about $50,120. 

58. If the maximum production level is 50,000 tons given a 
fixed budget of $80,000 with A = 120, then we expect 
production of $50,001 tons to cost about $80,120. 

59. The second derivative test can be used to classify a point 
found by the Lagrange multiplier method as constrained 
maximum or minimum. 

60. If the quantity Q of a good produced depends only on the 
quantities x and y of two raw materials used to manufac¬ 
ture the good, and there is a total of $50,000 to spend on 
the two raw materials, then a budget constraint for Q is 
x -\-y = 50000. 
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PROJECTS FOR CHAPTER NINE 


1. A Heater in a Room 

Figure 9.59 shows the contours of the temperature along one wall of a heated room through one 

winter day, with time indicated as on a 24-hour clock. The room has a heater located at the left¬ 
most comer of the wall and one window in the wall. The heater is controlled by a thermostat 

about 2 feet from the window. 

(a) Where is the window? (b) When is the window open? 

(c) When is the heat on? 

(d) Draw graphs of the temperature along the wall of the room at 6 am, at 11 am, at 3 pm (15 
hours) and at 5 pm (17 hours). 

(e) Draw a graph of the temperature as a function of time at the heater, at the window and 
midway between them. 

(f) The temperature at the window at 5 pm (17 hours) is less than at 11 am. Why do you think 
this might be? 

(g) To what temperature do you think the thermostat is set? How do you know? 

(h) Where is the thermostat? 



5 10 15 20 25 30 


Figure 9.59: 

2. Optimizing Relative Prices for Adults and Children 

Some items are sold at a discount to senior citizens or children. The reason is that these groups 
are more sensitive to price，so a discount has greater impact on their purchasing decisions. The 
seller faces an optimization problem: How large a discount to offer in order to maximize profits? 
Suppose a theater can sell q c child tickets and q a adult tickets at prices p c and p a , according to 
the demand functions: 

q c = rp c ~ 4 and q a = sp a ~ 2 , 

and has operating costs proportional to the total number of tickets sold. What should be the 
relative price of children’s and adults’ tickets? 

3. Maximizing Production and Minimizing Cost: “Duality” 

A company’s production function is P = 270a:}/ 3 a^/ 3 for quantities x\ and 奶 of two raw 
materials, costing $4 per unit and $27 per unit, respectively. 

(a) How much of each raw material should be used to maximize production if the budget for 
raw materials is $324? What is the maximum production achieved, Pq? 

(b) What is the minimum cost at which a production level of Pq can be achieved? How much 
of each raw material is used at this minimum? 

(c) Comment on the relationship between your answers to parts (a) and (b). 
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DERIVING THE FORMULA FOR A REGRESSION LINE 

Suppose we want to find the “best fitting” line for some experimental data. In Appendix A, we use 
a computer or calculator to find the formula for this line. In this section, we derive this formula. 

We decide which line fits the data best by using the following criterion. The data is plotted 
in the plane. The distance from a line to the data points is measured by adding the squares of the 
vertical distances from each point to the line. The smaller this sum of squares is, the better the line 
fits the data. The line with the minimum sum of square distances is called the least-squares line, or 
the regression line. If the data is nearly linear, the least-squares line will be a good fit; otherwise it 
may not be. (See Figure 9.60.) 



Data almost linear: line fits well 



Data not very linear: line does not fit well 


Figure 9.60: Fitting lines to data points 


Example 1 Find a least-squares line for the following data points: (1,1), (2,1), and (3,3). 

Solution Suppose the line has equation y = b-\- rax. If we find b and m then we have found the line. So, for 

this problem, b and m are the two variables. We want to minimize the function f(b, m) that gives 
the sum of the three squared vertical distances from the points to the line in Figure 9.61. 

y 



Figure 9.61 : The least-squares line minimizes the sum of the squares of these vertical distances 


The vertical distance from the point (1,1) to the line is the difference in the "-coordinates 
1 — (6 + m); similarly for the other points. Thus, the sum of squares is 

f(b, m) = (1 - (6 + m)) 2 + (1 - (6 + 2m)) 2 + (3 - (6 + 3m)) 2 . 
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To minimize / we look for critical points. First we differentiate / with respect to b: 

f b [b,m) = 一 2(1 -(6 + m)) - 2(1 — (6 + 2m)) - 2(3 -(6 + 3m)) 

= — 2 + 26 + 277i — 2 + 26 + 4?n — 6 + 26 + 6771 
=—10+ 66 4 - 12m. 

Now we differentiate with respect to m: 

/ m (6, m) = 2(1 — (6 + ?7i))(—1) + 2(1 — (b + 2m))(—2) + 2(3 — (b-h 3m))(—3) 

=—2 + 26 + 2m — 4 + 46 + 8m — 18 -h 6b-h 18m 
=-24+ 126 +28m. 

The equations fb = 0 and / m = 0 give a system of two linear equations in two unknowns: 

— 10 + 66 + 12?n = 0， 

— 24 + 126 + 28?n = 0. 

The solution to this pair of equations is the critical point b = —1/3 and m = 1. Since 

D = f bb f mm - (fmb) 2 = (6)(28) - 12 2 = 24 and f bb =6> 0, 

we have found a local minimum. This local minimum is also the global minimum of /. Thus, the 
least squares line is 



As a check, notice that the line y = x passes through the points (1,1) and (3,3). It is reasonable 
that introducing the point (2,1) moves the "-intercept down from 0 to —1/3. 


Derivation of the Formulas for the Regression Line 

We use the method of Example 1 to derive the formulas for the least-squares line y = b + rax 
generated by data points (^ 2 , 2 / 2 ), • • •， (x n ,y n ). Notice that we are looking for the slope 

and ^/-intercept, so we think of m and b as the variables. 

For each data point (Xi’yi), the corresponding point directly above the line or below it on the 
line has the y-coordinate b + mxi. Thus, the squares of the vertical distances from the point to the 
line is ( 2 /i — (b-h mxi)) 2 . (See Figure 9.62.) 



Figure 9.62: The vertical distance from a point to the line 
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We 

function 


find the sum of the n squared distances from points to the line, and think of the sum as a 
of m and b: 


f(b ， m) = ^(yi ~(b + mxi)) 2 . 
i=l 


To minimize this function, we first find the two partial derivatives, fb and f m . We use the chain rule 
and the properties of sums. 


fb(b,m) = ^ - (b + mxi))A = - (b + mxi)) 2 

\i=l ) i=l 

n q 

= 2 ( 讲 _ ( b + mx i)) - g^(yi - (& + mxi)) 
i=l 
n 

=^2 2(^- - (6 + mxi)) - (-1) 

i=l 

= -2 [( 队 — (6 + mxi)) 


q ( n \ n Q 

fm(b, m) = — ( ^{yi ~(b + mxi)f j = ^2g^(yi ~ Q> + mxi)) 2 

\i=l / i=l 

n q 

= 2 ( 队 _ ( & + mx i)) - _ ( b + rnxi)) 

i=l 
n 

=^2 2 ( 讲 _ ( & + mX i)) . (- X i) 
i=l 

= -2^(y i -(b^mx i )) 'Xi 

i=l 

We now set the partial derivatives equal to zero and solve for m and b. This is easier than it looks: 
we simplify the appearance of the equations by temporarily substituting other symbols for the sums: 
write ST for E SX for E . SXY for 2 /说 and SXX for Remember, the Xi and 
yi are all constants. We get a pair of simultaneous linear equations in m and b; solving for m and b 
gives us formulas in terms of SX, SY, SXY, and SXX. We separate fb(b, m) into three sums as 
shown: 

( n n n \ 

'Yhvi - - m^2,xA . 

i=l i=l i=l / 

Similarly, we can separate / m (6, m) after multiplying through by xc 

fm(b,m) = -2 I ^yiXi — b^Xj - m 


2=1 / 


df df 

Rewriting the sums as suggested and setting — and —— equal to zero, we have: 

ob dm 

0 = SY-bn- mSX 
0 = SYX- bSX- mSXX 


Solving this pair of simultaneous equations, we get the result: 

b = {(SXX) - (ST) - (SX) - (SYX))/(n{SXX) - {SX) 2 ) 
m= {n{SYX) - {SX) ■ (SY))/(n{SXX) - {SX) 2 ) 
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Writing these expressions with summation notation, we arrive at the following result: 

The least-squares line for data points (xi,y\), ($ 2 , 2 / 2 ) ， ... ， {x n , y n ) is the line y = b + mx 
where 

\i=l i=l i=l i=l ) \ i=l \i=l J J 

( n n n \ I n / n \ 

n^yiXi i nY^xl - ( j I • 

i=l i=l i=l / \ i=l \i=l / / 


Example 2 

Solution 


Use these formulas to find the best fitting line for the data point (1 ， 5) ，（ 2,4) ，（ 4,3). 

We compute the sums needed in the formulas: 

3 

Xi = l-\-2 - \-4 = 7 

i=l 

3 

队 = 5+4+3 = 12 

i=l 

3 

= l 2 +2 2 +4 2 = 1 + 4 + 16 = 21 

i=l 

3 

Y^i x i = ⑹⑴ + (4)(2) + (3)(4) = 5 +8 +12 = 25. 


Since n = 3, we have: 

b = / ( 
\i=l i=l i=l i=l ) \ 

= ((21)(12)-(7)(25))/(3(21)-(7 2 )) 
= 77/14 = 5.5 


3 / 3 

i=l \i=l 


'3± y iXi -± Xi ± y ) i /(3±^-(±： 

K i=l i=l i=l / \ z=l \i=l 


=(3(25)-(7)(12))/(3(21)-(7 2 )) 

= -9/14 =-0.64. 

The least-squares line for these three points is 

y = 5.5 — 0.64x. 

To check this equation, plot the line and the three points together. 


Many calculators have the formulas for the least-squares line built in, so that when you enter the 
data, out come the values of b and m. At the same time, you get the correlation coefficient, which 
measures how close the data points actually come to fitting the least-squares line. 
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Problems on Deriving the Formula for Regression Lines 


In Problems 1-2, use the method of Example 1 to find the 
least-squares line. Check by graphing the points with the line. 

1. (-1,2), (0,-1), (1,1) 2. (0,2), (1,4), (2,5) 

In Problems 3-5, use the formulas for b and m to check that 
you get the same result as in the problem or example specified. 

3. (-1,2), (0, -1) ，（ 1 ， 1). See Problem 1. 

4. (0,2), (1,4), (2,5). See Problem 2. 

5. (1,1), (2,1), (3,3). See Example 1. 

In Problems 6-7, we transform nonlinear data so that it looks 
more linear. For example, suppose the data points (x, y) fit the 
exponential equation, 

where a and C are constants. Taking the natural log of both 
sides, we get 

Iny = ax 

Thus, In y is a linear function of x. To find a and C, we can 
use least squares for the graph of In y against x. 

6. The population of the US was about 180 million in 1960, 
grew to 206 million in 1970, and 226 million in 1980. 

(a) Assuming that the population was growing exponen¬ 
tially, use logarithms and the method of least squares 
to estimate the population in 1990. 


(b) According to the national census, the 1990 popula¬ 
tion was 249 million. What does this say about the 
assumption of exponential growth? 

(c) Predict the population in the year 2010. 

7. A biological rule of thumb states that as the area A of an 
island increases tenfold, the number of animal species, 
N, living on it doubles. The table contains data for is¬ 
lands in the West Indies. Assume that N is a power func¬ 
tion of A. 

(a) Use the biological rule of thumb to find 

(i) AT as a function of A 

(ii) In iV as a function of In A 

(b) Using the data given, tabulate In N against In A and 
find the line of best fit. Does your answer agree with 
the biological rule of thumb? 


Island 

Area (sq km) 

Number of species 

Redonda 

3 

5 

Saba 

20 

9 

Montserrat 

192 

15 

Puerto Rico 

8858 

75 

Jamaica 

10854 

70 

Hispaniola 

75571 

130 

Cuba 

113715 

125 
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10.1 MATHEMATICAL MODELING: SETTING UP A DIFFERENTIAL EQUATION 

Sometimes we do not know a key function, but we do have information about its rate of change, or 
its derivative. Then we may be able to write a new type of equation, called a differential equation, 
from which we can get information about the original function. For example, we may use what we 
know about the derivative of a population function (its rate of change) to predict the population in 
the future. 

In this section, we use a verbal description to write a differential equation. 

Marine Harvesting 

We begin by investigating the effect of fishing on a fish population. Suppose that, left alone, a fish 
population increases at a continuous rate of 20% per year. Suppose that fish are also being harvested 
(caught) by fishermen at a constant rate of 10 million fish per year. How does the fish population 
change over time? 

Notice that we have been given information about the rate of change, or derivative, of the fish 
population. Combined with information about the initial population, we can use this to predict the 
population in the future. We know that 

Rate of change _ Rate of increase Rate fish removed 

of fish population due to breeding due to harvesting 

Suppose the fish population, in millions, is P and its derivative is dP/dt, where t is time in years. 
If left alone, the fish population increases at a continuous rate of 20% per year, so we have 

Rate of increase due to breeding = 20% - Current population 
= 0.20P million fish/year. 

In addition, 

Rate fish removed by harvesting = 10 million fish/year. 

Since the rate of change of the fish population is dP/dt, we have 

^ = 0.20P - 10. 
at 

This is a differential equation that models how the fish population changes. The unknown quantity 
in the equation is the function giving P in terms of t. 

Net Worth of a Company 

A company earns revenue (income) and also makes payroll payments. Assume that revenue is earned 
continuously, that payroll payments are made continuously, and that the only factors affecting net 
worth are revenue and payroll. The company’s revenue is earned at a continuous annual rate of 5% 
times its net worth. At the same time, the company’s payroll obligations are paid out at a constant 
rate of 200 million dollars a year. 

We use this information to write a differential equation to model the net worth of the company, 
W, in millions of dollars, as a function of time, t, in years. We know that 

Rate at which _ Rate revenue Rate payroll payments 
net worth is changing is earned are made 

Since the company’s revenue is earned at a rate of 5% of its net worth, we have 

Rate revenue is earned = 5% - Net worth = 0.05W^ million dollars/year. 

Since payroll payments are made at a rate of 200 million dollars a year, we have 
Rate payroll payments are made = 200 million dollars/year. 
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Putting these two together, since the rate at which net worth is changing is dW/dt, we have 


dt 


This is a differential equation that models how the net worth of the company changes. The unknown 
quantity in the equation is the function giving net worth VK as a function of time t. 


Pollution in a Lake 

If clean water flows into a polluted lake and a stream takes water out, the level of pollution in the 
lake will decrease (assuming no new pollutants are added). 


Example 1 The quantity of pollutant in the lake decreases at a rate proportional to the quantity present. Write 
a differential equation to model the quantity of pollutant in the lake. Is the constant of proportion¬ 
ality positive or negative? Use the differential equation to explain why the graph of the quantity of 
pollutant against time is decreasing and concave up, as in Figure 10.1. 

quantity of 
pollutant, Q 


time, t 

Figure 10.1: Quantity of pollutant in a lake 



Solution 


Let Q denote the quantity of pollutant present in the lake at time t. The rate of change of Q is 
proportional to Q, so dQ / dt is proportional to Q. Thus, the differential equation is 



Since no new pollutants are being added to the lake, the quantity Q is decreasing over time, so 
dQ / dt is negative. Thus, the constant of proportionality k is negative. 

Why does the differential equation dQ/dt = kQ, with k negative, give us the graph shown 
in Figure 10.1? Since k is negative and Q is positive, we know kQ is negative. Thus, dQ/dt is 
negative, so the graph of Q against t is decreasing as in Figure 10.1. Why is it concave up? Since Q 
is getting smaller and k is fixed, as t increases, the product kQ is getting smaller in magnitude, and 
so the derivative dQ / dt is getting smaller in magnitude. Thus, the graph of Q is more horizontal as 
t increases. Therefore, the graph is concave up. See Figure 10.1. 


The Quantity of a Drug in the Body 

In the previous example, the rate at which pollutants leave a lake is proportional to the quantity of 
pollutants in the lake. This model works for any contaminants flowing in or out of a fluid system 
with complete mixing. Another example is the quantity of a drug in a person’s body. 


Example 2 A patient having major surgery is given the antibiotic vancomycin intravenously at a rate of 85 mg 
per hour. The rate at which the drug is excreted from the body is proportional to the quantity present, 
with proportionality constant 0.1 if time is in hours. Write a differential equation for the quantity, 
Q in mg, of vancomycin in the body after t hours. 
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Solution 


The quantity of vancomycin, Q, is increasing at a constant rate of 85 mg/hour and is decreasing at 
a rate of 0.1 times Q. The administration of 85 mg/hour makes a positive contribution to the rate 
of change dQ/dt. The excretion at a rate of 0.1Q makes a negative contribution to dQ/dt. Putting 
these together, we have 

Rate of change of a quantity = Rate in — Rate out, 


so 


dQ 

dt 


= 85-0.1Q. 


The Logistic Model 

A population in a confined space grows proportionally to the product of the current population, 
P, and the difference between the carrying capacity, L, and the current population. (The carrying 
capacity is the maximum population the environment can sustain.) We use this information to write 
a differential equation for the population P. 

The rate of change of P is proportional to the product of P and L — P,so 
dP 

= kP(L — P), where k is the constant of proportionality. 

This is called a logistic differential equation. What does it tell us about the graph of PI The deriva¬ 
tive dP/dt is the product of k and P and L — P, so when P is small, the derivative dP/dt is small 
and the population grows slowly. As P increases, the derivative dP/dt increases and the popula¬ 
tion grows more rapidly. However, as P approaches the carrying capacity L, the term L — P is 
small, and dP/dt is again small and the population grows more slowly. The logistic growth curve 
in Figure 10.2 satisfies these conditions. 


P 



dP/dt = kP(L - P) 

Problems for Section 10.1 


1. Match the graphs in Figure 10.3 with the following de- 



(a) The temperature of a glass of ice water left on the 
kitchen table. 

(b) The amount of money in an interest-bearing bank 
account into which $50 is deposited. 

(c) The speed of a constantly decelerating car. 

(d) The temperature of a piece of steel heated in a fur¬ 
nace and left outside to cool. 



Figure 10.3 
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2. The graphs in Figure 10.4 represent the temperature, 
of four eggs as a function of time, t, in minutes. 

Match three of the graphs with the descriptions ⑻ -(c). 

Write a similar description for the fourth graph, including 

an interpretation of any intercepts and asymptotes. 

(a) An egg is taken out of the refrigerator (just above 
0°C) and put into boiling water. 

(b) Twenty minutes after the egg in part (a) is taken out 
of the fridge and put into boiling water, the same 
thing is done with another egg. 

(c) An egg is taken out of the refrigerator at the same 
time as the egg in part (a) and left to sit on the 
kitchen table. 




3. A population of insects grows at a rate proportional to 
the size of the population. Write a differential equation 
for the size of the population, P, as a function of time, t. 
Is the constant of proportionality positive or negative? 

4. Money in a bank account earns interest at a continuous 
annual rate of 5% times the current balance. Write a dif¬ 
ferential equation for the balance, B, in the account as a 
function of time, t, in years. 

5. Radioactive substances decay at a rate proportional to 
the quantity present. Write a differential equation for the 
quantity, Q, of a radioactive substance present at time t. 
Is the constant of proportionality positive or negative? 

6. A bank account that initially contains $25,000 earns in¬ 
terest at a continuous rate of 4% per year. Withdrawals 
are made out of the account at a constant rate of $2000 
per year. Write a differential equation for the balance, B, 
in the account as a function of the number of years, t. 

7. A pollutant spilled on the ground decays at a rate of 8% a 
day. In addition, clean-up crews remove the pollutant at a 
rate of 30 gallons a day. Write a differential equation for 
the amount of pollutant, P, in gallons, left after t days. 

8. Morphine is administered to a patient intravenously at a 
rate of 2.5 mg per hour. About 34.7% of the morphine 
is metabolized and leaves the body each hour. Write a 
differential equation for the amount of morphine, M, in 
milligrams, in the body as a function of time, t, in hours. 


9. Alcohol is metabolized and excreted from the body at a 
rate of about one ounce of alcohol every hour. If some 
alcohol is consumed, write a differential equation for the 
amount of alcohol, A (in ounces), remaining in the body 
as a function of t, the number of hours since the alcohol 
was consumed. 

10. Toxins in pesticides can get into the food chain and accu¬ 
mulate in the body. A person consumes 10 micrograms 
a day of a toxin, ingested throughout the day. The toxin 
leaves the body at a continuous rate of 3% every day. 
Write a differential equation for the amount of toxin. A, 
in micrograms, in the person’s body as a function of the 
number of days, t. 

11. A cup of coffee contains about 100 mg of caffeine. Caf¬ 
feine is metabolized and leaves the body at a continuous 
rate of about 17% every hour. 

(a) Write a differential equation for the amount, A, of 
caffeine in the body as a function of the number of 
hours, t, since the coffee was consumed. 

(b) Use the differential equation to find dA/dt at the 
start of the first hour (right after the coffee is con¬ 
sumed). Use your answer to estimate the change in 
the amount of caffeine during the first hour. 

12. A person deposits money into an account at a continuous 
rate of $6000 a year, and the account earns interest at a 
continuous rate of 7% per year. 

(a) Write a differential equation for the balance in the 
account, B, in dollars, as a function of years, t. 

(b) Use the differential equation to calculate dB/dt if 
B = 10,000 and if B = 100,000. Interpret your 


13. A quantity W satisfies the differential equation 


dW 

~dt 


= hW- 20. 


(a) Is W increasing or decreasing a.tW = 10? W = 21 

(b) For what values of W is the rate of change of W 



14. A quantity y satisfies the differential equation 


每減 5y . 


Under what conditions is y increasing? Decreasing? 

15. An early model of the growth of the Wikipedia assumed 
that every day a constant number, B, of articles are added 
by dedicated wikipedians and that other articles are cre¬ 
ated by the general public at a rate proportional to the 
number of articles already there. Express this model as 
a differential equation for N(t )，the total number of 
Wikipedia articles t days after January 1, 2001. 
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16. A country’s infrastructure is its transportation and com¬ 
munication systems, power plants, and other public in¬ 
stitutions. The Solow model asserts that the value of na¬ 
tional infrastructure K increases due to investment and 
decreases due to capital depreciation. The rate of increase 


due to investment is proportional to national income, Y. 
The rate of decrease due to depreciation is proportional 
to the value of existing infrastructure. Write a differential 
equation for K. 


10.2 SOLUTIONS OF DIFFERENTIAL EQUATIONS 


What does it mean to “solve” a differential equation? A differential equation is an equation involving 
the derivative of an unknown function. The unknown is not a number but a function. A solution to a 
differential equation is any function that satisfies the differential equation. 

In this section, we see how to solve a differential equation numerically and how to check 
whether or not a function is a solution to a differential equation. In the next section, we see how to 
visualize a solution. 


Another Look at Marine Harvesting 

Let’s take another look at the fish population discussed in Section 10.1. Left alone, the population 
increases at a continuous rate of 20% per year. The fish are being harvested at a constant rate of 10 
million fish per year. If P is the fish population, in millions, in year t, then we have 

^ = 0.20P - 10. 

at 

Solving this differential equation means to find a function giving P in terms of t. Combined with 
information about the initial population, we can use the equation to predict the population at any 
time in the future. 

Solving the Differential Equation Numerically 

Suppose at time t = 0, the fish population is 60 million. We can substitute P = 60 into the 
differential equation to compute the derivative, dP/dt\ 

dP 

At time t = 0, — = 0.20P - 10 = 0.20(60) - 10 = 12- 10 = 2. 

Since at t = 0, the fish population is changing at a rate of 2 million fish a year, at the end of the first 
year, the fish population will have increased by about 2 million fish. So: 

At t = 1, we estimate P = 60 + 2 = 62. 

We use this new value of P to estimate dP/dt during the second year: 

At time t = 1 ， ^ = 0.20P -10= 12.4 -10 = 2.4. 

at 

During the second year, the fish population increased by about 2.4 million fish, so: 

At t = 2, we estimate P = 62 + 2.4 = 64.4. 

We use this value of P to estimate the rate of change during the third year, and so on. Continuing in 
this fashion, we compute the approximate values of P in Table 10.1. This table gives approximate 
numerical values for P at future times. 


Table 10.1 Approximate values of the fish population as a function of time 


t (years) 

0 

1 

2 

3 

4 

5 


P (millions) 

60 

62 

64.4 

67.28 

70.74 

74.89 
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A Formula for the Solution to the Differential Equation 

A function P = f(t) which satisfies the differential equation 

f = °- 20p - 10 

is called a solution of the differential equation. Table 10.1 shows approximate numerical values 
of a solution. It is sometimes (but not always) possible to find a formula for the solution. In this 
particular case, there is a formula; it is 

_P = 50 + Ce°' 20t , where G is any constant. 

We check that this is a solution to the differential equation by substituting it into the left and right 
sides of the differential equation separately. We find 

Left side = ^ = 0.20(7e 0 2M 
at 

Right side = 0.20P - 10 = 0.20(50 + Ce o wt ) - 10 
= 10 + 0.20Ce°- 2Ot - 10 
= 0.20Ce°- 2Ot . 

Since we get the same expression on both sides, we say that P = 50 + Ce 0 20t is a solution of 
this differential equation. Any choice of C works, so the solutions form a family of functions with 
parameter C. Several members of the family of solutions are graphed in Figure 10.5. 

Finding the Arbitrary Constant: Initial Conditions 

To find a value for the constant C — in other words, to select a single solution from the family of 
solutions — we need an additional piece of information, usually the initial population. In this case, 
we know that P = 60 when t = 0, so substituting into 

P = 50 + Ce owt 

gives 

60 = 50 + Ce°- 20(0) 

60 = 50 + C . 1 
(7 = 10. 

The function P = 50 + 10e 0 20t satisfies the differential equation and the initial condition that 
P = 60 when t = 0. 


P 



Figure 10.5: Solution curves for dP/dt = 0.20P — 10: Members of the family P = 50 4 - Ce 0 20t 
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General Solutions and Particular Solutions 


For the differential equation dP/dt = 0.20P — 10, it can be shown that every solution is of the form 
P = 50 + Ce 0 20t for some value of C. We say that the general solution of the differential equation 
dP/dt = 0.20P — 10 is the family of functions P = 50 + Ce°' 20t . The solution P = 50+ 10e 0-20t 
that satisfies the differential equation together with the initial condition that P = 60 when t = 0 is 
calld a particular solution. The differential equation and the initial condition together are called an 
initial-value problem. 


Example 1 (a) Check that P = Ce 2t is a solution to the differential equation 

(b) Find the particular solution satisfying the initial condition P = 100 when t = 0. 

Solution (a) Since P = Ce 2t where C is a constant, we find expressions for each side: 

Left side = ^ = Ce 2t - 2 = 2Ce 2t 
dt 

Right side = 2P = 2Ce 2t . 

Since the two expressions are equal, P = Ce 2t is a solution to the differential equation, 
(b) We substitute P = 100 and t = 0 into the general solution P = Ce 2t , and solve for C: 

100 = Ce m 
100 = C • 1 
100 = C. 

The particular solution for this initial-value problem is P = 100e 2t . 


Example 2 Decide whether or not y = e~ 2x is a solution of the differential equation y f — 2y = 0. 

Solution Note that y' = dy/dx. Differentiating y = e~ 2x gives y’ = —2e~ 2x . Substituting, we have 

y f -2y = -2e~ 2x - 2e~ 2x = -Ae~ 2x ^ 0, 
and so y = e~ 2x is not a solution to this differential equation. 


Example 3 


Solution 


(a) What conditions must be imposed on the constants C and k if y 
differential equation 


dy_ 

dt 


-0.5y? 


Ce kt is a solution to the 


(b) What additional conditions must be imposed on C and k if y = Ce kt also satisfies the initial 
condition that y = 10 when t = 01 


(a) If y = Ce kt , then dy/dt = Cke kt . Substituting into the equation dy/dt = —0.5y gives 

Cke kt = -0.5(Ce fct ), 

and therefore, assuming C ^ 0, so Ce kt ^ 0, we have 
k = —0.5. 


Soy = Ce~ 0,5t is a solution to the differential equation. If C = 0, then Ce kt = 0 is a solution 
to the differential equation. No conditions are imposed on C. 
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1. Find the general solution to the differential equation 

d y -2t 

2. Decide whether or not each of the following is a solution 
to the differential equation xy’ — 2y = 0. 

⑻ y = x 2 (b) y = x 3 

3. Check that y = t 4 is a solution to the differential equa- 
Xiont^ = Ay. 

[n Problems 4-12, use the fact that the derivative gives the 
slope of a curve to decide which of the graphs (A)-(F) in Fig¬ 
ure 10.6 could represent a solution to the differential equation. 



13. Fill m the missing values m Table 10.2 given that 
dy/dt = 0.5t. Assume the rate of growth, given by 
dy/dt, is approximately constant over each unit time in¬ 
terval. 

Table 10.2 

t 0 12 3 4 

2/ I 8 I 


14. Fill in the missing values in Table 10.3 given that 
dy/dt = 0.52/. Assume the rate of growth, given by 
dy/dt, is approximately constant over each unit time in¬ 
terval. 

Table 10.3 

t 0 1 __ 2__3 __ 4_ 

2/ I 8 I 


15. Fill in the missing values in Table 10.4 given that 
dy/dt = 4 — y. Assume the rate of growth, given by 
dy/dt, is approximately constant over each unit time in¬ 
terval. 

Table 10.4 

t 0 __ 1 __ 2 3 4 

y I 8 — 


16. For a certain quantity y, assume that dy/dt = y/y. Fill 
in the value of y in Table 10.5. Assume that the rate of 
growth, dy/dt f is approximately constant over each unit 
time interval and that the initial value of y is 100. 

Table 10.5 

t 0 12 3 4 

y 100 一 


17. If the initial population of fish is 70 million, use the dif¬ 
ferential equation dP/dt = 0.2P — 10 to estimate the 
fish population after 1, 2, 3 years. 




(b) Since k = —0.5, we have y = Ce 一 0 Substituting y = 10 when t = 0 gives 

10 = Ce° 

SO 

10 = C. 

Soy = lOe 一 0 is a solution to the differential equation together with the initial condition. 

Problems for Section 10.2 



6 . 9 . 12 . 


%s%1-i 

5 . 8 . 1 . 


4 . 7 . 0 . 
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18. Show that, for any constant Po, the function P = Poe 1 
satisfies the equation 

f-- 

19. Suppose Q = Ce kt satisfies the differential equation 

学 =-0.03Q. 
at 

What (if anything) does this tell you about the values of 
C and kl 

20. Is there a value of n which makes y = x n a solution to 
the equation 13x(dy/dx) = yl If so, what value? 

21. Find the values of k for which y = x 2 k is a solution 
to the differential equation 2y — xy’ = 10. 

10.3 SLOPE FIELDS 

In this section, we see how to visualize a differential equation and its solutions. Let’s start with the 
equation 

d i = y. 

ax 

Any solution to this differential equation has the property that at any point in the plane, the slope of 
its graph is equal to its y coordinate. (That’s what the equation dy/dx = yis telling us!) This means 
that if the solution goes through the point (0,1), its slope there is 1; if it goes through a point with 
2 / = 4 its slope is 4. A solution going through (0,2) has slope 2 there; at the point where y = 8 the 
slope of this solution is 8. (See Figure 10.7.) 


22. Match solutions and differential equations. (Note: Each 
equation may have more than one solution, or no solu¬ 
tion.) 


⑷ 

(I) y = x 3 


(II) y = 3x 

⑷尝 =3:r 

(III) y = e 3 * 


(IV) y = 3e x 

(e) 尝 

{V)y = x 



In Figure 10.8 a small line segment is drawn at the marked points showing the slope of the 
solution curve there. Since dy/dx = y, the slope at the point (1,2) is 2 (the ^-coordinate)，and so 
we draw a line segment there with slope 2. We draw a line segment at the point (0, 一 1) with slope 
—1，and so on. If we draw many of these line segments, we have the slope field for the equation 
dy/dx = y shown in Figure 10.9. Above the x-axis, the slopes are positive (because y is positive 
there), and the slopes increase as we move upward (as y increases). Below the x-axis, the slopes 
are negative, and get more so as we move downward. Notice that on any horizontal line (where y 
is constant) the slopes are constant. In the slope field you can see the ghost of the solution curve 
lurking. Start anywhere on the plane and move so that the slope lines are tangent to your path; you 
will trace out one of the solution curves. Try penciling in some solution curves on Figure 10.9, 
some above the x-axis and some below. The curves you draw should have the shape of exponential 
functions. By substituting y = Ce x into the differential equation, you can check that each curve in 
the family of exponentials, y = Ce x , is a solution to this differential equation. 
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Example 1 


Solution 


y 

^ / / 2 / / 

- x 

-2 ： :: 2 

\ \ ' -2 \ \ ' 

Figure 10.9: Slope field for^=y 


In most problems, we are interested in getting the solution curves from the slope field. Think 
of the slope field as a set of signposts pointing in the direction you should go at each point. Imagine 
starting anywhere in the plane: look at the slope field at that point and start to move in that direction. 
After a small step, look at the slope field again, and alter your direction if necessary. Continue to 
move across the plane in the direction the slope field points, and you’ll trace out a solution curve. 
Notice that the solution curve is not necessarily the graph of a function, and even if it is, we may 
not have a formula for the function. Geometrically, solving a differential equation means finding the 
family of solution curves. 


Figure 10.10 shows the slope field of the differential equation — = 2x. 

ax 

(a) What do you notice about the slope field? 

(b) Compare the solution curves in Figure 10.11 with the formula y = x 2 -\-C for the solutions to 
this differential equation. 


3 


y 


3 


Figure 10.10: Slope field for ^ =2x 



Figure 10.11: Some solutions to ^ =2x 


(a) In Figure 10.10, notice that on any vertical line (where x is constant) the slopes are all the same. 
This is because in this differential equation dy/dx depends on x only. (In the previous example, 
dy/dx = y, the slopes depended on y only.) 

(b) The solution curves in Figure 10.11 look like parabolas. It is easy to check by substitution that 

y = x 2 -\-C is a solution to — = 2x, 
ax 

so the parabolas y = x 2 C ait solution curves. 
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Example 2 

Solution 


Example 3 


Using the slope field, guess the equation of the solution curves of the differential equation 
dy _ x 
dx y. 

The slope field is shown in Figure 10.12. Notice that on the y-axis, where x is 0, the slope is 0. On 
the x-axis, where y is 0, the line segments are vertical and the slope is undefined. At the origin the 
slope is undefined and there is no line segment. 

What do the solution curves of this differential equation look like? The slope field suggests they 
are circles centered at the origin. We guess that the general solution to this differential equation is 

x 2 -\-y 2 = r 2 . 

This solution is derived in the Focus on Theory section at the end of the chapter. 

V 

:：: 2 :二： 


I I I i 1 ； ： ： ： ：--1 i i i i ： I ： ： ： x 

-2 丨卩：: ( I ! 2 


Figure 10.12: Slope field for 瓮 =-f 


The previous example shows that the solutions to differential equations may sometimes be 
expressed as implicit functions. Implicit functions are ones which have not been “solved” for y; in 
other words, the dependent variable is not expressed as an explicit function of x. 


The slope fields for 字 = 2 — y and ^ - are shown in Figure 10.13. 

at at y 

(a) Which slope field corresponds to which differential equation? 

(b) Sketch solution curves on each slope field with initial conditions 

(i) y = 1 when t = 0 (ii) y = 3 when t = 0 (iii) y = 0 when t = 1 

(c) For each solution curve, can you say anything about the long-run behavior of y? In particular, 
as t > oo, what happens to the value of y? 

(I) V (II) V 



Figure 10.13: Slope fields for = 2 — y and -p = -: Which is which? 

at at y 
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Solution (a) Consider the slopes at different points for the two differential equations. In particular, look at 
the line y = 2 'm Figure 10.13. The equation dy/dt = 2 — y has slope 0 all along this line, 
whereas the line dy/dt = t/2 has slope t/2. Since slope field (I) looks horizontal at y = 2, 
slope field (I) corresponds to dy/dt = 2 — y and slope field (II) corresponds to dy/dt = t/y. 

(b) The initial conditions (i) and (ii) give the value of y when t is 0, that is, the ^-intercept. To draw 
the solution curve satisfying the condition (i), draw the solution curve with y-intercept 1. For 
(ii), draw the solution curve with y-intercept 3. For (iii), the solution goes through the point 
(1,0), so draw the solution curve passing through this point. See Figures 10.14 and 10.15. 

(c) For dy/dt = 2 — y, all solution curves have t/ = 2 as a horizontal asymptote, so y —> 2 as 
t — >• oo. For dy/dt = t/y with initial conditions (0,1) and (0,3), we see that y —> oo as 
t oo. The graph has asymptotes which appear to be diagonal lines. In fact, they are y = t 
and y = —t, soy ^ 士 oo sist oo. 



Figure 10.14: Solution curves for 学 = 2 — y Figure 10.15: Solution curves for ^ - 

at at y 

Existence and Uniqueness of Solutions 

Since differential equations are used to model many real situations, the question of whether a so¬ 
lution exists and is unique can have great practical importance. If we know how the velocity of a 
satellite is changing, can we know its velocity for all future time? If we know the initial population 
of a city, and we know how the population is changing, can we predict the population in the future? 
Common sense says yes: if we know the initial value of some quantity and we know exactly how it 
is changing, we should be able to figure out the future value of the quantity. 

In the language of differential equations, an initial-value problem (that is, a differential equation 
and an initial condition) representing a real situation almost always has a unique solution. One way 
to see this is by looking at the slope field. Imagine starting at the point representing the initial 
condition. Through that point there will usually be a line segment pointing in the direction the 
solution curve must go. By following the line segments in the slope field, we trace out the solution 
curve. Several examples with different starting points are shown in Figure 10.16. In general, at each 
point there is one line segment and therefore only one direction for the solution curve to go. Thus 
the solution curve exists and is unique provided we are given an initial point. 

It can be shown that if the slope field is continuous as we move from point to point in the plane, 
we can be sure that the solution curve exists around every point. Ensuring that each point has only 
one solution curve through it requires a slightly stronger condition. 

y 



Figure 10.16: There is one and only one solution curve through each point in the plane for this slope field 
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Problems for Section 10.3 


1. Figure 10.17 is a slope field for dy/dx = y — 10. 

(a) Draw the solution curve for each of the following 
initial conditions: 

(i) y = S when x = 0 (ii) y = 12 when x = 0 
(iii) y = 10 when x = 0 

(b) Since dy/dx = y — 10, when y = 10, we have 
dy/dx = 10 — 10 = 0. Explain why this matches 
your answer to part (iii). 

20 


16 






Figure 10.17: Slope field for dy/dx = y — 10 

2. Sketch three solution curves for each of the slope fields 
in Figure 10.18. 

y y 



Figure 10.18 

3. Figure 10.19 is the slope field for the equation y’ = x+y. 

(a) Sketch the solutions that pass through the points 

(i) (0,0) ⑼ （ —3,1) (iii) (-1,0) 

(b) From your sketch, guess the equation of the solution 
passing through (—1 ， 0). 

(c) Check your solution to part (b) by substituting it into 
the differential equation. 

y 

/ / / / 4 / 1 1 


~^ 7 x 

—4, \ \ 4 

\\\\\\\\\\、— 〆/// 
\\\\\\\\\\\\^ — ^/ 

— 4 

Figure 10.19: Slope field for y f = x-\-y 


4. Which one of the following differential equations best 
fits the slope field shown in Figure 10.20? Explain. 

I. dP/dt = P-1 II. dP/dt = P(P - 1) 

III. dP/dt = 3P(1 - P) IV. dP/dt = 1/SP(1-P) 


P 



2 


Figure 10.20 


5. (a) Consider the slope field for dy/dx = xy. What is 

the slope of the line segment at the point (2,1)? At 
(0,2)? At (-1,1)? At (2, -2)? 

(b) Sketch part of the slope field by drawing line seg¬ 
ments with the slopes calculated in part (a). 

6. Match the slope fields in Figure 10.21 with their differ- 



(a) y’ = -y (b) y’ = y (c) y’ = x 

(d) y' = 1/y (e) y' = y 2 

(I) V (II) V 



(iii) y (iv) y 


(V) v 



Figure 10.21 
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7. Match the slope fields in Figure 10.22 with their differ¬ 
ential equations: 

(a) y f = l-\-y 2 (b) y’ = x (c) y' = sin a; 

(d) y’ = y (e) y' = x-y (f) y' = A-y 


8. Slope field (I) 
10. Slope field (III) 
12. Slope field (V) 


9. Slope field (n) 
11. Slope field (IV) 
13. Slope field (VI) 


(i) y (ii) y 



(in) y (iv) y 



(v) y (vi) y 



Figure 10.22: Each slope field is graphed for 

-5 < a: < 5, -5 < 2 / < 5 


For Problems 8-13, consider a solution curve for each of the 
slope fields in Problem 7. Write one or two sentences describ¬ 
ing qualitatively the long-run behavior of y. For example, as 
x increases, does y — oo, or does y remain finite? You may 
get different limiting behavior for different starting points. In 
each case, your answer should discuss how the limiting be¬ 
havior depends on the starting point. 


14. The Gompertz equation, which models growth of animal 
tumors, is y' = —ay]n(y/b), where a and b are pos¬ 
itive constants. Use Figures 10.23 and 10.24 to write a 
paragraph describing the similarities and/or differences 
between solutions to the Gompertz equation with a = 1 
and b = 2 and solutions to the equation y' = y(2 — y). 


y 

4 、 



2 4 


Figure 10.23: Slope field for y r = —y\n{y/2) 

y 



2 4 


Figure 10.24: Slope field for y f = y(2 — y) 
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What is a solution to the differential equation 


dy_ 

dt 


=y? 


A solution is a function that is its own derivative. The function y = e 1 has this property, so y = e 1 
is a solution. In fact, any multiple of e l also has this property. The family of functions y = Ce l is 
the general solution to this differential equation. If fc is a constant, the differential equation 


dy_ 

dt 


= ky ， 


is similar. This differential equation says that the rate of change of y is proportional to y. The 
constant k is the constant of proportionality. By substituting y = Ce kt into the differential equation, 
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you can check that y = Ce kt is a solution. For another derivation of the solution, see the Focus on 
Theory section at the end of the chapter. We have the following result: 


The general solution to the differential equation — = ky is 

at 

y = Ce kt for any constant C. 

• This is exponential growth for fc > 0, and exponential decay for k < 0. 

• The constant C is the value of y when t is 0. 


Graphs of solution curves for some fc > 0 are in Figure 10.25. For fc < 0, the graphs are 
reflected about the y-axis. See Figure 10.26. 


y 



solutions \o — = ky for some fixed A; > 0 
at 



solutions io — = ky for some fixed k < 0 
at 


Example 1 (a) Find the general solution to each of the following differential equations: 

dv dP dw dw 

(i) = 0.05y ⑻ — = -0.3P (iii) 丁 = 2z (iv) 丁 = 2w 

at at dz dz 

(b) For differential equation (i), find the particular solution satisfying t / = 50 when t = 0. 

Solution (a) The differential equations given in (i), (ii), and (iv) are all examples of exponential growth or 

decay, since each is in the form 

Derivative = Constant • Dependent variable. 

Notice that differential equation (iii) is not in this form. Example 1 on page 413 showed that the 
solution to (iii) isw = z 2 -\-C. The general solutions are 

(i) y = Ce omt ⑼ P = Ce~°- 3t (iii) w = ^ + C (iv) w = Ce 2z 
(b) The general solution to (i) is y = Ce°' 05t . Substituting y = 50 and t = 0 gives 

50 = Ce G . 05 ⑼ 

50 = C-1. 

So C = 50, and the particular solution to this initial-value problem is y = 50e 0 05 *. 










10.4 EXPONENTIAL GROWTH AND DECAY 419 


Population Growth 

Consider the population P of a region where there is no immigration or emigration. The rate at 
which the population is growing is often proportional to the size of the population. This means 
larger populations grow faster, as we expect since there are more people to have babies. If the 
population has a continuous growth rate of 2% per unit time, then we know 

Rate of growth of population = 2% of Current population, 


^ = 0.02P. 
dt 

This equation is of the form dP/dt = kP for k = 0.02 and has the general solution P = Ce°- 02t . 
If the initial population at time t = 0 is Pq, then P 0 = Ce 0 02 ( 0 ) = C. So C = Pq and we have 


Continuously Compounded Interest 

In Chapter 1 we introduced continuous compounding as the limiting case in which interest was 
added more and more often. Here we approach continuous compounding from a different point of 
view. We imagine interest being accrued at a rate proportional to the balance at that moment. Thus, 
the larger the balance, the faster interest is earned and the faster the balance grows. 


Example 2 


Solution 


A bank account earns interest continuously at a rate of 5% of the current balance per year. Assume 
that the initial deposit is $1000 and that no other deposits or withdrawals are made. 

(a) Write a differential equation satisfied by the balance in the account. 

(b) Solve the differential equation and graph the solution. 

(a) We are looking for B, the balance in the account in dollars, as a function of t, time in years. 
Interest is being added continuously to the account at a rate of 5% of the balance at that moment, 
so 

Rate at which balance is increasing = 5% of Current balance. 

Thus, a differential equation that describes the process is 


0.055. 


Notice that it does not involve the $1000, the initial condition, because the initial deposit does 
not affect the process by which interest is earned. 

(b) Since Bq = 1000 is the initial value of B, the solution to this differential equation is 


B = B 0 e 005t = lOOOe 0 05 *. 


This function is graphed in Figure 10.27. 

B (dollars) 



- t (years) 

Figure 10.27: Bank balance against time 


You may wonder how we can represent an amount of money by a differential equation, since 
money can only take on discrete values (you can’t have fractions of a cent). In fact, the differential 
equation is only an approximation, but for large amounts of money, it is a pretty good approximation. 
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Pollution in the Great Lakes 


In the 1960s pollution in the Great Lakes became an issue of public concern. We will set up a model 
for how long it would take the lakes to flush themselves clean, assuming no further pollutants were 
being dumped in the lake. 

Let Q be the total quantity of pollutant in a lake of volume V at time t. Suppose that clean 
water is flowing into the lake at a constant rate r and that water flows out at the same rate. Assume 
that the pollutant is evenly spread throughout the lake, and that the clean water coming into the lake 
immediately mixes with the rest of the water. 

How does Q vary with time? First, notice that since pollutants are being taken out of the lake 
but not added, Q decreases, and the water leaving the lake becomes less polluted, so the rate at 
which the pollutants leave decreases. This tells us that Q is decreasing and concave up. In addition, 
the pollutants will never be completely removed from the lake though the quantity remaining will 
become arbitrarily small. In other words, Q is asymptotic to the t-axis. (See Figure 10.28.) 

Setting Up a Differential Equation for the Pollution 


To understand how Q changes with time, we write a differential equation for Q. We know that 
Rate Q _ ( Rate pollutants \ 

changes y leave in outflow J 

where the negative sign represents the fact that Q is decreasing. At time t, the concentration of 
pollutants is Q/V and water containing this concentration is leaving at rate r. Thus, 


Rate pollutants 
leave in outflow 
So the differential equation is 


and its general solution is 


Rate of 
outflow 


^ Concentration 


= ~v Q 


Q = Q 0 e~ rt / V . 

Table 10.6 contains values of r and V for four of the Great Lakes. 1 We use this data to calculate 
how long it would take for certain fractions of the pollution to be removed from Lake Erie. 

Q (quantity of pollutant) 

Table 10.6 Volume and outflow in Great 
Lakes 


t (time) 


Figure 10.28: Pollutant in lake versus time 



7 (km 3 ) 

r (km 3 /year) 

Superior 

12,200 

65.2 

Michigan 

4900 

158 

Erie 

460 

175 

Ontario 

1600 

209 


Example 3 How long will it take for 90% of the pollution to be removed from Lake Erie? For 99% to be 
removed? 

Solution For Lake Erie, r/V = 175/460 = 0.38, so at time t we have 

Q = Q 0 e~ 0 - 38t . 

When 90% of the pollution has been removed, 10% remains, so Q = O.lQo. Substituting gives 
O.lQo = Qoe -0 ' 384 . 


J Data from William E. Boyce and Richard C. DiPrima, Elementary Differential Equations (New York: Wiley, 1977). 
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Canceling Qq and solving fort gives 


ln(O.l) 

0.38 


« 6 years. 


Similarly, when 99% of the pollution has been removed, Q = O.OlQo, so we solve 


giving 


O.OlQo = Qoe~ 
-ln(O.Ol) 


0.38 


« 12 years. 


The Quantity of a Drug in the Body 

As we saw in Section 10.1，the rate at which a drug leaves a patient’s body is proportional to the 
quantity of the drug left in the body. If we let Q represent the quantity of drug left, then 


= -kQ. 


The negative sign indicates the quantity of drug in the body is decreasing. The solution to this 
differential equation is Q = Qo^~ kt ', the quantity decreases exponentially. The constant k depends 
on the drug and Qo is the amount of drug in the body at time zero. Sometimes physicians convey 
information about the relative decay rate with a half life, which is the time it takes for Q to decrease 
by a factor of 1/2. 


Example 4 Valproic acid is a drug used to control epilepsy; its half-life in the human body is about 15 hours. 

(a) Use the half-life to find the constant k in the differential equation dQ/dt = —kQ, where Q 
represents the quantity of drug in the body t hours after the drug is administered. 

(b) At what time will 10% of the original dose remain? 


Solution 


(a) Since the half-life is 15 hours, we know that the quantity remaining Q = 0.5Qo when t = 15. 
We substitute into the solution to the differential equation, Q = Qoe~ kt , and solve for k: 

Q = Q 0 e~ kt 
0.5Q 0 = Q 0 e_ 刺 

0.5 = e 15 友 (Divide through by Qo) 

111 0.5 = — 15fc (Take the natural logarithm of both sides) 

7 -In 0.5 … m 

k = -—- = 0.0462. (Solve for k) 

(b) To find the time when 10% of the original dose remains in the body, we substitute O.lOQo for 
the quantity remaining, Q, and solve for the time, t. 


O.lOQo = Ooe~°- 0462t 
0.10 = e- 00462t 


In 0.10 = -0M62t 
InO.10 


-0.0462 


= 49.84. 


There will be 10% of the drug still in the body att = 49.84, or after about 50 hours. 
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Problems for Section 10.4 


Find solutions to the differential equations in Problems 1-6, 
subject to the given initial condition. 


= 3w t w = 30 when r* = 0 


=—0.1%, y = 5.6 when x = 0 


— = 0.02P, P(0) = 20 

年 = —O.lp, p = 100 when q - 
dq 

= 譬 ， Q = 50 when t = 0 
dy A y 
dx 

Money in a bank account grows continuously at an an¬ 
nual rate of r (when the interest rate is 5%, r = 0.05, and 
so on). Suppose $1000 is put into the account in 2000. 


(a) Write a differential equation satisfied by M, the 
amount of money in the account at time t, measured 
in years since 2000. 

(b) Solve the differential equation. 

(c) Sketch the solution until the year 2030 for interest 
rates of 5% and 10%. 


8. A deposit of $5000 is made to a bank account paying 
1.5% annual interest, compounded continuously. 

(a) Write a differential equation for the balance in the 
account, B, as a function of time, t, in years. 

(b) Solve the differential equation. 

(c) How much money is in the account in 10 years? 

9. A bank account that earns 10% interest compounded con¬ 
tinuously has an initial balance of zero. Money is de¬ 
posited into the account at a continuous rate of $1000 
per year. 

(a) Write a differential equation that describes the rate 
of change of the balance B = f(t). 

(b) Solve the differential equation. 

10 . The amount of ozone, Q, in the atmosphere is decreasing 
at a rate proportional to the amount of ozone present. If 
time t is measured in years, the constant of proportion¬ 
ality is —0.0025. Write a differential equation for Q as 
a function of t, and give the general solution for the dif¬ 
ferential equation. If this rate continues, approximately 
what percent of the ozone in the atmosphere now will 
decay in the next 20 years? 

11 . Using the model in the text and the data in Table 10.6 on 
page 420, find how long it would take for 90% of the pol¬ 
lution to be removed from Lake Michigan and from Lake 
Ontario, assuming no new pollutants are added. Explain 
how you can tell which lake will take longer to be puri¬ 
fied just by looking at the data in the table. 


12 . Use the model in the text and the data in Table 10.6 on 
page 420 to determine which of the Great Lakes would 
require the longest time and which would require the 
shortest time for 80% of the pollution to be removed, as¬ 
suming no new pollutants are being added. Find the ratio 
of these two times. 

13 . The rate at which a drug leaves the bloodstream and 
passes into the urine is proportional to the quantity of 
the drug in the blood at that time. If an initial dose of Qo 
is injected directly into the blood, 20% is left in the blood 
after 3 hours. 

(a) Write and solve a differential equation for the quan¬ 
tity, Q, of the drug in the blood after t hours. 

(b) How much of this drug is in a patient’s body after 6 
hours if the patient is given 100 mg initially? 

14 . Oil is pumped continuously from a well at a rate propor¬ 
tional to the amount of oil left in the well. Initially there 
were 1 million barrels of oil in the well; six years later 
500,000 barrels remain. 

(a) At what rate was the amount of oil in the well de¬ 
creasing when there were 600,000 barrels remain¬ 
ing? 

(b) When will there be 50,000 barrels remaining? 

15 . In some chemical reactions, the rate at which the amount 
of a substance changes with time is proportional to the 
amount present. For example, this is the case as 占 _ 
glucono-lactone changes into gluconic acid. 

(a) Write a differential equation satisfied by y, the quan¬ 
tity of S -glucono-lactone present at time t. 

(b) If 100 grams of ^-glucono-lactone is reduced to 54.9 
grams in one hour, how many grams will remain af¬ 
ter 10 hours? 


16 . Hydrocodone bitartrate is used as a cough suppressant. 
After the drug is fully absorbed, the quantity of drug in 
the body decreases at a rate proportional to the amount 
left in the body. The half-life of hydrocodone bitartrate 
in the body is 3.8 hours and the dose is 10 mg. 

(a) Write a differential equation for the quantity, Q, of 
hydrocodone bitartrate in the body at time in hours 
since the drug was fully absorbed. 

(b) Solve the differential equation given in part (a). 

(c) Use the half-life to find the constant of proportional¬ 
ity, k. 

(d) How much of the 10-mg dose is still in the body after 
12 hours? 


17. The amount of land in use for growing crops increases 
as the world’s population increases. Suppose A{t) repre¬ 
sents the total number of hectares of land in use in year 
t. (A hectare is about 2\ acres.) 

(a) Explain why it is plausible that A{t) satisfies the 
equation A r {t) = kA(t). What assumptions are you 
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(b) 

10.5 


making about the world’s population and its relation 
to the amount of land used? 

In 1950 about 1 - 10 9 hectares of land were in use; 
in 1980 the figure was 2 • 10 9 . If the total amount 


of land available for growing crops is thought to be 
3.2 • 10 9 hectares, when does this model predict it is 
exhausted? (Let t = 0 in 1950.) 


APPLICATIONS AND MODELING 

In the last section, we considered several situations modeled by the differential equation 

t =ky - 

In this section, we consider situations where the rate of change of y is a linear function of y of the 
form 


dy_ _ 


= k(y — A), where k and A are constants. 


The Quantity of a Drug in the Body 

A patient is given the drug warfarin, an anticoagulant, intravenously at the rate of 0.5 mg/hour. 
Warfarin is metabolized and leaves the body at the rate of about 2% per hour. A differential equation 
for the quantity, Q (in mg), of warfarin in the body after t hours is given by 

Rate of change = Rate in — Rate out 

孕 =0.5-0.02Q. 

at 

What does this tell us about the quantity of warfarin in the body for different initial values of Q1 
If Q is small, then 0.02Q is also small and the rate the drug is excreted is less than the rate at 
which the drug is entering the body. Since the rate in is greater than the rate out, the rate of change 
is positive and the quantity of drug in the body is increasing. If Q is large enough that 0.02Q is 
greater than 0.5, then 0.5 — 0.02Q is negative, so dQ / dt is negative and the quantity is decreasing. 

For small Q, the quantity will increase until the rate in equals the rate out. For large Q, the 
quantity will decrease until the rate in equals the rate out. What is the value of Q at which the rate 
in exactly matches the rate out? We have 

Rate in = Rate out 
0.5 = 0.02Q 
Q = 25. 

If the amount of warfarin in the body is initially 25 mg, then the amount being excreted exactly 
matches the amount being added. The quantity of drug Q will stay constant at 25 mg. Notice also 
that when Q = 25, the derivative dQ/dt is zero, since 

^ =0.5 - 0.02(25) = 0.5 - 0.5 = 0. 

If the initial quantity is 25, then the solution is the horizontal line Q = 25. This solution is called an 
equilibrium solution. 

The slope field for this differential equation is shown in Figure 10.29, with solution curves 
drawn for Qq = 20, Qo = 25, and Qo = 30. In each case, we see that the quantity of drug in the 
body is approaching the equilibrium solution of 25 mg. The solution curve with Qo = 30 should 
remind you of an exponential decay function. It is, in fact, an exponential decay function that has 
been shifted up 25 units. 
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Q 


30 

25 

20 


Figure 10.29: Slope field for dQ/dt = 0.5 - 0.02Q 


Solving the Differential Equation dy/dt = k(y — A) 

The drug concentration in the previous example satisfies a differential equation of the form 

t = Hy ~ A) - 

Let us find the general solution to this equation. Since ^4 is a constant, dA/dt = 0 so that we have 

i 卜 A) = t-^ = t- 0=Hy - A) . 

Thus y — A satisfies an exponential differential equation, soy — A must be of the form 
y-A = Ce kt . 

For an alternative derivation of the solution, see the Focus on Theory section at the end of the chapte. 


The general solution to the differential equation 


d != 吻 - A ) 


is 


y = A + Ce kt , 

for any constant C. 


Warning: Notice that, for differential equations of this form, the arbitrary constant C is not the 
initial value of the variable, but rather the initial value ofy — A. 


Example 1 Give the solution to each of the following differential equations: 

(a) 学 = 0.02(y — 50) (b) ^ = 5(P — 10), P = 8 when t = 0 

at at 

(c) 年 = 3y - 300 (d) ^ ^ 500 - 0.1W 

at at 

Solution (a) The general solution is y = 50 + Ce°- 02t . 

(b) The general solution is P = 10 + Ce 5t . Use the initial condition to solve for C: 

8 = 10 + C(e°) 

8 = 10 + C 

So C = —2, and the particular solution is P = 10 — 2e 5t . 
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(c) First rewrite the right-hand side of the equation in the form k(y — A) by factoring out a 3: 

窨 =3(y-100). 

The general solution to this differential equation is y = 100 + Ce 3t . 

(d) We begin by factoring out the coefficient of W: 

^ = 500 - 0.1W = —0.1 (w- ^) = -0.1(W- 5000). 

The general solution to this differential equation isW = 5000 + Ce~ 0At . 


Example 2 At the start of this section, we gave the following differential equation for the quantity of warfarin 
in the body: 

^ =0.5 - 0.02Q. 
at 

Write the general solution to this differential equation. Find particular solutions for Qq = 20, 
Qo = 25, and Qo = 30. 

Solution We first rewrite the differential equation in the form dQ/dt = k(Q — A) by factoring out —0.02: 

^ =0.5 - 0.02Q = -0.02(Q - 25). 

The general solution to this differential equation is 

Q = 25 + Ce~ 0 02t . 

To find the particular solution when Qq = 20, we use the initial condition to solve for C: 

20 = 25 + C(e°) 

C = —5. 

The particular solution when Qo = 20 is Q = 25 — 5e— 0 02t . 

When Qo = 25, we have C = 0 and the particular solution is the horizontal line Q = 25. When 
Qo = 30, we have (7 = 5 and the particular solution is Q = 25 + 5e 一 0 02t . These three solutions 
are the three we saw earlier in Figure 10.29. 


Example 3 A company’s revenue is earned at a continuous annual rate of 5% of its net worth. At the same 
time, the company’s payroll obligations are paid out at a constant rate of 200 million dollars a year. 
We saw in Section 10.1 that the differential equation governing the net worth, W (in millions of 
dollars), of this company in year t is given by 

Rate of change ofW = Rate in — Rate out 
dW 

—= omw - 2oo. 

dt 

(a) Solve the differential equation, assuming an initial net worth of Wo million dollars. 

(b) Sketch the solution for Wo = 3000, 4000 and 5000. For which of these values of Wo does the 
company go bankrupt? In which year? 

Solution (a) Factor out 0.05 to get 

^ =0.05(^-4000). 

The general solution is 

VF = 4000 + Ce a05t . 

To find C we use the initial condition that W = Wo when t = 0. 

Wo = 4000 + Ce° 

W 0 - 4000 = C 
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Substituting this value for C into W = 4000 + Ce omt gives 

W = 4000 + (Wo- 4000)e ao5t . 

(b) If Wo = 4000, then W = 4000, the equilibrium solution. 

If Wo = 5000, then W = 4000 + lOOOe 0 05 ' 

If Wq = 3000, then W = 4000 — 1000e° 05t . The graphs of these functions are in Figure 10.30. 
Notice that if the net worth starts with Wo near, but not equal to, $4000 million, then W moves 
further away. We see that if Wo = 3000, the value of W goes to 0, and the company goes 
bankrupt. Solving W = 0 gives t « 27.7, so the company goes bankrupt in its twenty-eighth 


W 



Figure 10.30: Solutions to 誉 = 0.05W - 200 


Equilibrium Solutions 

Figure 10.29 shows the quantity of warfarin in the body for several different initial quantities. All 
these curves are solutions to the differential equation 

^ =0.5 - 0.02(3 = -0.02(Q- 25), 

at 

and all the solutions have the form 

Q = 25 + Ce~°- 02t 

for some C. Notice that Q —> 25 as t > oo for all solutions because e 一 0 02t — 0 as t — oo. In 
other words, in the long run, the quantity approaches the equilibrium solution of Q = 25 no matter 
what the initial quantity. 

Notice that the equilibrium solution can be found directly from the differential equation by 
solving dQ/dt = 0: 

^ = -0.02(Q - 25) = 0, 

giving Q = 25. Because Q always gets closer and closer to the equilibrium value of 25 as t > oo, 
we call Q = 25 a stable equilibrium for Q. 

A different situation is shown in Figure 10.30 with the solutions to the differential equation 
dW/dt = 0.05VF — 200. We find the equilibrium by looking at the solution curves or by setting 
dW/dt = 0: 

dW 

—= omw - 200 = 0.05(W - 4000) = 0, 

giving W = 4000 as the equilibrium solution. This equilibrium solution is called unstable because 
ifW starts near, but not equal to, 4000, the net worth W moves further away from 4000 as t > oo. 
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• An equilibrium solution is constant for all values of the independent variable. The graph 
is a horizontal line. Equilibrium solutions can be identified by setting the derivative of 
the function to zero. 

• An equilibrium solution is stable if a small change in the initial conditions gives a so¬ 
lution which tends toward the equilibrium as the independent variable tends to positive 
infinity. 

• An equilibrium solution is unstable if a small change in the initial conditions gives a 
solution curve which veers away from the equilibrium as the independent variable tends 
to positive infinity. 


In general, a differential equation may have more than one equilibrium solution or no equilib¬ 
rium solution. 


Example 4 Find the equilibrium solution for each of the following differential equations. Determine whether 
the equilibrium solution is stable or unstable. 

⑻— —2( 丑 — 20) (b) = 2(B — 10) 

Solution (a) To find equilibrium solutions, we set dH/dt = 0: 

I = -2( 丑 -20) = 0 ， 

giving H = 20 as the equilibrium solution. The general solution to this differential equation is 
H = 20 Ce~ 2t . The solution curves for H 0 = 10, H 0 = 20, and H 0 = 30 are shown in 
Figure 10.31. We see that the equilibrium solution is stable. 



Figure 10.31 : 77 = 20 is stable equilibrium Figure 10.32: S = 10 is unstable equilibrium 

(b) To find equilibrium solutions, we set dB/dt = 0: 

尝 = 2(B - 10) = 0, 

giving B = 10 as the equilibrium solution. The general solution to this differential equation 
is = 10 + Ce 2t . The solution curves for Bq = 9, Bq = 10, and Bq = 11 are shown in 
Figure 10.32. We see that the equilibrium solution is unstable. 


Newton’s Law of Heating and Cooling 

Newton proposed that the temperature of a hot object decreases at a rate proportional to the differ¬ 
ence between its temperature and that of its surroundings. Similarly, a cold object heats up at a rate 
proportional to the temperature difference between the object and its surroundings. 

For example, a hot cup of coffee standing on a table cools at a rate proportional to the temper¬ 
ature difference between the coffee and the surrounding air. As the coffee cools, the rate at which 
it cools decreases because the temperature difference between the coffee and the air decreases. In 
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the long run, the rate of cooling tends to zero and the temperature of the coffee approaches room 
temperature. Figure 10.33 shows the temperature of two cups of coffee against time, one starting at 
a higher temperature than the other, but both tending toward room temperature in the long run. 


temperature 



Room temperature 


time 


Figure 10.33: Temperature of coffee versus time 

Let H be the temperature at time t of a cup of coffee in a 70°F room. Newton’s Law says that 
the rate of change of H is proportional to the temperature difference between the coffee and the 
room: 

Rate of change of temperature = Constant - Temperature difference. 

The rate of change of temperature is dH/dt. The temperature difference between the coffee and the 
room is (H — 70), so 

二 Constant - (H — 70). 

What about the sign of the constant? If the coffee starts out hotter than 70。 (that is, H — 70 > 0), 
then the temperature of the coffee decreases (i.e., dH/dt < 0) and so the constant must be negative: 

^ = -k{H — 70) fc >0. 

What can we learn from this differential equation? Suppose we take k = 1. The slope field for this 
differential equation in Figure 10.34 shows several solution curves. Notice that, as we expect, the 
temperature of the coffee is approaching the temperature of the room. The general solution to this 
differential equation is 

H = 70 + Ce-\ 

where C is an arbitrary constant. 

丑 (°F) 



Figure 10.34: Slope field for = —(H — 70) 


Example 5 The body of a murder victim is found at noon in a room with a constant temperature of 20°C. At 
noon the temperature of the body is 35°C; two hours later the temperature of the body is 33°C. 

(a) Find the temperature, H, of the body as a function of t, the time in hours since it was found. 

(b) Graph H against t. What happens to the temperature in the long run? 

(c) At the time of the murder, the victim’s body had the normal body temperature, 37°C. When did 
the murder occur? 















Solution 


10.5 APPLICATIONS AND MODELING 429 


(a) Newton’s Law of Cooling says that 

Rate of change of temperature = Constant • Temperature difference. 
Since the temperature difference is 丑一 20, we have for some constant k 
dH 


dt 


=-k{H-20). 

The general solution is 

i? = 20 + Ce~ kt . 

To determine C, we use the fact that H = 35 ait = 0: 

35 = 20 + C • e° 
35 = 20 + C 

So C = 15 and we have 

H = 20 + 15e - 气 

To find k, we use the fact that H = 33 when t = 2: 

33 = 20 + 15e_ fc ( 2 ). 

We isolate the exponential and solve for k: 

13 = 15e_ 2fc 

1 = 0 


(i) = - 2fc 

M13/15) 


= 0.072. 


Therefore, the temperature, H, of the body as a function of time, t, is given by 
H = 20 15e _0 - 072t . 

(b) The graph of H = 20 + 15e _0 072t has a vertical intercept of H = 35, the initial temper¬ 
ature. The temperature decays exponentially with a horizontal asymptote of H = 20. (See 
Figure 10.35.) “In the long run” means as i ^ oo. The graph shows that H 20 as t ^ oo. 
H(°C) 

35 

if = 20 + 15e~ 


- 1 - 1 - 1 - t (hours) 

10 20 30 

Figure 10.35: Temperature of dead body 

(c) We want to know when the temperature was 37°C. We substitute H = 37 and solve for t: 
37 = 20 + 15e - 0 . 072t 
YL — ^-0.072t 
15 

Taking natural logs on both sides gives 

ln ( g )=-0 戲 

SO 

^ ln(17/15) 


0.072 


=—1.74 hours. 


The murder occurred about 1.74 hours before noon, that is, about 10:15 am. 
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Problems for Section 10.5 


Find particular solutions in Problems 1-8. 

1. ^ = 3(H- 75), H = 0 when t = 0 

2 . 笔 = 0.5(2/ — 200), y = 50 when t = 0 
at 

3. ^ = p + 4, P= lOOwhent = 0 

4. ^ = 4S- 100, B = 20 when t = 0 

5. ^ = 0.3Q - 120, Q = 50 when t = 0 

6. ^ = 0.1m + 200, m(0) = 1000 

7. 菩 +2S = 50, B(l) « 100 

8. ^+0.15-10«0 B(2) « 3 

at 

9. Check that y = A-\- Ce kt is a solution to the differential 
equation 

ft = k( - y - A) - 

10. A bank account earns 7% annual interest compounded 
continuously. You deposit $10,000 in the account, and 
withdraw money continuously from the account at a rate 
of $1000 per year. 

(a) Write a differential equation for the balance, B, in 
the account after t years. 

(b) What is the equilibrium solution to the differential 
equation? (This is the amount that must be deposited 
now for the balance to stay the same over the years.) 

(c) Find the solution to the differential equation. 

(d) How much is in the account after 5 years? 

(e) Graph the solution. What happens to the balance in 
the long run? 

11. A company earns 2% per month on its assets, paid con¬ 
tinuously, and its expenses are paid out continuously at a 
rate of $80,000 per month. 

(a) Write a differential equation for the value, V, of the 
company as a function of time, in months. 

(b) What is the equilibrium solution for the differential 
equation? What is the significance of this value for 
the company? 

(c) Solve the differential equation found in part (a). 

(d) If the company has assets worth $3 million at time 
t = 0, what are its assets worth one year later? 

12. Money in an account earns interest at a continuous rate of 
8% per year, and payments are made continuously out of 
the account at the rate of $5000 a year. The account ini¬ 
tially contains $50,000. Write a differential equation for 
the amount of money in the account, B, in t years. Solve 
the differential equation. Does the account ever run out 
of money? If so, when? 


13. A bank account earns 5% annual interest, compounded 
continuously. Money is deposited in a continuous cash 
flow at a rate of $1200 per year into the account. 

(a) Write a differential equation that describes the rate 
at which the balance B = f(t) is changing. 

(b) Solve the differential equation given an initial bal¬ 
ance Bo = 0. 

(c) Find the balance after 5 years. 

14. A patient is given the drug theophylline intravenously at 
a rate of 43.2 mg/hour to relieve acute asthma. The rate at 
which the drug leaves the patient’s body is proportional 
to the quantity there, with proportionality constant 0.082 
if time, t, is in hours. The patient’s body contains none of 
the drug initially. 

(a) Describe in words how you expect the quantity of 
theophylline in the patient to vary with time. 

(b) Write a differential equation satisfied by the quantity 
of theophylline in the body, Q(t). 

(c) Solve the differential equation and graph the solu¬ 
tion. What happens to the quantity in the long run? 

15. One theory on the speed an employee learns a new task 
claims that the more the employee already knows, the 
more slowly he or she learns. Suppose that the rate at 
which a person learns is equal to the percentage of the 
task not yet learned. If y is the percentage learned by time 
t, the percentage not yet learned by that time is 100 — y, 
so we can model this situation with the differential equa¬ 
tion 

§ = 100_2/ - 

(a) Find the general solution to this differential equa¬ 
tion. 

(b) Sketch several solutions. 

(c) Find the particular solution if the employee starts 
learning at time t = 0 (soy = 0 when t = 0). 

16. A chain smoker smokes five cigarettes every hour. From 
each cigarette, 0.4 mg of nicotine is absorbed into the 
person’s bloodstream. Nicotine leaves the body at a rate 
proportional to the amount present, with constant of pro¬ 
portionality —0.346 if t is in hours. 

(a) Write a differential equation for the level of nicotine 
in the body, N, in mg, as a function of time, t, in 
hours. 

(b) Solve the differential equation from part (a). Initially 
there is no nicotine in the blood. 

(c) The person wakes up at 7 am and begins smoking. 
How much nicotine is in the blood when the person 
goes to sleep at 11 pm (16 hours later)? 
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17. As you know, when a course ends, students start to for¬ 
get the material they have learned. One model (called the 
Ebbinghaus model) assumes that the rate at which a stu¬ 
dent forgets material is proportional to the difference be¬ 
tween the material currently remembered and some pos¬ 
itive constant, a. 

(a) Let y = f{t) be the fraction of the original material 
remembered t weeks after the course has ended. Set 
up a differential equation for y. Your equation will 
contain two constants; the constant a is less than y 
for all t. 

(b) Solve the differential equation. 

(c) Describe the practical meaning (in terms of the 
amount remembered) of the constants in the solution 

y = f(t)- 

18. (a) What are the equilibrium solutions for the differen¬ 

tial equation 

^= 0 . 2 ( 2 /- 3 )( 2 /+ 2 )? 

(b) Use a graphing calculator or computer to sketch 
a slope field for this differential equation. Use the 
slope field to determine whether each equilibrium 
solution is stable or unstable. 

19. (a) Find the equilibrium solution of the equation 

^ = 0 . 52 /- 250 . 

(b) Find the general solution of this equation. 

(c) Graph several solutions with different initial values. 

(d) Is the equilibrium solution stable or unstable? 

20. Figure 10.36 gives the slope field for a differential 
equation. Estimate all equilibrium solutions and indicate 
whether each is stable or unstable. 



1 2 3 4 5 

Figure 10.36 


21. A yam is put in a 200° C oven and heats up according to 
the differential equation 

= —k(H — 200), for k a positive constant. 

(a) If the yam is at 20。 C when it is put in the oven, solve 
the differential equation. 


(b) Find k using the fact that after 30 minutes the tem¬ 
perature of the yam is 120° C. 

22. At 1:00 pm one winter afternoon, there is a power failure 
at your house in Wisconsin, and your heat does not work 
without electricity. When the power goes out, it is 68°F 
in your house. At 10:00 pm, it is 57°F in the house, and 
you notice that it is 10°F outside. 

(a) Assuming that the temperature, T, in your home 
obeys Newton’s Law of Cooling, write the differen¬ 
tial equation satisfied by T. 

(b) Solve the differential equation to estimate the tem¬ 
perature in the house when you get up at 7:00 am 
the next morning. Should you worry about your wa¬ 
ter pipes freezing? 

(c) What assumption did you make in part (a) about the 
temperature outside? Given this (probably incorrect) 
assumption, would you revise your estimate up or 
down? Why? 

23. A detective finds a murder victim at 9 am. The temper¬ 
ature of the body is measured at 90.3°F. One hour later, 
the temperature of the body is 89.0°F. The temperature 
of the room has been maintained at a constant 68°F. 

(a) Assuming the temperature, T, of the body obeys 
Newton’s Law of Cooling, write a differential equa- 



(b) Solve the differential equation to estimate the time 
the murder occurred. 

24. A drug is administered intravenously at a constant rate 
of r mg/hour and is excreted at a rate proportional to the 
quantity present, with constant of proportionality a > 0. 

(a) Solve a differential equation for the quantity, Q, in 
milligrams, of the drug in the body at time t hours. 
Assume there is no drug in the body initially. Your 
answer will contain r and a. Graph Q against t. 
What is Qoo, the limiting long-run value of Q? 

(b) What effect does doubling r have on Qoo? What ef¬ 
fect does doubling r have on the time to reach half 
the limiting value, \Qoo ? 

(c) What effect does doubling a have on Qoo? On the 
time to reach |Qoo? 

25. Some people write the solution of the initial value prob¬ 
lem 

^ =k(y- A) y = y o att = 0 
in tiie form 

= ^ - 

Show that this formula gives the correct solution for y ， 
assuming yo ^ A. 
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10.6 MODELING THE INTERACTION OF TWO POPULATIONS 


So far we have used a differential equation to model the growth of a single quantity. We now consider 
the growth of two interacting populations, a situation which requires a system of two differential 
equations. Examples include two species competing for food, one species preying on another, or 
two species helping each other (symbiosis). 


A Predator-Prey Model: Robins and Worms 

We model a predator-prey system using what are called the Lotka-Volterra equations. Let’s look 
at a simplified and idealized case in which robins are the predators and worms the prey. 2 Suppose 
there are r thousand robins andw million worms. If there were no robins, the worms would increase 
exponentially according to the equation 

专 =aw where a is a positive constant. 

If there were no worms, the robins would have no food and so their population would decrease 
according to the equation 3 

= —hr where Ms a positive constant. 

Now imagine the effect of the two populations on one another. Clearly, the presence of the 
robins is bad for the worms, so 


-r- = aw — Effect of robins on worms. 
at 

On the other hand, the robins do better with the worms around, so 

— =—br + Effect of worms on robins. 
at 

How exactly do the two populations interact? Let’s assume the effect of one population on the 
other is proportional to the number of “encounters.” (An encounter is when a robin eats a worm.) 
The number of encounters is likely to be proportional to the product of the populations because if 
one population is held fixed, the number of encounters should be directly proportional to the other 
population. So we assume 

dw a i i 

—=aw — cwr and — = —br + kwr, 

where c and k are positive constants. 

To analyze this system of equations, let’s look at the specific example with a = b = c = k = l: 


dw 、 dr 

-r- = w — wr and — = —r + wr. 

at at 


The Phase Plane 


To see the growth of the populations, we want graphs of r and w against t. However, it is easier to 
obtain a graph of r against w first. If we plot a point (w,r) representing the number of worms and 
robins at any moment, then, as the populations change, the point moves. The -u;r-plane on which the 
point moves is called the phase plane and the path of the point is called the phase trajectory. 

To find the phase trajectory, we need a differential equation relating w and r directly. We have 
the two differential equations 

dw , dr 

— =w — wr and —— =—r* + wr. 

at at 

Thinking of r as a function of w and ^ as a function of t, the chain rule gives 
dr dr dw 

dt dw dt • 

2 Based on work by Thomas A. McMahon. 

3 This assumption unrealistically predicts that the robin population will decay exponentially, rather than die out in finite 
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r (predator) 



Figure 10.37: Slope field for — r ~^~ wr 
aw w — wr 


This tells us that 


dr dr/dt 
dw dw/dt 


so we have 


dr —r + wr 


dw w — wr 

Figure 10.37 shows the slope field of this differential equation in the phase plane. 


The Slope Field and Equilibrium Points 

We can get an idea of what solutions of this equation look like from the slope field. At the point 
(1,1) there is no slope drawn because dr/dw is undefined there since the rates of change of both 
populations with respect to time are zero: 


dw 

dt 


- 1-1 = 0 , 


and 



1 = 0 . 


In terms of worms and robins, this means that if at some moment w = 1 and r = 1 (that is, there are 
1 million worms and 1 thousand robins), then w and r remain constant forever. The point w = 1, 
r = 1 is therefore an equilibrium solution. The origin is also an equilibrium point, since if = 0 
and r = 0, then-w; and r remain constant. The slope field suggests that there are no other equilibrium 
points. We check this by solving 


dw 

— =w — wr = 
dt 


0 


which yields only w = 0, r = 0 and w = l,r 


and -dt = ~ 
=1 as solutions. 


■rw = 0, 


Trajectories in the 雷 -Phase Plane 


Let’s look at the trajectories in the phase plane. A point on a curve represents a pair of populations 
(w, r) existing at the same time t (though t is not shown on the graph). A short time later, the pair 
of populations is represented by a nearby point. As time passes, the point traces out a trajectory. It 
can be shown that the trajectory is a closed curve. See Figure 10.38. 

In which direction does the point move on the trajectory? Look at the original pair of differential 


equations. They tell us how w and r change with time. Imagine, for example, that we are at the point 
Po in Figure 10.39, where w = 2.2 and r = 1; then 


dt 


— r + w = —1 + (2.2)(1) = 1.2 〉 0. 
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Therefore, r is increasing, so the point is moving in the direction shown by the arrow in Figure 10.39. 
r r 




Figure 10.38: Solution curve is closed Figure 10.39: A trajectory 


Example 1 Suppose that at time t = 0, there are 2.2 million worms and 1 thousand robins. Describe how the 
robin and worm populations change over time. 

Solution The trajectory through the point Po where w = 2.2 and r = 1 is shown on the slope field in 
Figure 10.38 and by itself in Figure 10.39. 

Initially there are lots of worms so the robin population does well. The robin population is 
increasing and the worm population is decreasing until there are about 2.2 thousand robins and 1 
million worms (point Pi in Figure 10.39). At this point, there are too few worms to sustain the 
robin population; it begins to decrease and the worm population continues to fall as well. The robin 
population falls dramatically until there are about 1 thousand robins and 0.4 million worms (point P 2 
in Figure 10.39). With so few robins, the worm population starts to recover, but the robin population 
is still decreasing. The worm population increases until there are about 0.4 thousand robins and 1 
million worms (P 3 in Figure 10.39). Now there are lots of worms for the small population of robins 
so both populations increase. The populations return to the starting values (since the trajectory forms 
a closed curve) and the cycle starts over. 


Problem 17 at the end of the section shows how to calculate approximate coordinates of points 
on the curve. 

The Populations as Functions of Time 

The shape of a trajectory tells us how the populations vary with time. We use this information to 
graph each population against time, as in Figure 10.40. The fact that the trajectory is a closed curve 
means that both populations oscillate periodically. Both populations have the same period, and the 
worms (the prey) are at their maximum a quarter of a cycle before the robins, 
population Worms Robins 



-Po Pi P 2 Pz Po Pi P 2 P 3 PqPi P 2 P 3 Po 


Figure 10.40: Populations of robins (in thousands) and worms (in millions) over time 

Lynxes and Hares 

A predator-prey system for which there are long-term data is the Canadian lynx and the hare. Both 
animals were of interest to fur trappers and the records of the Hudson Bay Company shed some 
light on their populations through much of the 20 th century. These records show that both popula¬ 
tions oscillated up and down, quite regularly, with a period of about ten years. This is the behavior 
predicted by Lotka-Volterra equations. 
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Problems 1-3 give the rates of growth of two populations, x 
and y, measured in thousands. 

(a) Describe in words what happens to the population of 
each species in the absence of the other. 

(b) Describe in words how the species interact with one an¬ 
other. Give reasons why the populations might behave as 
described by the equations. Suggest species that might 
interact in that way. 

dx 


dt 


: 0.01a: — O.Obxy 


dy dy 

— = 一 0.2,y -f- O.OSxy — — 0.2,y 一 O.OSxy 

dt dt 


dx 

3. 


= OAxy — O.ly 


4. The following system of differential equations represents 
the interaction between two populations, x and y. 


(a) Describe how the species interact. How would each 
species do in the absence of the other? Are they help¬ 
ful or harmful to each other? 

(b) If x = 2 and y = 1 ， does x increase or decrease? 
Does y increase or decrease? Justify your answers. 

(c) Write a differential equation involving dy/dx. 

(d) Use a computer or calculator to draw the slope field 
for the differential equation in part (c). 

(e) Draw the trajectory starting at point x = 2, y = 1 
on your slope field, and describe how the popula¬ 
tions change as time increases. 

Create a system of differential equations to model the situa¬ 
tions in Problems 5-7. You may assume that all constants of 
proportionality are 1. 

5. Two businesses are in competition with each other. Both 
businesses would do well without the other one, but each 
hurts the other’s business. The values of the two busi¬ 
nesses are given by x and y. 

6. A population of fleas is represented by x, and a popula¬ 
tion of dogs is represented by y. The fleas need the dogs 
in order to survive. The dog population, however, is un¬ 
affected by the fleas. 

7. The concentrations of two chemicals are denoted by x 
and y, respectively. Alone, each decays at a rate propor¬ 
tional to its concentration. Together, they interact to form 
a third substance. As the third substance is created, the 
concentrations of the initial two populations get smaller. 


Other Forms of Species Interaction 

The methods of this section can be used to model other types of interactions between two species, 
such as competition and symbiosis. 


Example 2 


Solution 


Describe the interactions between two populations x and y modeled by the following systems of 
differential equations. 


(a) 尝 = 0.2x — 0‘S 轉 


(b)$ 


-2x + 5xy 


0.6y — O.Sxy 


(c) 与 = 0.5x 


dt 


-1.6y-\-2xy 


-rr = -y + °- 2x v 

at 

(d.) = 0.3x _ 1.2x? / 

-0.7y + 2.5xy 


dt 


(a) If we ignore the interaction terms with xy, we have dx/dt = 0.2x and dy/dt = 0.6y, so both 
populations grow exponentially. Since both interaction terms are negative, each species inhibits 
the other’s growth, such as when deer and elk compete for food. 

(b) If we ignore the interaction terms, the populations of both species decrease exponentially. How¬ 
ever, both interaction terms are positive, meaning each species benefits from the other, so the 
relationship is symbiotic. An example is the pollination of plants by insects. 

(c) Ignoring interaction, x grows and y decays. But the interaction term means that y benefits from 
x, in the way birds that build nests benefit from trees. 

(d) Without the interaction, x grows and y decays. The interaction terms show that y hurts x while 
x benefits y. This is a predator-prey model where y is the predator and x is the prey. 


Problems for Section 10.6 
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8. Two companies, A and B, are in competition with each 
other. Let x represent the net worth (in millions of dol¬ 
lars ) of Company A, and y represent the net worth (in 
millions of dollars) of Company B. Four trajectories are 
given in Figure 10.41. For each trajectory: Describe the 
initial conditions. Describe what happens initially: Do 
the companies gain or lose money early on? What hap¬ 
pens in the long run? 


y (worth of B) 



Figure 10.41 


For Problems 9-19, let w be the number of worms (in mil¬ 
lions) and r the number of robins (in thousands) living on 
an island. Suppose w and r satisfy the following differential 
equations, which correspond to the slope field in Figure 10.42. 

dw dr 

—=w — wr, — = —r + wr. 

r (predator) 



Figure 10.42：^ = ^} 


9. Explain why these differential equations are a reasonable 
model for interaction between the two populations. Why 
have the signs been chosen this way? 

10. Solve these differential equations in the two special cases 
when there are no robins and when there are no worms 
living on the island. 

11. Describe and explain the symmetry you observe in the 
slope field. What consequences does this symmetry have 
for the solution curves? 


12. Assume w = 2 and r = 2 when t = O.Do the numbers 
of robins and worms increase or decrease at first? What 
happens in the long run? 

13. For the case discussed in Problem 12, estimate the max¬ 
imum and the minimum values of the robin population. 
How many worms are there at the time when the robin 
population reaches its maximum? 

14. On the same axes, graph w andr (the worm and the robin 
populations) against time. Use initial values of 1.5 for w 
and 1 for r. You may do this without units for t. 

15. People on the island like robins so much that they de¬ 
cide to import 200 robins all the way from England, to 
increase the initial population from r = 2 to r = 2.2 
when t = 0. Does this make sense? Why or why not? 

16. Assume that w = 3 and r = 1 when t = O.Do the num¬ 
bers of robins and worms increase or decrease initially? 
What happens in the long run? 

17. At t = 0 there are 2.2 million worms and 1 thousand 
robins. 

(a) Use the differential equations to calculate the deriva¬ 
tives dw/dt and dr/dt at t = 0. 

(b) Use the initial values and your answer to part (a) to 
estimate the number of robins and worms att = 0.1. 

(c) Using the method of part (a) and (b), estimate the 
number of robins and worms a.tt = 0.2 and 0.3. 

18. (a) Assume that there are 3 million worms and 2 thou¬ 

sand robins. Locate the point corresponding to this 
situation on the slope field given in Figure 10.42. 
Draw the trajectory through this point. 

(b) In which direction does the point move along this 
trajectory? Put an arrow on the trajectory and jus¬ 
tify your answer using the differential equations for 
dr/dt and dw/dt given in this section. 

(c) How large does the robin population get? What is 
the size of the worm population when the robin pop¬ 
ulation is at its largest? 

(d) How large does the worm population get? What is 
the size of the robin population when the worm pop¬ 
ulation is at its largest? 

19. Repeat Problem 18 if initially there are 0.5 million 
worms and 3 thousand robins. 

20. For each system of differential equations in Example 2, 
determine whether x increases or decreases and whether 
y increases or decreases when x = 2 and y = 2. 

21. For each system of equations in Example 2, write a dif¬ 
ferential equation involving dy/dx. Use a computer or 
calculator to draw the slope field for x, y > 0. Then 
draw the trajectory through the point x = 3,y = 1. 
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Differential equations can be used to predict when an outbreak of a disease becomes so severe that 
it is called an epidemic 4 and to decide what level of vaccination is necessary to prevent an epidemic. 
Let’s consider a specific example. 

Flu in a British Boarding School 

In January 1978, 763 students returned to a boys，boarding school after their winter vacation. A 
week later, one boy developed the flu, followed immediately by two more. By the end of the month, 
nearly half the boys were sick. Most of the school had been affected by the time the epidemic was 
over in mid-February. 5 

Being able to predict how many people will get sick, and when, is an important step toward con¬ 
trolling an epidemic. This is one of the responsibilities of Britain’s Communicable Disease Surveil¬ 
lance Centre and the US’s Center for Disease Control and Prevention. 


The S-l-R model 


We apply one of the most commonly used models for an epidemic, called the S-I-R model, to the 
boarding school flu example. Imagine the population of the school divided into three groups: 

S = the number of susceptibles, the people who are not yet sick 
but who could become sick 

I = the number of infecteds, the people who are currently sick 
R = the number of recovered, or removed, the people who have 
been sick and can no longer infect others or be reinfected. 


In this model, the number of susceptibles decreases with time, as people become infected. We 
assume that the rate people become infected is proportional to the number of contacts between 
susceptible and infected people. We expect the number of contacts between the two groups to be 
proportional to both S and I. (If S doubles, we expect the number of contacts to double; similarly, 
if I doubles, we expect the number of contacts to double.) Thus, we assume that the number of 
contacts is proportional to the product, SI. In other words, we assume that for some constant a > 0, 


dS 

dt 


Rate susceptibles 
get sick 


)= -aSI. 


(The negative sign is used because S is decreasing.) 

The number of infecteds is changing in two ways: newly sick people are added to the infected 
group and others are removed. The newly sick people are exactly those people leaving the suscep¬ 
tible group and so accrue at a rate of aSI (with a positive sign this time). People leave the infected 
group either because they recover (or die), or because they are physically removed from the rest of 
the group and can no longer infect others. We assume that people are removed at a rate proportional 
to the number sick, or bl, where 6 is a positive constant. Thus, 

dl Rate susceptibles Rate infecteds nT 7 r 
—= — =abl — bl. 

批 get sick get removed 


Assuming that those who have recovered from the disease are no longer susceptible, the recov¬ 
ered group increases at the rate of bl, so 


dt 


4 Exactly when a disease should be called an epidemic is not always clear. The medical profession generally classifies 
a disease an epidemic when the frequency is higher than usually expected~~leaving open the question of what is usually 
expected. See, for example, Epidemiology in Medicine by C. H. Hennekens and J. Buring (Boston: Little, Brown, 1987). 

5 Data from the Communicable Disease Surveillance Centre (UK); reported in “Influenza in a Boarding School,” British 
Medical Journal March 4, 1978, and by J. D. Murray in Mathematical Biology (New York: Springer Verlag, 1990). 
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=-aSI 
=aSI-bl. 


fhe constant a measures how infectious the disease is — that is, how quickly it is transmitted rrom 
the infecteds to the susceptibles. In the case of the flu, we know from medical accounts that the 
epidemic started with one sick boy, with two more becoming sick roughly a day later. Thus, when 
7 = 1 and S = 762, we have dS/dt « —2, enabling us to roughly 6 approximate a: 

a = _d^dt = _^_ =Q0026 

The constant b represents the rate at which infected people are removed from the infected 
population. In this case of the flu, boys were generally taken to the infirmary within one or two days 
of becoming sick. Assuming half the infected population was removed each day, we take b « 0.5. 
Thus, our equations are: 


=-0.00265/ 


0.00265/ - 0.5/. 


The Phase Plane 


As in Section 10.6, we look at trajectories in the phase plane. Thinking of / as a function of S, and 
5 as a function of t, we use the chain rule to get 

dS_ 

dt dS dt’ 


dJ_ _ dl/dt 
dS = dS/dt' 

Substituting for dl/dt and dS/dt, we get 

dl 0.0026ST - 0.5/ 
dS = -0.00265/ • 

Assuming I is not zero, this equation simplifies to approximately 
dl ^ 192 

忑 =_1+ 

The slope field of this differential equation is shown in Figure 10.43. The trajectory with initial 
condition 5o = 762, Iq = 1 is shown in Figure 10.44. Time is represented by the arrow showing 
the direction that a point moves on the trajectory. The disease starts at the point 5o = 762, Iq = 1. 
At first, more people become infected and fewer are susceptible. In other words, S decreases and I 
increases. Later, I decreases as S continues to decrease. 


6 The values of a and b are close to those obtained by J. D. Murray in Mathematical Biology (New York: Springer Verlag, 
1990). 


We are assuming that having the flu confers immunity on a person, that is, that the person cannot 
get the flu again. (This is true for a given strain of flu, at least in the short run.) 

We can use the fact that the total population S-\-I-\-Ris not changing. (The total population, the 
total number of boy sin the school, did not change during the epidemic; see Problem 2 on page 440.) 
Thus, once we know S and I, we can calculate R. So we restrict our attention to the two equations 


d5l 也 d/ldt 
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I (infecteds) 
400 


I (infecteds) 
400 h 


S (susceptibles) 



400 800 

Figure 10.43: Slope field for dl/dS = -1 + 192/5 

What does the ST-Phase Plane Tell Us? 


(762,1) 

S (susceptibles) 


192 400 

Figure 10.44: Trajectory for = 762, Iq = 


To learn how the disease progresses, look at the shape of the curve in Figure 10.44. The value of I 
first increases, then decreases to zero. This peak value of I occurs when S « 200. We can determine 
exactly when the peak value occurs by solving 


dl ^ 192 

dS = - 1 + -S~ 


= 0 , 


which gives 


S = 192. 

Notice that the peak value for I always occurs at the same value of S, namely S = 192. The 
graph shows that if a trajectory starts with 5o > 192, then I first increases and then decreases to 
zero. On the other hand, if So < 192, there is no peak, since I decreases right away. 

For this example, the value S = 192 is called a threshold population. If 5o is around or below 
192, there is no epidemic. If So is significantly greater than 192, an epidemic occurs. 7 

The phase diagram makes clear that the maximum value of I is about 300, which is the max¬ 
imum number infected at any one time. In addition, the point at which the trajectory crosses the 
5-axis represents the time when the epidemic has passed (since I = 0). Thus, the 5-intercept shows 
how many boys never get the flu and, hence, how many do get sick. 

Threshold Value 


For the general SIR model, we have the following result: 

Threshold population = 

a 

If So, the initial number of susceptibles, is above b/a, there is an epidemic; if 5o is below b/a, there 
is no epidemic. See Problem 11. 

How Many People Should Be Vaccinated? 


Faced with an outbreak of the flu or, as happened on several US campuses in the 1980s, of the 
measles, many institutions consider a vaccination program. How many students must be vaccinated 
in order to control an outbreak? To answer this, we can think of vaccination as removing people from 
the S category (without increasing I), which amounts to moving the initial point on the trajectory 
to the left, parallel to the 5-axis. To avoid an epidemic, the initial value of 5o should be around or 
below the threshold value. Therefore, the boarding-school epidemic would have been avoided if all 
but 192 students had been vaccinated. 


Graphs of s and I Against t 


On the trajectory in Figure 10.44, the number of susceptible people decreases throughout the epi¬ 
demic. This makes sense since people are getting sick and then well again, and thus are no longer 
susceptible to infection. The trajectory also shows that the number of infected people increases and 
then decreases. Graphs of S and I against time, t, are shown in Figure 10.45. 

7 Here we are using J. D. Murray’s definition of an epidemic as an outbreak in which the number of infecteds increases 
from the initial value, Iq. See Mathematical Biology (New York: Springer Verlag, 1990). 
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To get the scale on the time axis, we would need to use numerical methods. It turns out that 
the number of infecteds peaked after about 6 days and then dropped. The epidemic ran its course in 
about 20 days. number of people 



Problems for Section 10.7 


Figure 10.45: Progress of the flu over time 


1. Let / be the number of infected people and 5 be the num¬ 
ber of susceptible people in an outbreak of a disease. Ex¬ 
plain why it is reasonable to model the interaction be¬ 
tween these two groups by the differential equations 

dS nQT 

n = - aSI 

尝 =aSI — bl where a, b are positive constants. 

Why have the signs been chosen this way? Why is the 
constant a the same in both equations? 

2. Show that if S, /, and R satisfy the differential equations 
in Problem 1, the total population, S-\-I-]-R, is constant. 

3. Explain how you can tell from the graph of the trajec¬ 
tory shown in Figure 10.44 that most people at the British 
boarding school eventually got sick. 

4. (a) In a school of 150 students, one of the students has 

the flu initially. What is J 0 ? What is 5 0 ? 

(b) Use these values of Io and So and the equation 

= 0.002657 - 0.5J 
dt 

to determine whether the number of infected people 
initially increases or decreases. What does this tell 
you about the spread of the disease? 

5. Repeat Problem 4 for a school with 350 students. 

6. (a) On the slope field for dl/dS in Figure 10.43 trajec¬ 

tory through the point where 1 = 1 and S = 400. 
(b) How many susceptible people are there when the 
number of infected people is at its maximum? 

7. Use Figure 10.45 to estimate the maximum number of 
infecteds. What does this represent? When does it occur? 

8. Compare the diseases modeled by each of the following 
differential equations with the flu model in this section. 


Match each set of differential equations with one of the 
following statements. Write a system of differential equa¬ 
tions corresponding to each of the unmatched statements. 


dt 


dt 


0.045/ - 0.2/ 


di 


dt 


= 0.0025/ - 0.3/ 


(a) More infectious; infecteds removed more slowly. 

(b) More infectious; infecteds removed more quickly. 

(c) Less infectious; infecteds removed more slowly. 

(d) Less infectious; infecteds removed more quickly. 

(e) Infecteds never removed. 


9. For the equations (I) in Problem 8, what is the threshold 
value of 5? 

10. For the equations (II) in Problem 8, suppose = 100. 
Does the disease spread initially? What if So = 200? 

11. Let S and I satisfy the differential equations in Prob¬ 
lem 1. Assume 7^0. 

(a) If dl/dt = 0, find S. 

(b) Show that I increases if S is greater than the value 
you found in part (a). Show that I decreases if S is 
less than the value you found in part (a). 

(c) Explain how you know that your answer to part (a) 
is the threshold value. 


12. During World War I, a particularly lethal form of flu 
killed about 40 million people around the world. 8 The 
epidemic started in an army camp of 45,000 soldiers out¬ 
side of Boston, where the first soldier fell sick on Septem¬ 
ber 7, 1918. With time, t, in days since September 7, val¬ 
ues of the constants in the SIR model, 


J “Capturing a Killer Flu Virus,” J. Taukenberger, A. Reid, T. Fanning, in Scientific American, Vol. 292, No. 1, Jan. 2005. 
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~di = ~ aSI 

f t = asi - bi , 

are estimated to be a = 0.000267, b = 9.865. 

(a) What are the initial values, So and To? 

(b) Explain how you know that this model predicts an 
epidemic in this case. 

CHAPTER SUMMARY 


(c) Find the differential equation for dl/dS. Sketch its 
slope field and estimate the total number of soldiers 
infected over the course of the disease. 

(d) Solve the differential equation for dl/dS analyti¬ 
cally. Use the solution to solve approximately for 
the number of soldiers affected over the course of 
the disease. 


• Differential equations terminology 

Family of solutions, particular solution, initial condi¬ 
tions, stable/unstable equilibrium solutions 

• Estimating values of a solution 

• Slope fields 

Visualizing the solution to a differential equation 

• Solving differential equations analytically 


Solutions to dy/dt = ky, and dy/dt = k(y — A) 

• Modeling with differential equations 

Growth and decay, pollution in a lake, quantity of drug in 
the body, Newton’s law of heating and cooling, net worth 
of a company 

• Systems of differential equations 

Interaction of two species or businesses, predator-prey 
model, spread of a disease 


REVIEW PROBLEMS FOR CHAPTER TEN 


1. Match the graphs in Figure 10.46 with the following de¬ 
scriptions. 

(a) The population of a new species introduced onto a 
tropical island 

(b) The temperature of a metal ingot placed in a furnace 
and then removed 

(c) The speed of a car traveling at uniform speed and 
then braking uniformly 

(d) The mass of carbon-14 in a historical specimen 

(e) The concentration of tree pollen in the air over the 
course of a year. 


3. Is y = x 3 a solution to the differential equation xy’ 一 
3y = 0? Justify your answer. 

4. For a certain quantity y, assume that dy/dt = —0.20y. 
Fill in the values of y in Table 10.7. Assume that the rate 
of growth given by dy/dt is approximately constant over 


Table 10.7 

t 0 1 2 

y 125 



5. Slope fields for dy/dx = l-\- x and dy/dx = 1 + y are 
in Figures 10.47 and 10.48. 

(a) Which slope field corresponds to which equation? 

(b) On each slope field, draw the solution curve through 
the origin. 

(c) For each slope field, list all equilibrium solutions and 
indicate whether each is stable or unstable. 


Figure 10.46 



(ii) 


y 

- 2 ,+/ 


2. (a) Determine which of the following functions is a so¬ 
lution to the differential equation 

x t =3v . 



(i) y = Cx 2 ⑼ y = Cx 3 

(iii) y = x 3 -\-C 

(b) For any function which is a solution, find C if y = 
40 when x = 2. 


Figure 10.47 


Figure 10.48 
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(II) 


15. 

dA 

dt 

= -0.07 义 

16. 

1^=2 

Q dt 

17. 

dP 

=10 - 2P 

18. 

孕 =W0 - y 


dt 



dt y 


dy 



dH 

19. 

dx 

= 0.2y — 8 

20. 

—— = 0.5 丑 + 10 
dt 


21. Write a differential equation whose solution is the tem¬ 
perature as a function of time of a bottle of orange juice 
taken out of a 40°F refrigerator and left in a 65°F room. 
Solve the equation and graph the solution. 




9. A deposit is made to a bank account paying an annual 
interest rate of 7% compounded continuously. No other 
deposits or withdrawals are made to the account. 

(a) Write a differential equation satisfied by B, the bal¬ 
ance in the account after t years. 

(b) Solve the differential equation given in part (a). 

(c) If the initial deposit is $5000, give the particular so¬ 
lution satisfying this initial condition. 

(d) How much is in the account after 10 years? 

10. Radioactive iodine decays at a continuous rate of about 
9% per day. Write a differential equation to model this 
behavior. Find the general solution. 


6. (a) Sketch the slope field for the equation y 1 = x — ym 
Figure 10.49 at the points indicated. 

(b) Check that y = x — lis the solution to the differen¬ 
tial equation passing through the point (1,0). 


y 



7. Which one of the following differential equations best 
fits the slope field shown in Figure 10.50? Explain. 

I. y' = l-\-y II. y f = 2-y 

III. y f = (l + y )(2-y) IV. 2 / = l + x 
V. y’ = xy 

y 





Figure 10.50 


8. Match each of the slope field segments in (I)-(YI) with 
one or more of the differential equations in (a)-(f). 


tArfpldi 

12.14. 


ethedpl 也办 N 

I11.13. 


(a) y’ = e~ x2 (b) y' = cos 2 / (c) y’ = cos(4_y) 
(d) y f = 2/(4-y)(e) y' = y(3-y)(f) y' = x{S-x) 
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22. The rate of growth of a tumor is proportional to the size 
of the tumor. 

(a) Write a differential equation satisfied by S, the size 
of the tumor, in mm, as a function of time, t. 

(b) Find the general solution to the differential equation. 

(c) If the tumor is 5 mm across at time t = 0, what does 
that tell you about the solution? 

(d) If, in addition, the tumor is 8 mm across at time 
t = 3, what does that tell you about the solution? 

23. The radioactive isotope carbon-14 is present in small 
quantities in all life forms, and it is constantly replen¬ 
ished until the organism dies, after which it decays to 
stable carbon-12 at a rate proportional to the amount of 
carbon-14 present, with a half-life of 5730 years. Sup¬ 
pose C(t) is the amount of carbon-14 present at time t. 

(a) Find the value of the constant k in the differential 
equation C r = —kC. 

(b) In 1988 three teams of scientists found that the 
Shroud of Turin, which was reputed to be the burial 
cloth of Jesus, contained 91% of the amount of 
carbon-14 contained in freshly made cloth of the 
same material. 9 How old is the Shroud of Turin, ac¬ 
cording to these data? 

24. A bank account earns 5% annual interest compounded 
continuously. Continuous payments are made out of the 
account at a rate of $12,000 per year for 20 years. 

(a) Write a differential equation describing the balance 
B = /(t), where t is in years. 

(b) Solve the differential equation given an initial bal¬ 
ance of Bo. 

(c) What should the initial balance be such that the ac¬ 
count has zero balance after precisely 20 years? 

25. Warfarin is a drug used as an anticoagulant. After admin¬ 
istration of the drug is stopped, the quantity remaining 
in a patient’s body decreases at a rate proportional to the 
quantity remaining. The half-life of warfarin in the body 
is 37 hours. 

(a) Sketch the quantity, Q, of warfarin in a patient’s 
body as a function of the time, t, since stopping ad¬ 
ministration of the drug. Mark the 37 hours on your 
graph. 

(b) Write a differential equation satisfied by Q. 

(c) How many days does it take for the drug level in the 
body to be reduced to 25% of the original level? 

26. Dead leaves accumulate on the ground in a forest at a 
rate of 3 grams per square centimeter per year. At the 
same time, these leaves decompose at a continuous rate 
of 75% per year. Write a differential equation for the total 
quantity of dead leaves (per square centimeter) at time t. 
Sketch a solution showing that the quantity of dead leaves 
tends toward an equilibrium level. What is that equilib¬ 
rium level? 


27. Morphine is often used as a pain-relieving drug. The half- 
life of morphine in the body is 2 hours. Suppose mor¬ 
phine is administered to a patient intravenously at a rate 
of 2.5 mg per hour, and the rate at which the morphine is 
eliminated is proportional to the amount present. 

(a) Use the half-life to show that, to three decimal 
places, the constant of proportionality for the rate 
at which morphine leaves the body (in mg/hour) is 
k = -0.347. 

(b) Write a differential equation for the quantity, Q, of 
morphine in the blood after t hours. 

(c) Use the differential equation to find the equilibrium 
solution. (This is the long-term amount of morphine 
in the body, once the system has stabilized.) 

28. (a) Find all equilibrium solutions for the equation 

^^.5y(y-4)(2 + y). 

(b) With a calculator or computer, draw a slope field 
for this differential equation. Use it to determine 
whether each equilibrium solution is stable or un¬ 
stable. 

29. According to a simple physiological model, an athletic 
adult male needs 20 calories per day per pound of body 
weight to maintain his weight. If he consumes more or 
fewer calories than those required to maintain his weight, 
his weight changes at a rate proportional to the difference 
between the number of calories consumed and the num¬ 
ber needed to maintain his current weight; the constant 
of proportionality is 1/3500 pounds per calorie. Suppose 
that a particular person has a constant caloric intake of 
I calories per day. Let W(t) be the person’s weight in 
pounds at time t (measured in days). 

(a) What differential equation has solution W(t)l 

(b) Solve this differential equation. 

(c) Graph W{t) if the person starts out weighing 160 
pounds and consumes 3000 calories a day. 

30. (a) Graph f(y) = y-y 2 . 

(b) Sketch the slope field of the differential equation 

迕 n 2 . 

dx y y 

(c) Describe how the two graphs are related. In particu¬ 
lar, explain how you can determine the equilibrium 
solutions to the differential equation from the graph 
of f(y) and how you can tell if the equilibrium so¬ 
lutions are stable. 

31. (a) What are the equilibrium solutions to the differen¬ 

tial equation y' = /(y), where f(y) is graphed in 
Figure 10.51? 

(b) Sketch the slope field for y f = f(y). 


、 The New York Times ，October 18, 1988 
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35. y 


(c) For each of the following initial conditions, sketch 
the solution curve on your slope field: 

(i) 2/(0) = 0 (ii) 2 /⑼ =1 (iii) y(0) = 6 
(iv) 2 /⑼ = 8 (v) 2 /⑼ =10 (vi) ? /⑼ = 16 
(vii) 2/(0) = 17 

(d) Which of the equilibrium solutions are stable? 
Which are unstable? 



Figure 10.51 


For Problems 32-36, suppose x and y are the populations of 
two different species. Describe in words how each population 
changes with time. 

32. y 33. y 



34. y 



X - X 


36. A kidney removes toxin from the blood. If a kidney does 
not function, the toxin can be removed by dialysis. This 
problem explores a model for the quantity of toxin 
in the body outside the blood, and Q2 ⑷， the quantity 
of toxin in the blood, where t is the time after dialysis 
started. 

(a) The quantity Qi changes for three reasons. First, 
toxin is created outside the blood at a constant rate, 
say A. Second, toxin flows into the blood at a rate 
proportional to the quantity outside the blood. Third, 
toxin flows out of the blood at a rate proportional to 
the quantity in the blood. Write a differential equa- 



(b) The quantity Q 2 changes for three reasons. First, 
dialysis removes toxin from the blood at a rate pro¬ 
portional to the toxin in the blood. Second and third, 
the same flows into and out of the blood that change 
Qi also change Q2. Write a differential equation for 

q 2 . 


CHECK YOUR UNDERSTANDING 


In Problems 1-50, indicate whether the statement is true or 
false. 

1. Ifa quantity Q is increasing at a constant rate of 8 grams 
per hour and Q is in grams and t is in hours, then the 
quantity satisfies the differential equation dQ/dt = 8. 

2. Ifa population P is decreasing at a continuous rate of 5% 
per year with t in years, then the population satisfies the 
differential equation dP/dt = —5. 

3. Ifa population P is decreasing at a continuous rate of 5% 
per year with t in years, then the population satisfies the 
differential equation dP/dt = 0.05P. 

4. If the balance B in a bank account earns 3% interest a 
year compounded continuously, and there are no other 
deposits to or withdrawals from the account, then the bal¬ 
ance satisfies the differential equation dB/dt = 0.03S, 
where t is in years. 

5. If the rate at which an investment I (in dollars) grows as 
a function of time t (in years) is proportional to the size 
of the investment, then dl/dt = kl. 

6. If fish in a population are harvested at a rate of 200 


tons of fish per year and the fish population would stay 
stable without the harvesting, then the size of the fish 
population P in tons satisfies the differential equation 
dP/dt = —200P where t is in years. 

7. If the balance, B, in a bank account is earning interest at 
a rate of 5 percent per year, compounded continuously, 
and payments are being made out of the account at a rate 
of 8000 dollars per year, then the balance B satisfies the 
differential equation dB/dt = 0.055 — 8000 where B 
is in dollars and t is in years. 

8. If the rate at which the quantity Q of pollutants (in tons) 
in a lake decreases as a function of time (in years) is pro¬ 
portional to Q, and if new pollutants are being dumped 
into the lake at a rate of 200 tons per year, then dQ/dt = 
kQ - 200. 

9. If a drug is entering a patient’s body through an intra¬ 
venous line at a continuous rate of 12 mg per hour and 
if the drug is being metabolized at a continuous rate of 
6.3% per hour, then the quantity, Q, in mg, of the drug in 
the body at time t hours satisfies the differential equation 
dQ/dt = 12-0.063Q. 
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10. A deposit of $10,000 is made into a bank account and the 
account earns interest at a rate of 3.2% per year, com¬ 
pounded continuously. The balance, B, in the account 
in t years satisfies the differential equation dB/dt = 
10,000 + 0.032R 

11. The differential equation dP/dt = 3P(10 — P) has 
_P = 10 as a solution. 

12. The differential equation dP/dt = 3P(10 — P) has 
P = 0 as a solution. 

13. The differential equation dP/dt = 3P(10 — P) has 
P = 5 as a solution. 

14. If y = Ce 0 05t is the general solution to a differential 
equation, then y = 40e 0 05t is the particular solution sat¬ 
isfying the initial condition y(0) = 40. 

15. If y = 25 + Ce 0 05t is the general solution to a differ¬ 
ential equation, then ? / = 25 + 40e O O5t is the particular 
solution satisfying the initial condition t/(0) = 40. 

16. If y = 25 + Ce 0 05t is the general solution to a differ¬ 
ential equation, then y = 2b 15e 0 05t is the particular 
solution satisfying the initial condition y{0) = 40. 

17. If y(0) = 100 3ndy , = 0.2y, then y(l) « 20. Assume 
the rate of growth is approximately constant over unit in¬ 
tervals. 

18. If y(0) = 100 and y' = 0.2?/, then y(l) « 120. As¬ 
sume the rate of growth is approximately constant over 
unit intervals. 

19. If dQ/dt = hQ — 200 then when Q = 10, the quantity 
Q will be decreasing. 

20. If dQ/dt = 5Q — 200 there is a solution of the form 
Q{t) = C for some constant C. 

21. The slope field of the differential equation dy/dx = 2x 
has slope 5 at the point (3, 5). 

22. The slope field of the differential equation dy/dx = 2x 
has slope 6 at the point (3, 5). 

23. The slope field of the differential equation dy/dx = 3xy 
has slope —6 at the point (1, —2). 

24. The slope field of the differential equation dy/dx = 3xy 
has slope 6 at the point (2, 2). 

25. The slope field of the differential equation dy/dx = 3xy 
has slope 18 at the point (3,2). 

26. The slope field of the differential equation dy/dx = 2x 
has positive slopes when y > 0. 

27. The slope field of the differential equation dy/dx = 2y 
has slope 2 at the points (a, 1) for all a. 

28. The slope field of the differential equation dy/dx = 
5(x— 3)(y—2) has horizontal line segments when x = 3. 

29. The slope field of the differential equation dP/dt = 
12 — 4P has positive slopes when P > 3. 

30. The lines in a slope field for a differential equation are 
tangent to solutions of the differential equation. 


31. The general solution of the differential equation dy/dt = 
ky is y = ke ct . 

32. The general solution of the differential equation 

dQ/dt = 0.25Q is Q = Ce 0 25t . 

33. The general solution of the differential equation 

dw/dr = 0.3r is w = Ce°' 3r . 

34. The function H = 57e 0 5t is one solution to the differ¬ 
ential equation dH/dt = 0.5t. 

35. There is exactly one solution of the differential equation 
dy/dt = 3y which has y(0) = 5. 

36. The particular solution of dy/dt = —2y satisfying y = 3 
when t = 0 is y = Ce~ 2t . 

37. The balance 5 in a bank account that earns interest con¬ 
tinuously at a rate of 3% per year on an initial deposit of 
$5000 has differential equation dB/dt = 5000B. 

38. If Q (t) is the quantity of a drug in a patient’s bloodstream 
at time t, and the rate at which the drug leaves the blood¬ 
stream is proportional to the quantity in the bloodstream, 
then dQ/dt = —kQ where k is some negative constant. 

39. A quantity, Q, of dead leaves decomposes at a rate pro¬ 
portional to the quantity present. We can model this with 
the differential equation Q = Ce kt , where k is negative 
and t represents time. 

40. A quantity, Q, of dead leaves decomposes at a rate pro¬ 
portional to the quantity present. We can model this with 
the differential equation dQ/dt = kQ, where k is nega¬ 
tive and t represents time. 

41. The general solution to the differential equation dy/dt = 

0.3(y - 75) is y = 75 + Ge 0 3t . 

42. The general solution to the differential equation 

dP/dt = 2P- 100 is P = 100 + Ce 2t . 

43. The general solution to the differential equation 

dQ/dt = 0.5(Q + 20) is Q = 20 + Ce 0 5t . 

44. The general solution to the differential equation 

dW/dt = 600 - 3W is W = 200 + Ce~ 3t . 

45. The solution to the differential equation dA/dt = 
0.25(A — 40) with initial condition A(0) = 50 is A = 
40 + 50e 025t . 

46. The solution to the differential equation dQ/dt = 50 — 
2Q with initial condition Q(0) = 100 is Q = 25 + 
75e~ 2t . 

47. The balance, B, in a bank account earns 4% interest per 
year, compounded continuously, and payments are made 
out of the account at a rate of $12,000 per year. If t is in 
years, the differential equation to model this situation is 
身 . =12,000 + Ce 0 04t . 

48. A drug enters a patient’s body intravenously at a continu¬ 
ous rate of 12 mg per hour, and the drug is metabolized at 
a continuous rate of 18% per hour. If A gives the quan¬ 
tity of drug in the body at hour t, then the differential 
equation to model this situation is dA/dt = 12 — 0.18A. 
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=—aSI 
=aSI - bl. 


In Problems 61-70, indicate whether the statement is true or 
false. The problems refer to the S — I — R model, in which 
the variable S represents the number of people susceptible to 
becoming sick, the variable I represents the number of people 
currently infected, and R represents the rest of the population. 
We have 


49. An equilibrium solution for the differential equation 
dH/dt = -0.037(H - 225) is H = 225. 

50. The graph of an equilibrium solution for a differential 
equation is a horizontal line. 

In Problems 51-60, indicate whether the statement is true or 
false. Assume x and y represent the sizes of populations of 
two interacting species X and Y with system of differential 
equations as given. 

51. Assume dx/dt = axbxy and dy /dt = cy-\- dxy. If X 
would do fine if Y didn’t exist, then b must be positive. 


52. Assume dx/dt = ax + bxy and dy/dt = cy + dxy. If 
species X eats species Y, then c must be negative. 

53. Assume dx/dt = ax -bxy and dy/dt = cy dxy. If 
species X eats species Y, then d must be negative. 

54. Assume dx/dt = ax -\- bxy and dy/dt = cy -dxy. 
If species X cannot survive without species Y and does 
fine with species Y, then a must be negative and b must 
be positive. 

55. If dx/dt = 0.02a: — 0.15x2/ and dy/dt = 0.05i / — 
0.18xy, then both populations need the other to survive. 

56. If dx/dt = 0.02a: — O.lbxy and dy/dt = 0.05i / — 
0.18xy, then both populations would do fine if the other 
population didn’t exist. 

57. If dx/dt = 0.02x — 0.15xy and dy/dt = 0.05? / — 
0 . 18 a ： 2 /, then the two populations have a negative impact 
on each other. 

58. If dx/dt = —0.12x + 0.07xy and dy/dt = —0.10? / + 
0.25a ； 2/, then the two populations need each other to sur¬ 
vive.. 

59. Assume dx/dt = -3x-\-xy and dy/dt = 2y — bxy. If 
x = 1 and y = 2, then both populations will decrease in 
size. 

60. Assume dx/dt = -3x-\-xy and dy/dt = 2y — bxy. If 
x = 2 and y = b, then both populations will decrease in 


61. The derivative dS/dt is negative because people are dy¬ 
ing from the epidemic. 

62. The parameter a in dS/dt = —aSI is the same as the 
parameter a in dl/dt = aSI — bl because people are 
moving from one group to the other. 

63. The term —bl mdl/dt = aSI — bl is negative because 
people are moving back to the susceptible group. 

64. The term —bl in dl/dt = aSI — bl is negative because 
people are either recovering or dying or being separated 
from the rest of the population and are no longer in either 
the S group or the I group. 

65. If Type I flu is much more contagious than Type II flu, 
then the parameter b will be larger for Type I flu. 

66. If Type I flu is much more contagious than Type II flu, 
then the parameter a will be larger for Type I flu. 

67. If Type I flu lasts 10 days and Type II flu lasts 3 days, 
then the parameter b will be larger for Type I flu. 

68. If Type I flu lasts 10 days and Type II flu lasts 3 days, 
then the parameter b will be smaller for Type I flu. 

69. If a = 0.001 and b = 0.3 and if current numbers are 
S = 500 and I = 100, then the number of sick people 
will increase. 

70. If a = 0.001 and b = 0.3 and if current numbers are 
S = 100 and I = 500, then the number of sick people 
will increase. 


PROJECTS FOR CHAPTER TEN 


1. Harvesting and Logistic Growth In this project, we look at the effects of harvesting a pop¬ 
ulation which is growing logistically. Harvesting could be, for example, fishing or logging. An 
important question is what level of harvesting leads to a sustainable yield. In other words, how 
much can be harvested without having the population depleted in the long run? 

(a) When there is no fishing, a population of fish is governed by the differential equation 


2iV-0.017V 2 , 


where N is the number of fish at time t in years. Sketch a graph of dN/dt against N. Mark 
on your graph the equilibrium values of N • 

Notice on your graph that if N is between 0 and 200, then dN/dt is positive and N 
increases. If iV is greater than 200, then dN/dt is negative and N decreases. Check this by 


d5ldtd/ldi 
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sketching a slope field for this differential equation. Use the slope field to sketch solutions 
showing N against t for various initial values. Describe what you see. 

(b) Fish are now removed by fishermen at a continuous rate of 75 fish/year. Let P be the number 
of fish at time t with harvesting. Explain why P satisfies the differential equation 

^ =2P- 0.01P 2 - 75. 
at 


(c) Sketch dP/dt against P. Find and label the intercepts. 

(d) Sketch the slope field for the differential equation for P. 

(e) Recall that if dP/dt is positive for some values of P, then P increases for these values, and 
if dP/dt is negative for some values of P, then P decreases for these values. The value of 
P, however, never goes past an equilibrium value. Use this information and the graph from 
part (c) to answer the following questions: 

(i) What are the equilibrium values of PI 

(ii) For what initial values of P does P increase? At what value does P level off? 

(iii) For what initial values of P does P decrease? 

(f) Use the slope field in part (d) to sketch graphs of P against t, with the initial values: 

(i) P(0) = 40 ⑼ P(0) = 50 (iii) P(0) = 60 

(iv) P ⑼ = 150 (v) P(0) = 170 


(g) Using the graphs you drew, decide what the equilibrium values of the populations are and 
whether or not they are stable. 

(h) We now look at the effect of different levels of fishing on a fish population. If fishing takes 
place at a continuous rate of H fish/year, the fish population P satisfies the differential 
equation 


dP 

dt 


= 2P- 0.01P 2 - H. 


(i) For each of the values H = 75,100,200, plot dP/dt against P. 

(ii) For which of the three values of H that you considered in part (i) is there an initial 
condition such that the fish population does not die out eventually? 

(iii) Looking at your answer to part (ii), decide for what values of H there is an initial value 
for P such that the population does not die out eventually. 

(iv) Recommend a policy to ensure long-term survival of the fish population. 


2. Population Genetics 

Population genetics is the study of hereditary traits in a population. A specific hereditary 
trait has two possibilities, one dominant, such as brown eyes, and one recessive, such as blue 
eyes. 10 Let b denote the gene responsible for the recessive trait and B denote the gene respon¬ 
sible for the dominant trait. Each member of the population has a pair of these genes — either 
BB (dominant individuals), bb (recessive individuals), or Bb (hybrid individuals). The gene 
frequency of the b gene is the total number of b genes in the population divided by the total 
number of all genes (b and B) controlling this trait. The gene frequency is essentially constant 
when there are no mutations or outside influences on the population. In this project, we consider 
the effect of mutations on the gene frequency. 

Let q denote the gene frequency of the b gene. Then q is between 0 and 1 (since it is 
a fraction of a whole) and, since b and B are the only genes influencing this trait, the gene 
frequency of the B gene is 1 — q. Let time t be measured in generations. Every generation, a 
fraction ki of the b genes mutate to become B genes, and a fraction of the B genes mutate 
to become b genes. 

(a) Explain why the gene frequency q satisfies the differential equation: 


= -kiq + k 2 (l - q). 





= —aSI 
=aSI - bL 


and S 1 R = 6.8 million, the population of Hong Kong in 2003. 11 Estimates based on 

WHO data give a = 1.25 - 10- 8 . 

(a) What are Sq and Iq ，the initial values of S and 7? 

(b) During March 2003, the value of b was about 0.06. Using a calculator or computer, sketch 
the slope field for this system of differential equations and the solution trajectory corre¬ 
sponding to the initial conditions. (Use 0 < 5 < 7 - 10 6 ,0 < / < 0.4 - 10 6 .) 

(c) What does your graph tell you about the total number of people infected over the course of 
the disease if 6 = 0.06? What is the threshold value? What does this value tell you? 

(d) During April, as public health officials worked to get the disease under control, people who 
had been in contact with the disease were quarantined. Explain why quarantining has the 
effect of raising the value of b. 

(e) Using the April value, b = 0.24, sketch the slope field. (Use the same value of a and the 
same window.) 

(f) What is the threshold value for b = 0.24? What does this tell you? Comment on the quar¬ 
antine policy. 

(g) Comment on the effectiveness of each of the following policies intended to prevent an 
epidemic and protect a city from an outbreak of SARS in a nearby region. 

I Close off the city from contact with the infected region. Shut down roads, airports, 
trains, and other forms of direct contact. 

II Install a quarantine policy. Isolate anyone who has been in contact with a SARS patient 
or anyone who shows symptoms of SARS. 
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(b) If k± = 0.0001 and = 0.0004, simplify the differential equation for q and solve it. The 
initial value is qo. Sketch the solutions with 如 = 0.1 and qo = 0.9. What is the equilibrium 
value of q? Explain how you can tell that the gene frequency gets closer to the equilibrium 
value as generations pass. Explain how you can tell that the equilibrium value is completely 
determined by the relative mutation rates. 

(c) Repeat part (b) if k\ = 0.00003 and = 0.00001. 

3. The Spread of SARS 

In the spring of 2003, SARS (Severe Acute Respiratory Syndrome) spread rapidly in sev¬ 
eral Asian countries and Canada. Predicting the course of the disease — how many people would 
be infected, how long it would last — was important to officials trying to minimize the impact 
of the disease. This project analyzes the spread of SARS through interaction between infected 
and susceptible people. 

The variables are S, the number of susceptibles, I, the number of infecteds who can infect 
others, and R, the number removed (this group includes those in quarantine and those who die, 
as well as those who have recovered and acquired immunity). Time, t, is in days since March 
17,2003, the date the World Health Organization (WHO) started to publish daily SARS reports. 
On March 17, Hong Kong reported 95 cases. In this model 




11 www.census.gov, International Data Base (IDB), accessed June 8, 2004. 
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SEPARATION OF VARIABLES 


We have seen how to sketch solution curves of a differential equation using a slope field. Now 
we see how to solve certain differential equations analytically, finding an equation for the solution 
curve. 

First, we look at a familiar example, the differential equation 
dy _ x 
dx y’ 

whose solution curves are the circles 

x 2 -\-y 2 = C. 

We can check that these circles are solutions by differentiation; the question now is how they were 
obtained. The method of separation of variables works by putting all the xs on one side of the 
equation and all the ys on the other, giving 

ydy = —xdx. 


We then integrate each side separately: 

J ydy = - J xdx, 

㈠ 仏 

This gives the circles we were expecting: 

x 2 -\-y 2 = C where C = 2k. 

You might worry about whether it is legitimate to separate the dx and the dy. The reason it can 
be done is explained at the end of this section. 


The Exponential Growth and Decay Equations 


We use separation of variables to derive the general solution of the equation 


dy_ = 


Separating variables, we have 

and integrating, 

gives 

Solving for \y \ leads to 


= ky. 


—dy = kdt. 

y 


_y dy 


kdt, 


In \y\ = kt-\-C for some constant C. 


\y\ = e kt+c = e kt e c = Ae k 
where A = e c , so A is positive. Thus, 


y= (:土 = Be kt 
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where B = ±A, so B is any nonzero constant. Even though there’s no C leading to = 0, we can 
have B = 0 because 沒 = 0 is a solution to the differential equation. We lost this solution when we 
divided through by y at the first step. Thus we have derived the solution used earlier in the chapter: 

y = Be kt for any constant B. 


Example 1 Find all solutions of 


f = %- 戽 


Solution 


We separate variables and integrate: 


dy = / kdt. 


This gives 


In \y- A\ = kt-\-D, 

where is a constant of integration. Solving for y leads to 

\y-A\ = e kt+D = e kt e D = Be k 


y-A = {±B)e H = Ce u 
y = A + Ce kt . 

Also, (7 = 0 gives a solution. This is the same result we used earlier. 


Example 2 Find and sketch the solution to 

^ = 2P — 2Pt satisfying P = 5 when t = 0. 

Solution Factoring the right-hand side gives 

^=P(2-2t). 

Separating variables, we get 

/f = / (2 -寧， 

so 

ln|P| =2t-t 2 + C. 

Solving for P leads to 

\P\ = e 2t_t2+c = e c e 2t ~ t2 = Ae 2t ~ t2 

with A = e c , so A > 0. In addition, A = 0 gives a solution. Thus the general solution to the 
differential equation is 

P = Be 2t ~ t2 for any B. 

To find the value of B, substitute P = 5 and t = 0 into the general solution, giving 
5 = Be 2 °-° 2 = B 
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P 



SO 

P = 5e 2t ~ t2 . 

The graph of this function is in Figure 10.52. Since the solution can be rewritten as 

P = Se 1 — 1 . 2 *] 2 = 54- 1+2 *] 2 = (5e)e-( t - 1 ) 2 , 

the graph has the same shape as the graph of y = e 一 * 2 , the bell-shaped curve of statistics. Here the 
maximum, normally at t = 0, is shifted one unit to the right to t = 1. 


Justification for Separation of Variables 

Suppose a differential equation can be written in the form 

塞 =9( 物 ). 

Provided f(y) ^ 0, we write f(y) = l/h(y) so the right-hand side can be thought of as a fraction, 

= g{x)_ 

dx h(y)' 

If we multiply through by h(y) we get 

h(y)^=g(x). 

Thinking of y as a function of x,soy = y(x), and dy/dx = y f (x), we can rewrite the equation as 

Hy( x )) .y’O) = 


Now integrate both sides with respect to x: 

J h(y(x)) • y'{x) dx = j g[x)dx. 

The form of the integral on the left suggests that we use the substitution y = y(x). Since dy = y r (x) dx, 
we get 

/ h(y) dy = g{x) dx. 


If we can find antiderivatives of h and g, then this gives the equation of the solution curve. 
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y f -xy = 0 (f) y’ =y/x 

y’ = ln(a ： 2/) (h) y r = (sin x) (cos y) 

y’ = (sin x) (cos xy) (j) y' = x/y 
y' = 2x (1) y' = (x-\-y)/(x-{-2y) 


Use separation of variables to solve the difrerential equations 
in Problems 14-19. Assume a, 6, and k are nonzero constants. 


dP 

14. —— =P-a 
dt 


15. —=b-Q 
dt 


16. — = k(P- a) 
dt 


dt 


=aR + b 


19. ^ = ky 2 (l+t 2 ) 


20. (a) Find the general solution to the differential equation 
modeling how a person learns: 


會 = 100 i. 


(b) Plot the slope field of this differential equation and 
sketch solutions with y(0) = 25 and y(0) = 110. 

(c) For each of the initial conditions in part (b), find the 
particular solution and add to your sketch. 

(d) Which of these two particular solutions could repre¬ 
sent how a person learns? 

21. (a) Sketch the slope field for the differential equation 
dy/dx = xy. 

(b) Sketch several solution curves. 

(c) Solve the differential equation analytically. 


Use separation of variables to find the solutions to the differ¬ 
ential equations in Problems 1-12, subject to the given initial 
conditions. 

1 f = _ 2 P ， 增⑽ 
dL L 




L(0) = 100 


dt 

dm 

ds 


=m, ?ri(l) = 2 
2^ = u 2 , u{0) = 1 

笔 =zy, z = 1 when y = 0 

孕 +R = 1, 

dy 


dy_ = y 


2 /( 0 )= : 


— = te z , through the origin 
字 =—,y = 3 where x = I. 


% = y 2 (l +t), y = 2 when t = 
at 

dz 


dt 


=z -h zt 2 , z = 5 when t = 0 


Determine which of the following differential equations 
is separable. Do not solve the equations. 

(a) y’ = y (b) y f = x + y 

(c) y’ = xy (d) y' = sin(x + y) 


Note that transforming the original differential equation, 

= fl^) 
dx h(y ) J 


J h(y) dy = j g(x) dx 

looks as though we have treated dy/dx as a fraction, cross-multiplied and then integrated. Although 
that’s not exactly what we have done, you may find this a helpful way of remembering the method. 
In fact, the dy/dx notation was introduced by Leibniz to allow shortcuts like this (more specifically, 
to make the chain rule look like cancellation). 


Problems on Separation of Variables 


(e)(g)(i)g 
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11.1 GEOMETRIC SERIES 

Repeated Drug Dosage 

Malaria is a parasitic infection transmitted by mosquito bites, mainly in tropical areas of the world. 
The disease has existed since ancient times, and currently there are hundreds of millions of cases 
each year, with millions of deaths. In the 1640s, the Jesuits in Peru introduced the bark of the 
cinchona tree to the West as the first treatment for malaria. The drug quinine is the active ingredient 
in the bark, and it is still used today. 

Suppose a person is given a 50-mg dose of quinine at the same time every day for the prevention 
of malaria. After the first dose, the person has 50 mg of quinine in the body. What about after the 
second dose? Each day, the person’s body metabolizes some of the quinine so that, after one day, 
23% of the original amount remains. After the second dose, the amount of quinine in the body is the 
amount from the second dose (50 mg) plus the remnants of the first dose (that is, 50-0.23 = 11.5 mg) 
for a total of 61.5 mg. 

Let Q n represent the quantity, in mg, of quinine in the body right after the n th dose. Then 
Qi = First dose = 50. 

Q 2 = Second dose + Remnants of first dose = 50 + 50(0.23) = 61.5. 

Qs = Third dose + Remnants of previous doses = 50 + 61.5(0.23) = 64.145. 

Notice that we can multiply out the expression for Qs to show the contributions of the first and 
second dose separately: 

Q 3 = 50 + 61.5(0.23) = 50+(50 + 50(0.23))(0.23) 

Q 3 = 50 + 50(0.23) + 50(0.23) 2 , 

so we have 


Qs = Third dose + Remnants of second dose + Remnants of first dose. 

The multiplied-out form of Qs enables us to guess formulas for later values of Q n : 

Q 4 = 50 + 50(0.23) + 50(0.23)2 + 50(0.23) 3 = 64.753. 

Q 5 = 50 + 50(0.23) + 50(0.23) 2 + 50(0.23) 3 + 50(0.23) 4 = 64.893. 

Qe = 50 + 50(0.23) + 50(0.23) 2 + 50(0.23) 3 + 50(0.23) 4 + 50(0.23) 5 = 64.925. 


Qio = 50 + 50(0.23) + 50(0.23) 2 + •••+ 50(0.23)® + 50(0.23) 9 = 64.935. 

The values of Qq and Qio suggest that the quantity is stabilizing at around 64.9 mg. See Figure 11.1. 
quantity 


balance ($) 


2 4 6 8 10 


n (doses) 


2 4 6 8 10 


n (deposits) 


Figure 11.1: Quantity of quinine levels off 


Figure 11.2: Bank balance grows without bound 
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Repeated Deposits into a Savings Account 

People who save money often do so by putting a fixed amount aside regularly. Suppose $1000 is 
deposited every year in a savings account earning 5% interest a year, compounded annually. Let B n 
represent the balance, in dollars, in the account right after the n th deposit. Then 

B\ = First deposit = 1000. 

B 2 = Second deposit + Amount from first deposit = 1000 + 1000(1.05) = 2050. 

B 3 = Third deposit + Amount from previous deposits = 1000 + 2050(1.05) = 3152.5. 

As before, we multiply out the expression for B 3 to show the contributions of the first and second 
deposits separately: 

B 3 = 1000 + 2050(1.05) = 1000 + (1000 + 1000(1.05))(1.05) 

B 3 = 1000 + 1000(1.05) + 1000(1.05) 2 

Bs = Third deposit + Amount from second deposit + Amount from first deposit. 

The multiplied-out formula for Bs enables us to guess formulas for Bq and Bio. Evaluating gives 
Be = 1000 +1000(1.05)+ 1000(1.05) 2 +1000(1.05) 3 +1000(1.05) 4 +1000(1.05) 5 = 6801.91. 

Bio = 1000 + 1000(1.05) + 1000(1.05) 2 %；• + 1000(1.05)® + 1000(1.05) 9 = 12,577.89. 
Notice that the balance is growing without bound. See Figure 11.2. 

Finite Geometric Series 

In the two previous examples, we encountered sums of the form a+ar+ar 2 + ar 3 H - 1 - ar 8 + ar 9 . 

Such a sum is called a finite geometric series. A geometric series is a sum in which each term is a 
constant multiple of the preceding one. The first term is a, and the constant multiplier, or common 
ratio, of successive terms is r. 

A finite geometric series with n terms has (for n a positive integer) the form 

a + ar + ar 2 + ar 3 + • • • + ar n ~ 2 + ar n_1 . 


Sum of a Finite Geometric Series 

In the quinine example, suppose we want to find Q^, the quantity in the body after 40 doses: 
Q 4 o = 50 + 50(0.23) + 50(0.23) 2 + . • • + 5Q(0.23) 38 + 50(0.23) 39 . 

To calculate Q 40 , we could add these 40 terms. Fortunately, there is a better way. 

We write S n for the sum of the first n terms of the series, that is, up to the term ar n_1 : 

S n = a ar ar 2 + ar 3 + • • • + ar n ~ 2 + ar n_1 . 

Multiplying both sides by r gives 

rS n = ar + ar 2 + ar 3 + ar 4 + • • • + ar n — 1 + ar n . 

Now subtract rS n from S n , so all the terms except two on the right cancel, giving 
Sn _ ^ S n = a _ dv n ^ 
so 

(l-r)S n =a(l-r n ). 

Provided r ^ 1, we can solve for S n . The result is called a closed form for S n . 
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The sum of a finite geometric series is given by 

a (1 _T* 打） 

S n = a-\-ar ar 2 + ar 3 H - 1- ar n_1 = - , provided r ^ 1. 

1 — r 


Note that the value of n in the formula is the number of terms in the sum S n . 


Example 1 

Solution 


In the quinine example, calculate and interpret Q 40 and Qioo- 
We saw earlier that 

Q 40 = 50 + 50(0.23) + 50(0.23) 2 + ■•• + 50(0.23) 39 . 

This is a finite geometric series with a = 50 and r = 0.23. Using the formula for the sum with 
n = 40, we have 

g4o = M ^ = 64935 

The amount of quinine in the body right after the 40 th dose is 64.935 mg. 

Similarly, using n = 100, we have 

Qioo = M1 ^ =64935 

Right after the 100 th dose, the amount of quinine in the body is still 64.935 mg. To three decimal 
places, the amount appears to have stabilized. 


Example 2 In the bank deposit example, calculate and interpret and B 100 . 

Solution We have 

B 40 = 1000+ 1000(1.05) + 1000(1.05) 2 + ... + 1000(1.05) 39 . 

This is a finite geometric series with a = 1000 and r = 1.05. The formula for the sum with n = 40 
gives 

迅 o = s ^n = i20 799 77 

丄 —— 丄 .Ut) 

The balance in the account right after the 40 th deposit is $120,799.77. 

Similarly, using n = 100, we have 

如 0 = 歷^^ = 2 610025 16 

丄 —— 丄 .Dt) 

Right after the 100 th deposit, the balance in the account is $2,610,025.16. Compound interest has 
increased the $100,000 investment to over $2 million. 


Infinite Geometric Series 

Suppose a finite geometric series has n terms in it. What happens as n —> 00 ? We get an infinite 
geometric series that goes on forever. 


An infinite geometric series has the form 

a + ar 4- ar 2 + ar 3 H - h ar n_1 4 - ar n + 


The at the end of the series tells us that the series is going on forever — it is infinite. 












11.1 GEOMETRIC SERIES 457 


Sum of an Infinite Geometric Series 

Given an infinite geometric series 

a + ar + ar 2 + ar 3 H - , 

we call the sum of the first n terms a partial sum, written S n . To calculate S n , we use the formula 
o a(l-r n ) 
bn= 1—r • 

What happens to S n 3 .sn ^ oo? It depends on the value of r. If \r\ < 1, that is, —1 < r < 1, then 
r n —> 0 as n ^ oo, so as n ^ oo, 


S n 


a(l - r n ) a(l - 0) 


Thus, provided |rI < 1, as n ^ oo the partial sums S n approach a limit of a/(l — r). When 
this happens, we define the sum of the infinite geometric series to be that limit and say the series 
converges to a /(1 — r). 


For \r\ < 1, the sum of the infinite geometric series is given by 

5 = a + ar + ar 2 + ar 3 H - 1- ar n_1 + ar n H - - ^ . 

1 - r 


If, on the other hand, \r\ > 1, then r n and the partial sums have no limit as n —> oo (if a ^ 0). 
In this case, we say the series diverges. If r > 1, the terms in the series become larger and larger in 
magnitude, and the partial sums diverge to +oo if a > 0, or to —oo if a < 0. If r < — 1, the terms 
become larger in magnitude, the partial sums oscillate as n —^ oo, and the series diverges. 

What happens if r = 1? The series is 


a + ct + ci + ci + ...， 

so if a 0, the partial sums grow without bound, and the series does not converge. If r = —1, the 
series is 

a _ a a — a cl — 

and, if a 0, the partial sums oscillate between a and 0, and the series does not converge. 


Example 3 


Solution 


For each of the following infinite series, find the first three partial sums and the sum (if it exists): 
⑻ 10 + 10(0.75) + 10(0.75) 2 + ... 

(b) 250 + 250(1.2) + 250(1.2) 2 + ••• 


(a) This is an infinite geometric series with a = 10 and r = 0.75. The first three partial sums are: 

51 = 10 . 

5 2 = 10 4 - 10(0.75) = 10 + 7.5 = 17.5. 

5 3 = 10 + 10(0.75) + 10(0.75) 2 = 10 + 7.5 + 5.625 = 23.125. 


Since |r| < 1, the series converges and the sum is 

丄二 10 = 40 . 

1 - r 1 - 0.75 

If we find partial sums for larger and larger n, they get closer and closer to 40. (See Problem 15.) 
(b) This is an infinite geometric series with a = 250 and r = 1.2. The first three partial sums are: 

51 = 250. 

5 2 = 250 + 250(1.2) = 250 + 300 = 550. 

s 3 = 250 + 250(1.2) + 250(1.2) 2 = 250 + 300 + 360 = 910. 


Since r > 1, the series diverges, and the partial sums grow without bound. (See Problem 16.) 
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Example 4 Suppose 50-mg doses of quinine are taken daily forever. Find the long-run quantities of quinine in 
the body right after and right before a dose is given. 

Solution Since quinine is given forever, from Example 1 we know that the long-run quantity of quinine, right 

after a dose, is given by 

Q =50 + 50(0.23) + 50(0.23) 2 十 …. 

This is an infinite geometric series with a = 50 and r = 0.23. Since —1 < r < 1, the series 
converges to a finite sum given by 


Q ， 




= 64.935. 


The long-run quantity of quinine in the body right after a dose is 64.935 mg. The quantity levels off 
to this value in Figure 11.1. 

What is the long-run quantity of quinine right before a dose? Since a dose is 50 mg, the quantity 
of quinine in the body right before a dose is 64.935 — 50 = 14.935 mg. Thus, in the long run, the 
quinine level oscillates between 15 mg and 65 mg. 


Example 5 Suppose that $1000 a year is deposited forever into the bank account in Example 2. Does the balance 
in the account stabilize at a fixed amount? Explain. 

Solution Since the deposits are made forever, the account balance right after a deposit is represented by 

B = 1000+ 1000(1.05) + 1000(1.05) 2 + 

This is an infinite geometric series with a = 1000 and r = 1.05. Since r is larger than 1, the series 
diverges. This makes sense, since if you keep depositing $1000 in an account, your balance grows 
without bound, even if you don’t earn interest. This matches Figure 11.2 and Example 2. 


Problems for Section 11.1 


1. Find the sum of the following series in two ways: by 
adding terms and by using the geometric series formula. 

3 + 3 ■ 2 + 3 • 2 2 

2. Find the sum of the following series in two ways: by 
adding terms and by using the geometric series formula. 

50 + 50(0.9) + 50(0.9) 2 + 50(0.9) 3 


In Problems 3-14, find the sum, if it exists. 

3. 5 + 5 • 3 + 5 • 3 2 + ... + 5 • 3 12 

4. 20 + 20(1.45) + 20(1.45) 2 + ••• + 20(1.45) 14 

5. 100 + 100(0.85) + 100(0.85) 2 + ••• + 100 ( 0 . 85 ) 10 

6. 1000 + 1000(1.05) + 1000(1.05) 2 + ... 

7. 75 + 75(0.22) + 75(0.22) 2 + ... 


8. 500(0.4) + 500(0.4) 2 + 500(0.4) 3 

9. 31500 + 6300 + 1260 + 252 + ... 

^ ^ ^ ^ 

10. 3 


11. 65 + 


2 4 
65 


' 8 + '" + 2 ^ 
( 1 ^ + '" 4 


65 


1.02 ' ( 1 . 02) 2 ' _ ( 1 . 02) 18 

12. 1000 + 1500 + 2250 + 3375 + 5062.5 + … 

13. 200 + 100 + 50 + 25 + 12.5 + … 

14 - + + 

15. In Example 3(a), we found partial sums of the geomet¬ 
ric series with a = 10 and r = 0.75 and showed that 
the sum of this series is 40. Find the partial sums S n for 
n = 5, 10, 15, 20. As n gets larger, do the partial sums 
appear to be approaching 40? 


16. In Example 3(b), we found partial sums for the geomet¬ 
ric series with a = 250 and r = 1.2. Find the partial 
sums S n for n = 5, 10, 15, 20. As n gets larger, do the 
partial sums appear to grow without bound, as expected 
ifr > 1? 
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17. Every month, $500 is deposited into an account earning 
0.5% interest a month, compounded monthly. 

(a) How much is in the account right after the 6 th de¬ 
posit? Right before the 6 th deposit? 

(b) How much is in the account right after the 12 th de¬ 
posit? Right before the 12 th deposit? 

18. Each year, a family deposits $5000 into an account pay¬ 
ing 8.12% interest per year, compounded annually. How 
much is in the account right after the 20 th deposit? 

19. Each morning, a patient receives a 25 mg injection of an 
anti-inflammatory drug, and 40% of the drug remains in 
the body after 24 hours. Find the quantity in the body: 

(a) Right after the 3 rd injection. 

(b) Right after the 6 th injection. 

(c) In the long run, right after an injection. 

20. A smoker inhales 0.4 mg of nicotine from a cigarette. Af¬ 
ter one hour, 71% of the nicotine remains in the body. If 
a person smokes one cigarette every hour beginning at 7 
am, how much nicotine is in the body right after the 11 
pm cigarette? 

21. In Example 4, we saw that if 50 mg of quinine is given 
every 24 hours, the long-run quantity of quinine in the 
body is about 65 mg right after a dose and about 15 mg 
right before a dose. The concentration of quinine in the 
body is measured in milligrams of quinine per kilogram 
of body weight. To be effective, the average concentra¬ 
tion of quinine in the body must be at least 0.4 mg/kg. 
Concentrations above 3.0 mg/kg are not safe. 

(a) Estimate the average quantity of quinine in the body 
in the long run by averaging the long-run quantities 
of quinine in the body right after a dose and right 
before a dose. 


(b) Find the average concentration for a person weigh¬ 
ing 70 kilograms. Is this treatment safe and effective 
for such a person? 

(c) For what range of weights would this treatment pro¬ 
duce a long-run average concentration that is 

(i) Too low? (ii) Unsafe? 

22. Figure 11.3 shows the quantity of the drug atenolol in the 
blood as a function of time, with the first dose at time 
t = 0. Atenolol is taken in 50 mg doses once a day to 
lower blood pressure. 

q (quantity, mg) 



2 3 4 5 



(a) If the half-life of atenolol in the blood is 6.3 hours, 
what percentage of the atenolol present at the start 
of a 24-hour period is still there at the end? 

(b) Find expressions for the quantities Qo, Qi ， Q 2 , Q 3 , 
...，and Qn shown in Figure 11.3. Write the expres¬ 
sion for Q n in closed form. 

(c) Find expressions for the quantities Pi, P 2 , -P 3 , …， 
and P n shown in Figure 11.3. Write the expression 
for P n in closed form. 
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Annuities 


An annuity is a sequence of equal payments made at regular intervals. We can use the sum of a 
geometric series to calculate the total value of an annuity. 


Example 1 An annuity pays $5000 every year into an account that earns 7% interest per year, compounded 
annually. What is the balance in the account right after the 10 th deposit? 

Solution The 10 th deposit contributes $5000 to the balance. The previous deposit has earned interest for a 
year, so it contributes $5000(1.07). The deposit the year before that has earned interest for two 
years, so it contributes $5000(1.07) 2 . Continuing, we see that 

Balance after 10 th deposit = 5000 + 5000(1.07) + 5000(1.07) 2 + … + 5000(1.07) 9 . 

This sum is a finite geometric series with a = 5000 and r = 1.07. We use the formula for the sum 
with n = 10: 

Balance after 10 th deposit = ^ ~ ^ = 5000 ^ ~ ( 巧 7 ) 10 ) , = 69,082.24 dollars. 

1 — r 1 — 1.07 

The balance in the account right after the 10 th deposit is $69,082.24. 
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Present Value of an Annuity 

The present value of an annuity is the amount of money that must be deposited today to make 
a series of fixed payments in the future. How can we compute this present value? We begin by 
considering a single payment. Suppose a payment of $1000 is to be made three years in the future 
from an account paying interest at a rate of 8 % per year, compounded annually. The present value 
is the amount P such that 

P(1.08) 3 = 1000, 

so we have 

Present value = P = 1000(1.08) 一 3 . 

To find the present value of four payments of $1000 at the same 8 % interest, one made now, one in 
one year’s time, one in two years, and one in three years, we add their present values: 

Present value of four payments = 1000 + 1000(1.08) 一 1 + 1000(1.08)— 2 + 1000(1.08) 一 3 . 
This pattern allows us to find the present value of any annuity, as in the following example. 


Example 2 An account earns 8% interest per year, compounded annually. Twenty payments of $10,000 each, 
made once a year starting now, are to be made out of the account. How much must be deposited in 
the account now to cover these payments? In other words, what is the present value of this annuity? 

Solution The present value of the payment to be made immediately is $10,000. The present value of next 
year’s payment is $10,000(1.08) _1 . Since the 20 th payment is made 19 years in the future, the 
present value of the 20 th payment is $10,000(1.08)— 19 . The present value, P, of the entire annuity, 
in dollars, is the sum 

P= 10,000 + 10,000(1.08)— 1 + 10,000(1.08)— 2 + … + 10,000(1.08) 一 19 . 

Rewriting (1.08)— 2 = ((1.08) -1 ) 2 and (1.08) -3 = ((1.08) -1 ) 3 , and so on, shows that P is the 
sum of the finite geometric series 

P= 10,000 + 10,000(1.08) _1 + 10,000((1.08) -1 ) 2 + … + W,000((1.08) - V 9 . 

We use the formula for the sum with a = 10,000 and r = (1.08)— 1 and n = 20, giving 

^ n a(l - r n ) 10,000(1 - ((1.08 )— 1 ) 2 。） ^ or 

Present value = P = -^ -- = - ^~~ (1 、 08) ~~ —— =106,035.99. 

Thus, $106,035.99 must be deposited now to cover the payments for this annuity. Notice that the 
annuity pays out a total of 20 - $10,000 = $200,000, so the present value is considerably less than 
the amount eventually paid out. 


Example 3 The annuity in Example 2 now makes annual payments of $10,000 in perpetuity (that is, forever), 

rather than just twenty times. What is the present value of this annuity? 

Solution Since the payments are made forever, the present value is given by the infinite sum: 

Present value = 10,000 + 10,000(1.08)— 1 + 10,000((1.08)—+ 10,000((1.08)— 巧 3 + … • 
This is an infinite geometric series with a = 10,000 and r = (1.08) -1 = 0.925926. Since —1 < 
r <1, this series converges to a finite sum. We have 

^ , a 10,000 …… 

Present value = 3 ^;= 工 _ (1 明尸 =135,000. 

The present value of this annuity in perpetuity is $135,000. Notice that the amount needed to make 
annual payments forever is only about $29,000 more than the amount needed to make 20 annual 
payments. This is the power of compound interest. 
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The Multiplier Effect 

A government decides to give a tax rebate to stimulate the economy. What is the total effect of 
the rebate on spending? Each individual who receives a tax rebate spends some proportion of the 
additional income, and this money becomes additional income for a second individual, who spends 
a proportion of it, providing additional income for a third individual, and so on. The total effect of 
the rebate on the economy is much larger than the size of the rebate itself; this is called the multiplier 
effect. 


Example 4 A government gives tax rebates totaling 3 billion dollars. Everyone who receives money spends 
75% of it and saves the other 25%. Find the total additional spending resulting from this tax rebate. 

Solution The additional spending refers to all the additional money spent by consumers as a result of this tax 

rebate. The recipients of the 3 billion dollars spend 75% of what they receive, that is 3(0.75) = 2.25 
billion dollars. The recipients of this 2.25 billion dollars spend 75% of that, or 2.25(0.75) = 1.6875 
billion dollars. The recipients of this money spend 75% of this amount, and so on. Thus, 

Total additional spending = 2.25 + 2.25(0.75) + 2.25(0.75) 2 + 2.25(0.75) 3 + … billion dollars. 

(Notice that the initial amount spent was 2.25, not 3 billion dollars.) This is an infinite geometric 
series with a = 2.25 and r = 0.75. Since —1 < r < 1, this series converges to a finite sum: 

a 2.25 

Total additional spending = - = - —— = 9 billion dollars. 

1 — r 1 — 0.75 

Thus, a 3 billion dollar tax rebate generates 9 billion dollars of additional spending. 


Market Stabilization 

Each year, a manufacturer produces a fixed number of units of a product and each year a fixed 
percentage of these units (regardless of age) fail or go out of use. The total number of units in use 
in the long run is called the market stabilization point. 


Examples 

Solution 


The US Mint produces about 7.4 billion pennies a year and about 5% of them are removed from 
circulation each year. 1 Approximately how many pennies are in circulation? 

We can estimate the number of pennies in circulation using geometric series if we assume (for 
example) that the yearly production takes place at the start of the year and that the 5% are removed 
at the end of the year. In any year, 7.4 billion pennies are produced, and 7.4(0.95) billion pennies 
remain from the previous year’s production (since 5% went out of circulation). There are 7.4(0.95) 2 
billion pennies remaining from those produced two years before, and so on. If N is the number of 
pennies in circulation, in billions, then 

N = 7A + 7.4(0.95) + 7.4(0.95) 2 + …. 


This is an infinite geometric series with a = 7.4 and r = 0.95. Since —1 < r < 1, the series 
converges and its sum is given by 


a 7.4 

1-r = 1 - 0.95 


=148. 


Thus, the market has stabilized with about 148 billion pennies in circulation today. Of the 148 billion 
pennies in circulation, 5% or (148) (0.05) = 7.4 billion are removed each year, which exactly equals 
the number produced each year. 


iFrom www.usmint.gov. 
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Problems for Section 11.2 

1. A yearly deposit of $1000 is made into a bank account 
that pays 8.5% interest per year, compounded annually. 
What is the balance in the account right after the 20 th de¬ 
posit? How much of the balance comes from the annual 
deposits and how much comes from interest? 

2. Annual deposits of $2000 are made into an account 
paying 6% interest per year, compounded continuously. 
What is the balance in the account right after and right 
before the 5 th deposit? 

3. An annuity earning 0.5% per month, compounded 
monthly, is to make 36 monthly payments of $1000 each, 
starting now. What is the present value of this annuity? 

4. An annuity makes annual payments of $50,000, start¬ 
ing now, from an account paying 7.2% interest per year, 
compounded annually. Find the present value of the an¬ 
nuity if it makes 

(a) Ten payments (b) Payments in perpetuity 

5. Twenty annual payments of $5000 each, with the first 
payment one year from now, are to be made from an ac¬ 
count earning 10% per year, compounded annually. How 
much must be deposited now to cover the payments? 

6. What is the present value of an annuity that pays $20,000 
each year, forever, starting today, from an account that 
pays 1% interest per year, compounded annually? 

7. A deposit of $100,000 is made into an account paying 
8% interest per year, compounded annually. Annual pay¬ 
ments of $10,000 each, starting right after the deposit, 
are made out of the account. How many payments can be 
made before the account runs out of money? 

8. An employer pays you 1 penny the first day you work 
and doubles your wages each day after that. Find your 
total earnings after working 7 days a week for 

(a) One week (b) Two weeks 

(c) Three weeks (d) Four weeks 

9. An employee accepts a job with a starting salary of 
$30,000 and a cost-of-living increase of 4% every year 
for the next 10 years. What is the employee’s salary right 
before the start of the 11 th year? What are her total earn¬ 
ings during the first 10 years? 

10. Find the market stabilization point for a product if 10,000 
new units of the product are manufactured at the start of 
each year and 25% of the total number of units in use fail 
at the end of each year. 

11. Since 2007, the Bureau of Engraving and Printing has 
produced about 11 million new $1 bills a day; worn bills 
are removed by Federal Reserve banks. There are about 
9.2 billion dollar bills currently in circulation. Assuming 
that a fixed percentage of $1 bills are removed from cir¬ 
culation each day, use a geometric series to estimate this 
percentage. 2 


Problems 12-14 are about bonds, which are issued by a gov¬ 
ernment to raise money. An individual who buys a $1000 bond 
gives the government $1000 and in return receives a fixed sum 
of money, called the coupon, every six months or every year 
for the life of the bond. At the time of the last coupon, the 
individual also gets back the $1000, or principal. 

12. What is the present value of a $1000 bond which pays 
$50 a year for 10 years, starting one year from now? As¬ 
sume the interest rate is 6% per year, compounded annu¬ 
ally. 

13. What is the present value of a $1000 bond which pays 
$50 a year for 10 years, starting one year from now? As¬ 
sume the interest rate is 4% per year, compounded annu¬ 
ally. 

14. (a) What is the present value of a $1000 bond which 

pays $50 a year for 10 years, starting one year from 
now? Assume the interest rate is 5% per year, com¬ 
pounded annually. 

(b) Since $50 is 5% of $1000, this bond is called a 5% 
bond. What does your answer to part (a) tell you 
about the relationship between the principal and the 
present value of this bond if the interest rate is 5%? 

(c) If the interest rate is more than 5% per year, com¬ 
pounded annually, which is larger: the principal or 
the present value of the bond? Why is the bond then 
described as trading at a discountl 

(d) If the interest rate is less than 5% per year, com¬ 
pounded annually, why is the bond described as 
trading at a premium! 

15. This problem illustrates how banks create credit and can 
thereby lend out more money than has been deposited. 
Suppose that initially $100 is deposited in a bank. Ex¬ 
perience has shown bankers that on average only 8% of 
the money deposited is withdrawn by the owner at any 
time. Consequently, bankers feel free to lend out 92% of 
their deposits. Thus $92 of the original $100 is loaned 
out to other customers (to start a business, for example). 
This $92 becomes someone else’s income and, sooner or 
later, is redeposited in the bank. Thus 92% of $92, or 
$92(0.92) = $84.64, is loaned out again and eventu¬ 
ally redeposited. Of the $84.64, the bank again loans out 
92%, and so on. 

(a) Find the total amount of money deposited in the 
bank as a result of these transactions. 

(b) The total amount of money deposited divided by the 
original deposit is called the credit multiplier. Calcu¬ 
late the credit multiplier for this example and explain 
what this number tells us. 


2 www.dallasnews.com/sharedcontent/dws/bus/stories/DN-obsoletedollarbill_22bus.State.Editionl.c8a2b4.htinl. 
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16. To stimulate the economy in 2002, the government gave 
a tax rebate totaling 40 billion dollars. Find the total addi¬ 
tional spending resulting from this tax rebate if everyone 
who receives money spends 

⑻ 80% of it (b) 90% of it 

17. To stimulate the economy in 2008, the government gave a 
tax rebate totaling 100 billion dollars. Find the total addi¬ 
tional spending resulting from this tax rebate if everyone 
who receives money spends 

⑻ 80% of it (b) 90% of it 

18. In April 2009, economists predicted that each dollar in 
tax cuts would generate $3 in economic growth. What 


spending rate was assumed in arriving at this estimated 
multiplier effect? 

19. A person who deposits money in a bank account starts 
a long process described by the reserve-deposit ratio, r. 
For every dollar deposited, the bank keeps r dollars and 
lends 1 — r dollars to someone else, who deposits the 
loan in a bank account. The same fraction of the second 
deposit is loaned out, to be deposited in turn, and so on. 
If the initial deposit is N dollars, find the total value of 
the bank accounts generated by this deposit: 

(a) After the second deposit 

(b) After the third deposit 

(c) If the process continues forever 
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Steady-State Drug Levels 

A patient is given a drug at regular intervals. In Section 11.1, we saw that in the long run, the 
quantity of drug in the body varies between a maximum level right after a dose and a minimum 
level right before a dose. At this steady state, the quantity eliminated between doses is equal to one 
dose. (See Problem 19.) 

Example 1 A child with an ear infection is given a 200-mg ampicillin tablet once every 4 hours. About 12% of 
the drug in the body at the start of a four-hour period is still there at the end of that period. What is 
the quantity of ampicillin in the body 

⑻ Right after taking the 3 rd tablet? (b) Right after taking the 6 th tablet? 

(c) At the steady state, right after and right before taking a tablet? 

Solution Let Q n be the quantity of ampicillin, in mg, in the body right after taking the n th tablet. Then 

Q n = 200 + 200(0.12) + 200(0.12) 2 + … + 200(0.12) 71 ~ 1 . 

(a) Using the formula for the sum of a finite geometric series with a = 200, r = 0.12, and n = 3, 
we have 

^ a(l - r n ) 200(1 - (0.12 ) 3 ) …… 

= 1-0.12 = 2208 啤_ 

(b) Using n = 6, we have 

Q6 =^i = Hf 6 ) = 227 通 mg . 

1 — r 1 — U.12 

(c) At the steady state, the quantity Q in mg, right after a tablet is taken is the sum of the infinite 
geometric series 

Q = 200 + 200 ( 0 . 12 ) + 200 ( 0 . 12) 2 + 200 ( 0 . 12) 3 + •••• 

Since r = 0.12 and —1 < r < 1, the series converges to a finite sum. At the steady state 

Quantity right after a dose = Q = ^― — = ^ 12 = 227.2727 mg. 

The quantity of ampicillin in the body right before a dose is exactly 200 mg less than the 
quantity right after the dose, so at the steady state 

Quantity before dose = Quantity after dose — Size of one dose 
= 227.2727 - 200 
= 27.2727 mg. 

Problem 4 shows how this relationship can be used to calculate Q, the long-run quantity of ampi¬ 
cillin right after a dose. 
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Example 2 Valproic acid, a drug used to control epilepsy, has a half-life of 15 hours in the body. If D mg of 
valproic acid is taken every 12 hours, at the steady state, what quantity of the drug is in the body 
right after taking a tablet? 

Solution After a dose D of valproic acid, the quantity, Q, in the body decays exponentially, so Q = Db f , 
where t is time in hours. The half-life is 15 hours, so 

0.5D = Db 15 
0.5 = 6 15 
6=(0.5) 1 / 15 . 

Right before the next dose ait = 12, we have 

Fraction of drug remaining after 12 hours = b 12 = ((0.5)" 15 ) 12 = (0.5) 12 " 5 = (0.5) 0 . 8 . 
Since D mg of valproic acid is given every 12 hours, in the long run 

Quantity right after dose = D -\- £)(0.5)°' 8 + D ((0.5) 0 ' 8 ) 2 + … . 

This is an infinite geometric series with r = (0.5) 0 . 8 = 0.57435. Since —1 < r < 1, the series 
converges and its sum is 

D 

Quantity right after dose = - — ~= 2.35_D. 

1 — (0.5) u - 8 

Thus, in the long run, the quantity of the drug right after taking a dose is about 2.35 times the dose. 


Accumulation of Toxins in the Body 

Toxins found in pesticides can get into the food chain and accumulate in people’s bodies through 
the food they eat. We use a geometric series to calculate the total accumulation of toxin in the body. 


Example 3 Every day, a person consumes 5 micrograms ("g) of a toxin, which leaves the body at a continuous 

rate of 2% per day. In the long run, how much toxin is in the body at the end of the day? 

Solution Since the toxin leaves the body at a continuous rate of 2% every day, the 5 fig amount consumed one 

day earlier has decayed to 5e -0 02 , the 5 fig consumed two days earlier has decayed to 5 e -° 02 ( 2 )= 
5(e -0-02 ) 2 , and so on. We assume that the 5 fig consumed during the day has not yet decayed. In 
the long run, at the end of each day we have, in micrograms, 

Total accumulation of toxin =5 + 5(e 一 0 02 ) + 5(e 一 0 02 ) 2 + 5(e 一 0 . 02 ) 3 + • • •. 

This is an infinite geometric series with a = 5 and r = e— 0 02 = 0.98 02. Since —1 < r < 1, the 
series converges and its sum is 

a 5 

Total accumulation of toxin = - = - ■ = 252.5 micrograms. 

1 — r 1 — e 一 002 

In the long run, there are 252.5 micrograms of toxin in the body at the end of the day. 


Depletion of Natural Resources 

Geometric series can be used to estimate how long a natural resource (such as oil) will last, assuming 
that usage levels increase at a constant percentage rate. 

Example 4 At the end of 2008, world oil reserves were about 1950 billion barrels. 3 During 2008, about 29.3 
billion barrels of oil were consumed. 4 Over the past decade, oil consumption has been increasing at 

about 1% per year. 5 Assuming yearly oil consumption increases at this rate in the future, how long 
will the reserves last? 

3 www.theoildrum.com/node/5395. 

4 CIA World Factbook 2008. 

5 www.eia.doe.gov/emeu/intemational/oilcomsumption.html. 
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Under these assumptions, the oil used in 2009, in billions of barrels, is predicted to be 29.3(1.01). 
In 2010, we predict 29.3(1.01) 2 billion barrels to be used, and 29.3(1.01) 3 the next year, and so on. 
Thus, starting with 2009, the total quantity of oil used in n years, Q n , is 

Q n = 29.3(1.01) + 29.3(1.01) 2 + 29.3(1.01) 3 + ••• + 29.3(1.01 广 billions of barrels. 

This is a finite geometric series with n terms where a = 29.3(1.01) and r = 1.01. (Notice that the 
last term can be written 29.3(1.01) (1.01) n_1 .) The sum is 

Q n = a (卜 r?1 ) = 29.3(1.01) ( * l ~ (tm = 2959((1.01)™ - 1) billions of barrels. 

1 — r \ 1 — 1.01 J 

We want to find the value of n for which Q n reaches the total reserves, 1950. Solving gives 


2959((1.01) n — 1) = 1950 

( L 0 i ) n - i= SS = 0 . 6590 

(1.01) n = 1.6590. 

Taking logarithms and using ln(A p ) =p\nA, we have 


nln(l.Ol) = ln(1.6590) 


ln(1.6590) 

n= l^L0lT = 50 - 9yearS - 

Thus, if present consumption patterns are maintained, the world’s oil supply will be exhausted in 


about 51 years. However, if consumption patterns change, the length of time until the reserves run 
out can be very different. Problem 2 concerns predictions using a 2.5% yearly increase and a 5.5% 
yearly decrease, the maximum and minimum figures for the past decade. 


Geometric Series and Differential Equations 

In this section, we used geometric series to model drug levels; in Chapter 10, we used differential 
equations to model drug levels. How do we know whether to use a geometric series or a differential 
equation? The answer depends on whether the drug is given in discrete doses (such as a tablet each 
morning) or continuously (such as intravenously). 


Example 5 


Solution 


A patient receives 25 mg of a drug each day, and the drug is metabolized and eliminated at a 
continuous rate of 10% per day. Find the quantity of drug in the patient’s body in the long run: 

(a) Using a geometric series, assuming the 25-mg dose of the drug is administered in a single 
injection each morning. (Find the quantity both before and after an injection is given.) 

(b) Using a differential equation, assuming the 25-mg dose of the drug is administered continuously 
throughout the day, using an intravenous drip. 

(a) A 25-mg injection is given each day. Since the drug is metabolized at a continuous rate of 10% 
per day, the quantity remaining a day later is 25e 一 01 mg. The quantity remaining two days later 
is 25(e 一 01 ) 2 mg. In the long run, 

Quantity after injection =25 + 25(e -0 - 1 ) + 25(e 一 0 - 1 ) 2 + 25(e -0 - 1 ) 3 + … mg. 

We use the formula for the sum of an infinite geometric series with a = 25 and r = e 一 01 : 

a 25 

Quantity after injection = - = -- ?rr = 262.7 mg. 

1 — r 1 — e _u .丄 

Since each injection is 25 mg, in the long run 

Quantity before injection = 262.7 — 25 = 237.7 mg. 

(b) The drug is entering the body at the continuous rate of 25 mg per day and leaving at the con¬ 
tinuous rate of 0.1 times the current level in the body. Thus, if Q is the quantity of drug in the 
body after t days, then 










466 


Chapter Eleven GEOMETRIC SERIES 


dQ 

dt 


Rate in — Rate out = 25 — 0.1Q. 


In Chapter 10, we saw that Q tends toward the equilibrium solution which occurs when dQ /dt = 
0. Then 


— 25 — 0.1Q = 0 
Q = 250 mg. 

When the drug is given continuously, the quantity of the drug in the body levels off at 250 mg. 


Problems for Section 11.3 

1. In 2008, world oil consumption was 29.3 billion barrels, 6 
a decrease of 5.5% from 2007. Assuming that consump¬ 
tion continues to decrease at the same percentage rate, 
make a table showing yearly consumption between 2008 
and 2017, inclusive. Find the total quantity of oil con¬ 
sumed during this decade. 

2. As in Example 4, assume that oil reserves at the end of 
2008 were 1950 billion barrels and that consumption in 
2008 was 29.3 billion barrels. What happens in the long 
run if oil consumption 

(a) Decreases by 5.5% per year 

(b) Increases by 2.5% per year 

3. Every morning, a patient receives a 50-mg injection of 
a drug. At the end of a 24-hour period, 60% of the drug 
remains in the body. What quantity of drug is in the body 

(a) Right after the 3 rd injection? 

(b) Right after the 7 th injection? 

(c) Right after an injection, at the steady state? 

4. This problem gives another way of finding, Q ， the long- 
run ampicillin quantity right after a dose in Example 1. 
(See page 463.) In the four hours after a dose, 200 mg 
of ampicillin must be excreted, as the next 200-mg tablet 
elevates the ampicillin quantity back to Q mg. Use this 
information to solve for Q. 

5. A dose of 120 mg is taken by a patient at the same time 
every day. In one day, 30% of the drug is excreted. 

(a) At the steady state, find the quantity of drug in the 
body right after a dose. 

(b) Check that at the steady state, the quantity excreted 
in one day is equal to the dose. 

6. At the same time every day, a patient takes 50 mg of the 
antidepressant fluoxetine, whose half-life is 3 days. 

(a) What fraction of the dose remains in the body after 
a 24-hour period? 

(b) What is the quantity of fluoxetine in the body right 
after taking the 7 th dose? 


(c) In the long run, what is the quantity of fluoxetine in 
the body right after a dose? 

7. A person with chronic pain takes a 30 mg tablet of mor¬ 
phine every 4 hours. The half-life of morphine is 2 hours. 

(a) How much morphine is in the body right after and 
right before taking the 6 th tablet? 

(b) At the steady state, find the quantity of morphine in 
the body right after and right before taking a tablet. 

8. (a) An allergy drug with a half-life of 18 weeks is given 

in 100-mg doses once a week. At the steady state, 
find the quantity of the drug in the body right after a 
dose. 

(b) The drug does not become effective until the quan¬ 
tity in the body right after a dose reaches 2000 mg. 
How many weeks after the first dose does the drug 
become effective? 

9. A cigarette puts 1.2 mg of nicotine into the body. Nico¬ 
tine leaves the body at a continuous rate of 34.65% per 
hour, but more than 60 mg can be lethal. If a person 
smokes a cigarette with each of the following frequen¬ 
cies, find the long-run quantity of nicotine in the body 
right after a cigarette. Does the nicotine reach the lethal 
level? 

(a) Every hour (b) Every half hour 

(c) Every 15 minutes (d) Every 6 minutes 

(e) Every 3 minutes 

10. Each day at lunch a person consumes 8 micrograms of a 
toxin found in a pesticide; the toxin is metabolized at a 
continuous rate of 0.5% per day. In the long run, how 
much of this toxin accumulates in the person’s body? 
Give the quantities right after and right before lunch. 

11. At the end of 2008, the total reserve of a mineral was 
350,000 m 3 . In the year 2009, about 5000 m 3 was used. 
Each year, consumption of the mineral is expected to in¬ 
crease by 8%. Under these assumptions, in how many 
years will all reserves of the mineral be depleted? 
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12. We use 1500 kg of a mineral this year and consumption 
of the mineral is increasing annually by 4%. The total 
reserves of the mineral are estimated to be 120,000 kg. 
Approximately when will the reserves run out? 


13. 


At the end of 2007, natural gas reserves were 180 trillion 
m 3 ; during 2007, about 3 trillion m 3 of natural gas were 
consumed. 7 Estimate how long natural gas reserves will 
last if consumption increases at 2% per year. 


14. Over the past decade, natural gas consumption has been 
increasing at between 0% and 5% a year. Using the data 
from Problem 13, estimate how long the natural gas re¬ 
serves will last assuming the rate of increase is 


⑻ 0% (b) 5% 


18. (a) A dose _D of a drug is administered at intervals equal 

to the half-life. (That is, the second dose is given 
when half the first dose remains.) At the steady state, 
find the quantity of drug in the body right after a 
dose. 

(b) If the quantity of a drug in the body after a dose is 
300 mg at the steady state and if the interval between 
doses equals the half-life, what is the dose? 

19. A dose, D, of a drug is taken at regular time intervals, 
and a fraction r remains after one time interval. Show 
that at the steady state, the quantity of the drug excreted 
between doses equals the dose. 

20. Cephalexin is an antibiotic with a half-life in the body of 
0.9 hours, taken in tablets of 250 mg every six hours. 


Problems 15-17 concern how long reserves of the mineral in 
Problem 11 last if usage patterns change. For example, as re¬ 
serves get lower, substitutes may be developed. 

15. How long will the reserves last if the annual increase in 
usage is 4%? 

16. How long will the reserves last if the annual usage stays 
constant at 5000 m 3 per year? 

17. How long will the reserves last if the usage decreases 
each year by 4%? 


(a) What percentage of the cephalexin in the body at the 
start of a six-hour period is still there at the end (as¬ 
suming no tablets are taken during that time)? 

(b) Write an expression for Qi, Q2, Q3, Q4, where Q n 
mg is the amount of cephalexin in the body right af¬ 
ter the n th tablet is taken. 

(c) Express Q3, Q 4 in closed form and evaluate them. 

(d) Write an expression for Q n and put it in closed form. 

(e) If the patient keeps taking the tablets, use your an¬ 
swer to part (d) to find the quantity of cephalexin in 
the body in the long run, right after taking a tablet. 


CHAPTER SUMMARY 



Finite and infinite. 


• Sums of geometric series 

Partial sums, convergence of infinite series. 

• Applications to business and economics 

REVIEW PROBLEMS FOR CHAPTER ELEVEN 

In Problems 1-8, find the sum, if it exists. 

1 . 2 + 2 2 + 2 3 + • • • + 2 10 

2. 20 + 20(1.4) + 20(1.4)2 + ••• + 20(1.4) 8 

3. 1000 +1000(1.08) +1000(1.08) 2 +1000(1.08) 3 + ••• 

4. 500 + 500(0.6) + 500(0.6) 2 + ... + 500(0.6) 15 

5. 30 + 30(0.85) + 30(0.85) 2 + 30(0.85) 3 + ... 

6. 25 + 25(0.2) + 25(0.2) 2 + 25(0.2) 3 + … 

7 - + i + 

8 - 1 + | +去 + 

9. Around January 1, 1993, Barbra Streisand signed a con¬ 
tract with Sony Corporation for $2 million a year for 10 
years. Suppose the first payment was made on the day 


Annuities, present value, multiplier effect, market stabi¬ 
lization. 

• Applications to life sciences 

Repeated drug doses, accumulation of toxins, depletion 
of natural resources. 


of signing and that all other payments were made on 
the first day of the year. Suppose also that all payments 
were made into a bank account earning 4% a year, com¬ 
pounded annually. 

(a) How much money was in the account 

(i) On the night of December 31, 1999? 

(ii) On the day the last payment was made? 

(b) What was the present value of the contract on the 
day it was signed? 

10. A drug is given in daily doses of 100 mg. After 24 hours, 
82% of the previous day’s dose remains in the body. 
What is the long-run quantity of drug in the body, right 
after and right before a dose is given? 


7 www.worldenergyoutlook.org/docs/weo2008/weo2008_es_english.pdf 
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11. A used car costs $15,000. The repair contract costs $500 
at the end of the first year and increases by 20% at the 
end of each subsequent year. Find the total cost of own¬ 
ing the car for ten years. Include the payment at the end 



12. A donor sets up an endowment to fund an annual schol¬ 
arship of $10,000. The endowment earns 6% interest per 
year, compounded annually. Find the amount that must 
be deposited now if the endowment is to fund one award 
each year, with one award now and continuing 

(a) Until twenty awards have been made 

(b) Forever 

13. This problem shows how to estimate the cumulative ef¬ 
fect of a tax cut on a country’s economy. Suppose the 
government proposes a tax cut totaling $100 million. We 
assume that all the people who have extra money spend 
80% of it and save 20%. Thus, of the extra income gen¬ 
erated by the tax cut, $100(0.8) million = $80 mil¬ 
lion is spent and becomes extra income to someone else. 
These people also spend 80% of their additional income, 
or $80(0.8) million, and so on. Calculate the total addi¬ 
tional spending created by such a tax cut. 

14. To stimulate the economy, the government gives a tax re¬ 
bate totaling 5 billion dollars. Find the total additional 
spending resulting from this tax rebate if everyone who 
receives money spends 

(a) 80% of it (b) 90% of it 

15. A government gives a tax rebate of N dollars to stimulate 
the economy. Everyone who receives money spends a 
fixed fraction, k, of the money received, with 0 < A; < 1. 

(a) Find a formula (in terms of N and k) for the total 
additional spending resulting from the tax rebate. 

(b) If k = 0.85, what is the total additional spending as 
a multiple of the size, AT, of the tax rebate? 

16. Before World War I, the British government issued what 
are called consols, which pay the owner or his heirs a 
fixed amount of money every year forever. (Cartoonists 
of the time described aristocrats living off such payments 
as “pickled in consols.’’）What should a person expect to 
pay for consols which pay £10 a year forever? Assume 
the first payment is one year from the date of purchase 


and that interest remains 4% per year, compounded an¬ 
nually. (£ denotes pounds, the British unit of currency.) 

17. A repeating decimal can always be expressed as a frac¬ 
tion. This problem shows how writing a repeating deci¬ 
mal as a geometric series enables you to find the fraction. 

(a) Write the repeating decimal 0.232323. • • as a ge¬ 
ometric series using the fact that 0.232323 … = 
0.23 + 0.0023 + 0.000023 + •••. 

(b) Use the formula for the sum of a geometric series to 
show that 0.232323 ... = 23/99. 

18. A ball is dropped from a height of 10 feet and bounces. 
Each bounce is | of the height of the bounce before. 
Thus, after the ball hits the floor for the first time, the 
ball rises to a height of 10(|) = 7.5 feet, and after it 
hits the floor for the second time, it rises to a height of 
7.5(f) = 10(f) 1 2 = 5.625 feet 

(a) Find an expression for the height to which the ball 
rises after it hits the floor for the n th time. 

(b) Find an expression for the total vertical distance the 
ball has traveled when it hits the floor for the first, 
second, third, and fourth times. 

(c) Find an expression for the total vertical distance the 
ball has traveled when it hits the floor for the n th 
time. Express your answer in closed form. 

19. One way of valuing a company is to calculate the present 
value of all its future earnings. A farm expects to sell 
$1000 worth of Christmas trees once a year forever, with 
the first sale in the immediate future. What is the present 
value of this Christmas tree business? The interest rate is 
4% per year, compounded continuously. 

20. Every year, a company sells 1000 units of a product while 
20% of the total number in use fail. Assume sales are at 
the start of the year and failures are at the end of the year. 

(a) Find the market stabilization point for this product. 

(b) If the stabilization point is approached very slowly, 
the number of units in use may not get close to this 
value because market conditions change first. Make 
a table for S n , the number of units in use right af¬ 
ter the n th annual sale, for n = 5,10,15, 20, to see 
how rapidly this market approaches the stabilization 
point. 


CHECK YOUR UNDERSTANDING 


In Problems 1-30, indicate whether the statement is true or 
false. 

1. The sum 1 + 2 + 4 + 8 + 16+ 32 is a finite geometric 
series with 6 terms. 

2. The sum 1 + 2 + 4 + 8 + 16 + 32 + … + 2 10 is a finite 
geometric series with 10 terms. 

3. The sum 1 + 3 + 5 + 7 + 9 + 11 is a finite geometric 

series with 6 terms. 


4. The sum 1 — 2 + 4 — 8 + 16 — 32 is a finite geometric 
series with 6 terms. 

5. The sum of 1 + (1/3) + (1/9) + ... + (1/3) 10 is 
(l-(l/3) u )/(l-(l/3)). 

6. The sum of 3 . 1 + 3 . 2 + 3 . 4 + ... + 3(2 20 ) is 
3(l_2 2G )/(l-2). 

7. The sum of the infinite geometric series 3 + 3 2 + 3 3 * + 
… + 3 Tl + ...is 3/(1-3). 
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8. The sum of the infinite geometric series (l/2) + (l/2) 2 + 

(i/2) 3 + ... + (1/2)" + ... is 1/(1-(1/2)). 1 

9. The sum of the infinite geometric series (1/3) + (1 /3) 2 + 
(1/3) 3 + • •. + (1/3 广 + ... is 1/2. 

10. The sum of the infinite geometric series 5(1/2) + 
5(l/2) 2 + 5(l/2) 3 + ... + 5(l/2) n + ... is 5. 

11. An annuity is a sequence of equal payments or deposits 
made at regular intervals. 

12. The present value of an annuity is the amount of money 
deposited today to make a series of fixed payments in the 
future. 

13. The present value of an annuity that makes payments of 
$6000 per year for 10 years is less than $60,000, assum¬ 
ing an annual interest rate of 3%. 

14. The present value of a series of constant annual payments 
made forever is infinite. 

15. If annual deposits of $3000 are made at the beginning 
of each year into an account paying 2% interest per 
year, compounded annually, then the account balance af¬ 
ter the fourth deposit is 3000(1.02) 4 + 3000(1.02) 3 + 
3000(1.02)2 + 3000(1.02) dollars. 

16. If annual deposits of $3000 are made at the beginning of 
each year into an account paying 2% interest per year, 
compounded annually, then the account balance after the 
tenth deposit is 3000(1 — (1.02) 10 )/(1 — 1.02) dollars. 

17. A deposit of $735,000 into an account earning 5% com¬ 
pounded annually is sufficient to generate annual pay¬ 
ments of $35,000 in perpetuity, starting now. 

18. The present value of a payment 5 years in the fu¬ 
ture of $2000, assuming annual interest rate of 3%, is 
2000(1.03)® dollars. 

19. The present value of 3 annual payments of $600, start¬ 
ing now, assuming annual interest rate of 4%, is 600 + 
600(1.04) _1 +600(1.04) -2 dollars 

20. The present value of 10 annual payments of $600, start¬ 
ing now, assuming annual interest rate of 4%, is 600(1 — 
(1.04)_ 10 )/(1 _ (1.04)— 1 ) dollars. 
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21. If a person consumes a 25-mg tablet of a drug four times 
throughout the day, at the end of the day the person will 
have 100 mg of the drug in the body. 

22. If the quantity of a drug in the body has reached the 
steady-state level for a person taking a drug at regular 
intervals, then the quantity of drug in the person’s body 
stays constant. 

23. A person consuming 3 micrograms of a toxin with break¬ 
fast each day, of which 5% leaves the body each day, 
has 3/( 1-0.05) micrograms of toxin in the body right af¬ 
ter breakfast, in the long run. 

24. If a country used 10 billion barrels of oil last year, and oil 
consumption increases at 2% annually, then over the next 
5 years, the total oil consumption will be 10(1.02)(1 — 
(1.02) 6 )/(1- 1.02) billion barrels. 

25. In a person taking a constant dose D mg of medication 
everyday, the steady-state level is the same before and 
after each daily dose. 

26. In a person taking a constant dose D mg of medication 
every day, at the steady-state level the quantity of the 
drug eliminated daily is equal to the daily dose D. 

27. If a drug is administered intravenously, then a geometric 
series is a better model than a differential equation for the 
quantity of drug in the bloodstream. 

28. If a certain drug has a half-life of three hours in the body, 
then nine hours after a dosage of 160 mg, the quantity in 
the body drops to 20 mg. 

29. If a 50-mg injection of a drug is given once every day, 
and the drug is metabolized at a continuous rate of 5% 
per day, then the long-term steady-state quantity in the 
body after injection is 50/(1 — e。 05 ). 

30. If a drug is administered intravenously at a rate of 50 mg 
per day, and the drug is metabolized at a continuous rate 
of 5% per day, then the long-term steady-state quantity 
in the body is 1000 mg. 


1. Do You Have Any Common Ancestors? 

In this project, we estimate the number of ancestors you have and determine whether you 
have any common ancestors. (A common ancestor is one who appears on two sides of your 
family tree. For example, if your great-grandmother on your mother’s mother’s side is also 
your grandmother on your father’s side, then she would be a common ancestor.) 

(a) In general, each person has 2 biological parents, 4 biological grandparents, 8 biological 
great-grandparents, and so on. Write a formula for the number of ancestors you have, going 
back n generations. 

(b) How long is one generation? Estimate the age of typical parents when a baby is born. This 
is the length of time for a generation. How many generations are included if we go back 
100 years? 500 years? 1000 years? 2000 years? 

(c) Use your answers to parts (a) and (b) to estimate the number of ancestors you have if we 
go back 100 years, 500 years, 1000 years, or 2000 years. 


Chapter Eleven GEOMETRIC SERIES 


(d) In parts (a) and (c), we counted every ancestor separately, so we assumed that you have no 
common ancestors. Use the fact that the population of the world was about 6 billion people 
in 1999 and was about 200 million people in the year 1 AD to determine whether this is a 
reasonable assumption. Explain your reasoning. 

2. Harrod-Hicks Model of an Expanding National Economy 

In an expanding national economy, the Harrod-Hicks model relates the national income in 
one year to the national income in the preceding year. If f(n) is the national income in year n, 
then the model predicts, for some constants k and h with A; > 1 and h> 0, that 

f(n + 1) = kf(n) — h. 

(a) Let C = /(0). Write /(l), /(2), and /(3) in terms ofk, /i, and C. 

(b) Show that 

f(l) = kC-h, 

/(2) = k 2 C — (1 + k)h, 

/ ⑶ =- (1 + fc + k 2 )h. 

Use these formulas to guess a formula for /(n). 

(c) Use the formula for the sum of a finite geometric series to rewrite the formula for /(n) in 
closed form. 

3. Probability of Winning in Sports 

In certain sports, winning a game requires a lead of two points. That is, if the score is tied 
you have to score two points in a row to win. 

(a) For some sports (e.g. tennis), a point is scored every play. Suppose your probability of 
scoring the next point is always p. Then, your opponent’s probability of scoring the next 
point is always 1 — p. 

(i) What is the probability that you win the next two points? 

(ii) What is the probability that you and your opponent split the next two points, that is, 
that neither of you wins both points? 

(iii) What is the probability that you split the next two points but you win the two after 
that? 

(iv) What is the probability that you either win the next two points or split the next two and 
then win the next two after that? 

(v) Give a formula for your probability w of winning a tied game. 

(vi) Compute your probability of winning a tied game when p = 0.5; when p = 0.6; when 
p = 0.7; when p = 0.4. Comment on your answers. 

(b) In other sports (e.g. volleyball prior to 1999), you can score a point only if it is your turn, 
with turns alternating until a point is scored. Suppose your probability of scoring a point 
when it is your turn is p, and your opponent’s probability of scoring a point when it is her 
turn is q. 

(i) Find a formula for the probability S that you are the first to score the next point, 
assuming it is currently your turn. 

(ii) Suppose that if you score a point, the next turn is yours. Using your answers to part (a) 
and your formula for S, compute the probability of winning a tied game (if you need 
two points in a row to win). 

• Assume p = 0.5 and q = 0.5 and it is your turn. 

• Assume p = 0.6 and q = 0.5 and it is your turn. 
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A FITTING FORMULAS TO DATA 


In this section we see how the formulas that are used in a mathematical model can be developed. 
Some of the formulas we use are exact. However, many formulas we use are approximations, often 
constructed from data. 


Fitting a Linear Function to Data 

A company wants to understand the relationship between the amount spent on advertising, a, and 
total sales, S. The data they collect might look like that found in Table A. 1 • 


Table A. 1 Advertising and sales: Linear relationship 


a (advertising in $1000s) 

3 

4 

5 

6 

S (sales in $1000s) 

100 

120 

140 

160 


The data in Table A. 1 are linear, so a formula fits it exactly. The slope of the line is 20, and we 
can determine that the vertical intercept is 40, so the line is 

S = 40 + 20a. 

Now suppose that the company collected the data in Table A.2. This time the data are not linear. 
In general, it is difficult to find a formula to fit data exactly. We must be satisfied with a formula that 
is a good approximation to the data. 


Table A.2 Advertising and sales: Nonlinear relationship 


a (advertising in $1000s) 

3 

4 

5 

6 

S (sales in $1000s) 

105 

117 

141 

152 


Figure A. 1 shows the data in Table A.2. Since the relationship is nearly, though not exactly, 
linear, it is well approximated by a line. Figure A.2 shows the line 5 = 40 + 20a and the data. 



The Regression Line 

Is there a line that fits the data better than the one in Figure A.2? If so, how do we find it? The 
process of fitting a line to a set of data is called linear regression and the line of best fit is called 
the regression line. (Later in the section, we discuss what “best fit” means.) Many calculators and 
computer programs calculate the regression line from the data points. Alternatively, the regression 
line can be estimated by plotting the points on paper and fitting a line “by eye.” In Chapter 9, we 
derive the formulas for the regression line. For the data in Table A.2, the regression line is 


S = 54.5 + 16.5a. 
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Example 1 

Solution 


This line is graphed with the data in Figure A.3. 

5( ㈣ 00s) 

150 

100 

50 

^ 1 ^ 1 ^ 1 ^ 1 ^ 1 ^ “ a($1000s) 

1 2 3 4 5 6 

Figure A.3: The regression line S = 54.5 4 - 16.5a 
and the data from Table A.2 



Using the Regression Line to Make Predictions 


We can use the formula for sales as a function of advertising to make predictions. For example, to 
predict total sales if $3500 is spent on advertising, substitute a = 3.5 into the regression line: 

S = 54.5 + 16.5(3.5) = 112.25. 


The regression line predicts sales of $112,250. To see that this is reasonable, compare it to the entries 
in Table A.2. When a = 3, we have S = 105, and when a = 4, we have S = 117. Predicted sales 


of 5 = 112.25 when a = 3.5 makes sense because it falls between 105 and 117. See Figure A.4. 
Of course, if we spent $3500 on advertising, sales would probably not be exactly $112,250. The 
regression equation allows us to make predictions, but does not provide exact results. 

^(SlOOOs) 



Figure A_4: Predicting sales when spending $3,500 on advertising 


Predict total sales given advertising expenditures of $4800 and $10,000. 

When $4800 is spent on advertising, a = 4.8, so 

S = 54.5 + 16.5(4.8) = 133.7. 

Sales are predicted to be $133,700. When $10,000 is spent on advertising, a = 10, so 
5 = 54.5+ 16.5(10) = 219.5. 

Sales are predicted to be $219,500. 


Consider the two predictions made in Example 1 at a = 4.8 and a = 10. We have more 
confidence in the accuracy of the prediction when a = 4.8, because we are interpolating within an 
interval we already know something about. The prediction fora = 10 is less reliable, because we are 
extrapolating outside the interval defined by the data values in Table A.2. In general, interpolation 
is safer than extrapolation. 










474 


Appendix A 


Interpreting the Slope of the Regression Line 

The slope of a linear function is the change in the dependent variable divided by the change in the 
independent variable. For the sales and advertising regression line, the slope is 16.5. This tells us 
that 5 increases by about 16.5 whenever a increases by 1. If advertising expenses increase by $1000, 
sales increase by about $16,500. In general, the slope tells us the expected change in the dependent 
variable for a unit change in the independent variable. 


How Regression Works: What “Best Fit” Means 


Figure A.5 illustrates how a line is fitted to a set of data. We assume that the value of y is in some 
way related to the value of x, although other factors could influence y as well. Thus, we assume that 
we can pick the value of x exactly but that the value of y may be only partially determined by this 
x-value. 

A calculator or computer finds the line that minimizes the sum of the squares of the vertical 
distances between the data points and the line. See Figure A.5. The regression line is also called a 
least-squares line, or the line of best fit. 

y 



Figure A.5: Data and the corresponding 
least-squares regression line 


Correlation 

When a computer or calculator calculates a regression line, it also gives a correlation coefficient, 
r. This number lies between —1 and +1 and measures how well the regression line fits the data. If 
r = 1, the data lie exactly on a line of positive slope. If r = —1, the data lie exactly on a line of 
negative slope. If r is close to 0, the data may be completely scattered, or there may be a nonlinear 
relationship between the variables. (See Figure A.6.) 


⑻ 1 (b) (c) 



r « 0 r « 0.2 r = 1 

Figure A.6: Various data sets and correlation coefficients 


Example 2 The correlation coefficient for the sales data in Table A.2 is r « 0.99. The fact that r is positive tells 
us that the regression line has positive slope. The fact that r is close to 1 tells us that the regression 
line fits the data well. 
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The Difference Between Relation, Correlation, and Causation 

It is important to understand that a high correlation (either positive or negative) between two quan¬ 
tities does not imply causation. For example, there is a high correlation between children’s reading 
level and shoe size. 1 However, large feet do not cause a child to read better (or vice versa). Larger 
feet and improved reading ability are both a consequence of growing older. 

Notice also that a correlation of 0 does not imply that there is no relationship between x and y. 
For example, in Figure A.6(d) there is a relationship between x and y-values, while Figure A.6(c) 
exhibits no apparent relationship. Both data sets have a correlation coefficient of r « 0. Thus, a 
correlation of r = 0 usually implies there is no linear relationship between x and y, but this does 
not mean there is no relationship at all. 

Regression When the Relationship Is Not Linear 

Table A.3 shows the population of the US (in millions) from 1790 to 1860. These points are plotted 
in Figure A.7. Do the data look linear? Not really. It appears to make more sense to fit an exponential 
function than a linear function to this data. Finding the exponential function of best fit is called expo¬ 
nential regression. One algorithm used by a calculator or computer gives the exponential function 
that fits the data as 

P = 3.9(1.03)*, 

where P is the US population in millions and t is years since 1790. Other algorithms may give 
different answers. See Figure A.8. 

Since the base of this exponential function is 1.03, the US population was increasing at the rate 
of about 3% per year between 1790 and 1860. Is it reasonable to expect the population to continue 
to increase at this rate? It turns out that this exponential model does not fit the population of the US 
well beyond 1860. In Section 4.7, we see another function that is used to model the US population. 


Table A.3 US Population in millions ， 1790-1860 


Year 

1790 

1800 

1810 

1820 

1830 

1840 

1850 

1860 

Population 

3.9 

5.3 

7.2 

9.6 

12.9 

17.1 

23.1 

31.4 



Figure A.7: US Population 1790-1860 Figure A.8: US population and an 

exponential regression function 


Calculators and computers can do linear regression, exponential regression, logarithmic regres¬ 
sion, quadratic regression, and more. To fit a formula to a set of data, the first step is to graph the 
data and identify the appropriate family of functions. 

^rom Statistics, 2 nd ed., by David Freedman, Robert Pisani, Roger Purves, Ani Adhikari, p. 142 (New York: 
W.W.Norton, 1991). 


















476 Appendix A 


Example 3 


Solution 


The average fuel efficiency (miles per gallon of gasoline) of US automobiles declined until the 
1960s and then started to rise as manufacturers made cars more fuel efficient. 2 See Table A.4. 

(a) Plot the data. What family of functions should be used to model the data: linear, exponential, 
logarithmic, power function, or a polynomial? If a polynomial, state the degree and whether the 
leading coefficient is positive or negative. 

(b) Use quadratic regression to fit a quadratic polynomial to the data; graph it with the data. 


Table A.4 What function fits these data ? 


Year 

1940 

1950 

1960 

1970 

1980 

1986 

Average miles per gallon 

14.8 

13.9 

13.4 

13.5 

15.5 

18.3 


(a) The data are shown in Figure A.9, with time t in years since 1940. Miles per gallon decreases 
and then increases, so a good function to model the data is a quadratic (degree 2) polynomial. 
Since the parabola opens up, the leading coefficient is positive. 

(b) If f(t) is average miles per gallon, one algorithm for quadratic regression tells us that the 
quadratic polynomial that fits the data is 

f(t) = 0.00617t 2 - 0.225(+ 15.10. 

In Figure A. 10, we see that this quadratic does fit the data reasonably well. 


average miles per gallon 


20 

15 

10 


^ —— 1 —— 1 —— 1 ——^ t (years since 1940) 
10 20 30 40 50 


average miles per gallon 


20 

15 

10 

5 


f{t) = 0.00617t 2 - 0.225t + 15.10 


」 ^ 11 ^ 1 ^^ i (years since 1940) 
10 20 30 40 50 


Figure A.9: Data showing fuel efficiency of US 
automobiles over time 


Figure A.10: Data and best quadratic polynomial, 
found using regression 


Problems for Appendix A 

1. Table A.5 gives the gross world product, G, which mea¬ 
sures global output of goods and services. 3 If t is in years 
since 1950, the regression line for these data is 

G = 3.543 + 0.734t. 

(a) Plot the data and the regression line on the same 
axes. Does the line fit the data well? 

(b) Interpret the slope of the line in terms of gross world 
product. 

(c) Use the regression line to estimate gross world prod¬ 
uct in 2005 and in 2020. Comment on your confi¬ 
dence in the two predictions. 

Table A.5 G, in trillions of1999 dollars 

Year 1950 1960 1970 1980 1990 2000 

G 6.4 10.0 16.3 23.6 31.9 43.2 


2. Table A.6 shows worldwide cigarette production as a 

function of t, the number of years since 1950. 4 

(a) Find the regression line for this data. 

(b) Use the regression line to estimate world cigarette 
production in the year 2010. 

(c) Interpret the slope of the line in terms of cigarette 
production. 

(d) Plot the data and the regression line on the same 
axes. Does the line fit the data well? 

Table A.6 Cigarette production, P, in billions 

to 10 20 30 40 50 

P 1686 2150 3112 4388 5419 5564 


2 C. Schaufele andN. Zumoff, Earth Algebra, Preliminary Version, p. 91 (New York: Harper Collins, 1993). 

3 The Worldwatch Institute, Vital Signs 2001, p. 57 (New York: W.W. Norton, 2001). 

4 The Worldwatch Institute, Vital Signs 2001, p. 77 (New York: W.W. Norton, 2001). 


























3. Table A.7 shows the US Gross National Product (GNP). 5 

(a) Plot GNP against years since 1970. Does a line fit 
the data well? 

(b) Find the regression line and graph it with the data. 

(c) Use the regression line to estimate the GNP in 1985 
and in 2020. Which estimate do you have more con¬ 
fidence in? Why? 


Table A.7 GNP in 2003 dollars 


Year 

1970 

1980 

1990 

2000 

GNP (billions) 

1045 

2824 

5838 

9856 


4 . The acidity of a solution is measured by its pH, with 
lower pH values indicating more acidity. A study of acid 
rain was undertaken in Colorado between 1975 and 1978, 
in which the acidity of rain was measured for 150 consec¬ 
utive weeks. The data followed a generally linear pattern 
and the regression line was determined to be 

P = 5.43 - 0.0053t, 

where P is the pH of the rain and t is the number of 
weeks into the study. 6 

(a) Is the pH level increasing or decreasing over the pe¬ 
riod of the study? What does this tell you about the 
level of acidity in the rain? 

(b) According to the line, what was the pH at the begin¬ 
ning of the study? At the end of the study (t = 150)? 

(c) What is the slope of the regression line? Explain 
what this slope is telling you about the pH. 

5. In a 1977 study 7 of 21 of the best American female run¬ 
ners, researchers measured the average stride rate, S, at 
different speeds, v. The data are given in Table A.8. 

(a) Find the regression line for these data, using stride 
rate as the dependent variable. 

(b) Plot the regression line and the data on the same 
axes. Does the line fit the data well? 

(c) Use the regression line to predict the stride rate when 
the speed is 18 ft/sec and when the speed is 10 ft/sec. 
Which prediction do you have more confidence in? 
Why? 
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6. Table A.9 shows the atmospheric concentration of carbon 
dioxide, CO2 (in parts per million, ppm), at the Mauna 
Loa Observatory in Hawaii. 8 

(a) Find the average rate of change of the concentra¬ 
tion of carbon dioxide between 1980 and 2000. Give 
units and interpret your answer in terms of carbon 
dioxide. 

(b) Plot the data, and find the regression line for carbon 
dioxide concentration against years since 1980. Use 
the regression line to predict the concentration of 
carbon dioxide in the atmosphere in the year 2020. 


Table A.9 


Year 

1980 

1985 

1990 

1995 

2000 

C0 2 

349.6 

346.7 

354.4 

360.8 

368.9 


7. In Problem 6, carbon dioxide concentration was mod¬ 
eled as a linear function of time. However, if we include 
data for carbon dioxide concentration from as far back 
as 1900, the data appear to be more exponential than lin¬ 
ear. (They looked linear in Problem 6 because we were 
only looking at a small piece of the graph.) If C is the 
CO2 concentration in ppm and t is in years since 1900, 
an exponential regression function to fit the data is 

C = 272.27(1.0026)*. 

(a) What is the annual percent growth rate during this 
period? Interpret this rate in terms of CO2 concen¬ 
tration. 

(b) What CO2 concentration is given by the model for 
1900? For 1980? Compare the 1980 estimate to the 
actual value in Table A.9. 

8. (a) Fit an exponential function to the population data in 

Table A. 10. Plot the data and the exponential func¬ 
tion on the same axes. 

(b) At approximately what percentage rate was the pop¬ 
ulation growing between 1960 and 2000? 

(c) If the population continues to grow at the same per¬ 
centage rate, what population is projected for 2020? 


Table A_8 Stride rate, S, in steps/sec, and speed, v, inft/sec 


Table A.10 US Population 1960-2000 


t, years since 1960 

0 

10 

20 

30 

40 

population (m) 

179.3 

203.3 

226.5 

248.7 

281.4 


5 The World Almanac and Book of Facts 2005, p. Ill (New York). 

6 William M. Lewis and Michael C. Grant, “Acid Precipitation in the Western United States,” Science 207 (1980), pp. 
176-177. 

7 R.C. Nelson, C.M. Brooks, and N.L. Pike, “Biomechanical Comparison of Male and Female Distance Runners.” The 
Marathon: Physiological, Medical, Epidemiological, and Psychological Studies, ed. P. Milvy, pp. 793-807 (New York: New 
York Academy of Sciences, 1977). 

8 www.cmdl.noaa.gov/ccgg/iadv, accessed on February 20, 2005. 
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9. Table A. 11 shows the public debt, D, of the US 9 in bil¬ 
lions of dollars, t years after 1998. 

(a) Plot the public debt against the number of years 
since 1998. 

(b) Does the data look more linear or more exponential? 

(c) Fit an exponential function to the data and graph it 
with the data. 

(d) What annual percentage growth rate does the expo¬ 
nential model show? 

(e) Do you expect this model to give accurate predic¬ 
tions beyond 2004? Explain. 

Table A.11 

t 0 1 2 3 4 5 6 

D 5526 5656 5674 5808 6228 6783 7379 


10. A company collects the data in Table A. 12. Find the re¬ 
gression line and interpret its slope. Sketch the data and 
the line. What is the correlation coefficient? Why is the 
value you get reasonable? 


12. Table A. 13 shows the number of cars, N, in millions in 

the US 10 t years after 1940. 

(a) Plot the data, with number of passenger cars as the 
dependent variable. 

(b) Does a linear or exponential model appear to fit the 
data better? 

(c) Use a linear model first: Find the regression line for 
these data. Graph it with the data. Use the regression 
line to predict the number of passenger cars in the 
year 2010 (t = 70). 

(d) Interpret the slope of the regression line found in part 
(c) in terms of passenger cars. 

(e) Now use an exponential model: Find the exponen¬ 
tial regression function for these data. Graph it with 
the data. Use the exponential function to predict the 
number of passenger cars in the year 2010 (t = 70). 
Compare your prediction with the prediction ob¬ 
tained from the linear model. 

(£) What annual percent growth rate in number of US 
passenger cars does your exponential model show? 


Table A. 12 Cost to produce various quantities of a product 


q (quantity in units) 

25 

50 

75 

100 

125 

C (cost in dollars) 

500 

625 

689 

742 

893 


Table A.13 Number of passenger cars, in millions 


t 0 10 

N 27.5 40.3 


20 30 

61.7 89.2 


40 

121.6 


50 

133.7 


60 

133.6 


11. Match the r values with scatter plots in Figure A. 11 • 



13. Table A. 14 gives the population of the world in billions. 

(a) Plot these data. Does a linear or exponential model 
seem to fit the data best? 

(b) Find an exponential regression function. 

(c) What annual percent growth rate does the exponen¬ 
tial function show? 

(d) Predict the population of the world in the year 2020 
and in the year 2050. Comment on the relative con¬ 
fidence you have in these two estimates. 


Table A.14 World population in billions 


Year (since 1950) 

0 

10 

20 

30 

40 

50 

58 

Population (bn) 

?.6 

3.0 

3.7 

4.5 

5.3 

6 1 

6.7 


⑹ 


y (o 



2 4 6 8 10 


Figure A.11 



14. In 1969, all field goal attempts in the National Football 
League and American Football League were analyzed. 
See Table A. 15. (The data has been summarized: all at¬ 
tempts between 10 and 19 yards from the goal post are 
c listed as 14.5 yards out, etc.) 

(a) Graph the data, with success rate as the dependent 
variable. Discuss whether a linear or an exponential 
model fits best. 


9 The World Almanac and Book of Facts 2005, p. 119 (New York). 

10 The World Almanac and Book of Facts 2005, p. 237 (New York). 
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(b) Find the linear regression function; graph it with 
the data. Interpret the slope of the regression line in 
terms of football. 

(c) Find the exponential regression function; graph it 
with the data. What success rate does this function 
predict from a distance of 50 yards? 

(d) Using the graphs in parts (b) and (c), decide which 
model seems to fit the data best. 


Table A. 15 Successful fraction of field goal attempts 


Distance from goal, x yards 

14.5 

24.5 

34.5 

44.5 

52.0 

Fraction successful, Y 

0.90 

0.75 

0.54 

0.29 

0.15 


15. Table A. 16 shows the number of Japanese cars imported 

into the US. 11 

(a) Plot the number of Japanese cars imported against 
the number of years since 1964. 

(b) Does the data look more linear or more exponential? 

(c) Fit an exponential function to the data and graph it 
with the data. 

(d) What annual percentage growth rate does the expo¬ 
nential model show? 

(e) Do you expect this model to give accurate predic¬ 
tions beyond 1971? Explain. 

Table A.16 Imported Japanese cars, 1964-1971 

Year since 1964 0 _ 1 _ 2 _ 3 4 5 6 7 

Cars (thousands) 16 24 56 70 170 260 381 704 


16. Figure A. 12 shows oil production in the Middle East. 12 If 
you were to model this function with a polynomial, what 
degree would you choose? Would the leading coefficient 
be positive or negative? 


17. After the oil crisis in 1973, the average fuel efficiency, E, 
of cars increased until the early 1990s, when it started to 
decrease again. 

(a) Plot the data 13 in Table A. 17, using t in years since 
1975. If you were to fit a quadratic polynomial to 
the data, what would be the sign of the leading coef¬ 
ficient? 

(b) Fit a quadratic polynomial and plot it with the data. 

Table A.17 


Year 

1975 

1980 

1985 

1990 

1995 

2000 

五， mpg 

13.1 

19.2 

21.3 

21.5 

21.1 

20.7 


18. Table A. 18 gives the area of rain forest destroyed for agri¬ 
culture and development. 14 

(a) Plot these data. 

(b) Are the data increasing or decreasing? Concave up 
or concave down? In each case, interpret your an¬ 
swer in terms of rain forest. 

(c) Use a calculator or computer to fit a logarithmic 
function to this data. Plot this function on the axes 
in part (a). 

(d) Use the curve you found in part (c) to predict the 
area of rain forest destroyed in 2010. 


Table A. 18 Destruction of rain forest 


x (year) 

1960 

1970 

1980 

1988 

y (million hectares) 

2.21 

3.79 

4.92 

5.77 


million tons of oil 



Figure A.12 


In Problems 19-21, tables of data are given. 15 

(a) Use a plot of the data to decide whether a linear, expo¬ 
nential, logarithmic, or quadratic function fits the data 
best. 

(b) Use regression to find a formula for the function you 
chose in part (a). If the function is linear or exponential, 
interpret the rate of change or percent rate of change. 

(c) Use your function to predict the value of the function in 
the year 2015. 

(d) Plot your function on the same axes as the data, and com¬ 
ment on the fit. 


n The World Almanac 1995. 

12 Lester R. Brown, et al., Vital Signs, p. 49 (New York: W. W. Norton and Co” 1994). 

13 The World Almanac and Book of Facts (New York, 2005). 

14 C. Schaufele and N. Zumoff, Earth Algebra, Preliminary Version, p. 131 (New York: Harper Collins, 1993). 
15 The Worldwatch Institute, Vital Signs 2007-2008 (New York: W.W. Norton & Company, 2007). 
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World solar power, S, in megawatts; t in years since 
1990 


47 55 58 60 69 78 89 126 


10 11 12 13 14 


153 201 111 386 547 748 1194 1782 


Nuclear warheads ， N, in thousands; t in years since 1960 


10 15 20 25 30 35 40 45 


N 22 38 39 48 55 65 59 40 33 28 


⑹ y 


⑼ y 


Carbon dioxide, C ,. 


: in years since 1970 


20 25 30 35 


C 326 331 339 346 354 361 369 380 


22. For each graph in Figure A. 13, decide whether the best 
fit for the data appears to be a linear function, an expo¬ 
nential function, or a polynomial. 

COMPOUND INTEREST AND THE NUMBER e 


Figure A.13 


If you have some money, you may decide to invest it to earn interest. The interest can be paid in 
many different ways — for example, once a year or many times a year. If the interest is paid more 
frequently than once per year and the interest is not withdrawn, there is a benefit to the investor 
since the interest earns interest. This effect is called compounding. You may have noticed banks 
offering accounts that differ both in interest rates and in compounding methods. Some offer interest 
compounded annually, some quarterly, and others daily. Some even offer continuous compounding. 

What is the difference between a bank account advertising 8% compounded annually (once 
per year) and one offering 8% compounded quarterly (four times per year)? In both cases 8% is an 
annual rate of interest. The expression 8% compounded annually means that at the end of each year, 
8% of the current balance is added. This is equivalent to multiplying the current balance by 1.08. 
Thus, if $100 is deposited, the balance, B, in dollars, will be 

B = 100(1.08) after one year, 

B = 100(1.08) 2 after two years, 

B = 100(1.08) 4 after t years. 

The expression 8% compounded quarterly means that interest is added four times per year 
(every three months) and that | 二 2% of the current balance is added each time. Thus, if $100 is 
deposited, at the end of one year, four compoundings have taken place and the account will contain 
$100(1.02) 4 . Thus，the balance will be 

B = 100(1.02) 4 after one year, 

B = 100(1.02) 8 after two years, 

B = 100(1.02) 4 * after t years. 
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Note that 8% is not the rate used for each three-month period; the annual rate is divided into four 
2% payments. Calculating the total balance after one year under each method shows that 

Annual compounding: B = 100(1.08) = 108.00, 

Quarterly compounding: B = 100(1.02) 4 = 108.24. 

Thus, more money is earned from quarterly compounding, because the interest earns interest as the 
year goes by. In general, the more often interest is compounded, the more money will be earned 
(although the increase may not be very large). 

We can measure the effect of compounding by introducing the notion of effective annual rate. 
Since $100 invested at 8% compounded quarterly grows to $108.24 by the end of one year, we say 
that the effective annual rate in this case is 8.24%. We now have two interest rates that describe the 
same investment: the 8% compounded quarterly and the 8.24% effective annual rate. We call the 
8% the nominal rate (nominal means “in name only”). However, it is the effective rate that tells you 
exactly how much interest the investment really pays. Thus, to compare two bank accounts, simply 
compare the effective annual rate. The next time you walk by a bank, look at the advertisements, 
which should (by law) include both the nominal rate and the effective annual rate. 

Using the Effective Annual Yield 


Example 1 Which is better: Bank X paying a 7% annual rate compounded monthly or Bank Y offering a 6.9% 
annual rate compounded daily? 

Solution We find the effective annual rate for each bank. 

Bank X: There are 12 interest payments in a year, each payment being 0.07/12 = 0.005833 
times the current balance. If the initial deposit were $100, then the balance B would be 

B = 100(1.005833) after one month, 

B = 100(1.005833) 2 after two months, 

B = 100(1.005833) 4 after t months. 

To find the effective annual rate, we look at one year, or 12 months, giving B = 100(1.005833) 12 
=100(1.072286), so the effective annual rate « 7.23%. 

Bank Y: There are 365 interest payments in a year (assuming it is not a leap year), each being 
0.069/365 = 0.000189 times the current balance. Then the balance is 

B = 100(1.000189) after one day, 

B = 100(1.000189) 2 after two days, 

B = 100(1.000189)* after t days, 
so at the end of one year we have multiplied the initial deposit by 
(1.000189) 365 = 1.071413 
so the effective annual rate for Bank Y « 7.14%. 

Comparing effective annual rates for the banks, we see that Bank X is offering a better invest- 
ment, by a small margin. 


Example 2 

Solution 


If $1000 is invested in each bank in Example 1, write an expression for the balance in each bank 
after t years. 

For Bank X, the effective annual rate « 7.23%, so after t years the balance, in dollars, will be 
/ n 07\ 124 

B = 100 ( 1 + — ) = 1000(1.005833) 12t = 1000(1.0723)*. 
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For Bank Y, the effective annual rate « 7.14%, so after t years the balance, in dollars, will be 

( D OfiQ \ 365* 

1+^—^ ) = 1000(1.0714)*. 

365 ) 

(Again, we are ignoring leap years.) 


If interest at an annual rate of r is compounded n times a year, then r/n times the current 
balance is added n times a year. Therefore, with an initial deposit of P, the balance t years 
later is 

Note that r is the nominal rate; for example, r = 0.05 when the annual rate is 5%. 


Increasing the Frequency of Compounding: Continuous Compounding 

Let us look at the effect of increasing the frequency of compounding. How much effect does it have? 


Example 3 Find the effective annual rate for a 7% annual rate compounded 

(a) 1000 times a year. (b) 10,000 times a year. 

Solution (a) In one year, a deposit is multiplied by 

/ 0 07 \ 1000 

( 1 + ToooJ - 應 056 , 

giving an effective annual rate of about 7.25056%. 

(b) In one year, a deposit is multiplied by 

giving an effective annual yield of about 7.25079%. 


Notice that there’s not a great deal of difference — 7.25056% versus 7.25079% — between com¬ 
pounding 1000 times each year (about three times per day) and 10,000 times each year (about 30 
times per day). What happens if we compound more often still? Every minute? Every second? Sur¬ 
prisingly, the effective annual rate does not increase indefinitely, but tends to a finite value. The 
benefit of increasing the frequency of compounding becomes negligible beyond a certain point. 

For example, computing the effective annual rate on a 7% investment compounded n times per 
year for values of n larger than 100,000 gives 

( n 07\ n 

M+^-J « 1.0725082. 

So the effective annual rate is about 7.25082%. Even if you take n = 1,000,000 or n = 10 10 , the 
effective annual rate does not change appreciably. The value 7.25082% is an upper bound that is 
approached as the frequency of compounding increases. 

When the effective annual rate is at this upper bound, we say that the interest is being com¬ 
pounded continuously. (The word continuously is used because the upper bound is approached by 
compounding more and more frequently.) Thus, when a 7% nominal annual rate is compounded so 
frequently that the effective annual rate is 7.25082%, we say that the 7% is compounded continu¬ 
ously. This represents the most one can get from a 7% nominal rate. 






Where Does the Number e Fit In? 
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It turns out that e is intimately connected to continuous compounding. To see this, use a calculator 
to check that e 0 07 » 1.0725082, which is the same number we obtained by compounding 7% a 
large number of times. So you have discovered that for very large n 


+ 



« e 0 ' 07 . 


As n gets larger, the approximation gets better and better, and we write 
lim fl + ^V = e o.o 7) 

n—^oo y n ) 

meaning that as n increases, the value of (1 + 0.07/n) n approaches e 0 07 . 

If P is deposited at an annual rate of 7% compounded continuously, the balance, B, after t 
years, is given by 

B = P(e°- 07 ) t = Pe 007t . 


If interest on an initial deposit of P is compounded continuously at an annual rate r, the 
balance t years later can be calculated using the formula 

B = Pe rt . 


In working with compound interest, it is important to be clear whether interest rates are nominal 
rates or effective rates, as well as whether compounding is continuous or not. 

Example 4 Find the effective annual rate of a 6% annual rate, compounded continuously. 

Solution In one year, an investment of P becomes Pe 0 06 . Using a calculator, we see that 

Pe om = P(1.0618365). 

So the effective annual rate is about 6.18%. 


Examples 


Solution 


You invest money in a certificate of deposit (CD) for your child’s education, and you want it to be 
worth $120,000 in 10 years. How much should you invest if the CD pays interest at a 9% annual 
rate compounded quarterly? Continuously? 

Suppose you invest P initially. A 9% annual rate compounded quarterly has an effective annual rate 
given by (1 + 0.09/4) 4 = 1.0930833, or 9.30833%. So after 10 years you have 

P(1.0930833) 10 = 120,000. 


Therefore, you should invest 
P = 


120,000 


120,000 


49,277.50. 


(1.0930833) 10 2.4351885 

On the other hand, if the CD pays 9% per year, compounded continuously, after 10 years you have 
p e (0.09)10 = 120) 000. 


So you would need to invest 


P = 


120,000 120,000 


e (o.09)io - 2.4596031 


= 48,788.36. 


Notice that to achieve the same result, continuous compounding requires a smaller initial in¬ 
vestment than quarterly compounding. This is to be expected since the effective annual rate is higher 
for continuous than for quarterly compounding. 
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Problems for Appendix B 

1. A department store issues its own credit card, with an in¬ 
terest rate of 2% per month. Explain why this is not the 
same as an annual rate of 24%. What is the effective an¬ 
nual rate? 

2. A deposit of $10,000 is made into an account paying a 

nominal yearly interest rate of 8%. Determine the amount 
in the account in 10 years if the interest is compounded: 
(a) Annually (b) Monthly (c) Weekly 

(d) Daily (e) Continuously 

3. A deposit of $50,000 is made into an account paying a 
nominal yearly interest rate of 6%. Determine the amount 
in the account in 20 years if the interest is compounded: 

(a) Annually (b) Monthly (c) Weekly 

(d) Daily (e) Continuously 

4. Use a graph of y = (1 + O.OT/x) 21 to estimate the num¬ 
ber that (1 + 0.07/x) x approaches as x —> oo. Confirm 
that the value you get is approximately e 0 07 . 

5 . ⑻ Find (1 + 0.04/n) n for n = 10,000, and 100,000, 

and 1,000,000. Use the results to predict the effec¬ 
tive annual rate of a 4% annual rate compounded 
continuously. 

(b) Confirm your answer by computing e 0 04 . 

6. Find the effective annual rate of a 6% annual rate, com¬ 
pounded continuously. 

7. What nominal annual interest rate has an effective annual 
rate of 5% under continuous compounding? 

8. What is the effective annual rate, under continuous com¬ 
pounding, for a nominal annual interest rate of 8%? 

9. (a) Find the effective annual rate for a 5% annual inter¬ 

est rate compounded n times/year if 
(i) n = 1000 (ii) n = 10,000 

(iii) n = 100,000 

(b) Look at the sequence of answers in part (a), and pre¬ 
dict the effective annual rate for a 5% annual rate 
compounded continuously. 

(c) Compute e 0 ' 05 . How does this confirm your answer 
to part (b)? 


10. A bank account is earning interest at 6% per year com¬ 
pounded continuously. 

(a) By what percentage has the bank balance in the ac¬ 
count increased over one year? (This is the effective 
annual rate.) 

(b) How long does it take the balance to double? 

(c) For a continuous interest rate r, find a formula for 
the doubling time in terms of r. 

11. Explain how you can match the interest rates (a)-(e) with 
the effective annual rates I-V without calculation. 

(a) 5.5% annual rate, compounded continuously. 

(b) 5.5% annual rate, compounded quarterly. 

(c) 5.5% annual rate, compounded weekly. 

(d) 5% annual rate, compounded yearly. 

(e) 5% annual rate, compounded twice a year. 

I. 5% n. 5.06% III. 5.61% 

IV. 5.651% V. 5.654% 

Countries with very high inflation rates often publish monthly 
rather than yearly inflation figures, because monthly figures 
are less alarming. Problems 12-13 involve such high rates, 
which are called hyperinflation. 

12. In 1989, US inflation was 4.6% a year. In 1989 Argentina 
had an inflation rate of about 33% a month. 

(a) What is the yearly equivalent of Argentina’s 33% 
monthly rate? 

(b) What is the monthly equivalent of the US 4.6% 
yearly rate? 

13. Between December 1988 and December 1989, Brazil’s 
inflation rate was 1290% a year. (This means that be¬ 
tween 1988 and 1989, prices increased by a factor of 
1 + 12.90 = 13.90.) 

(a) What would an article which cost 1000 cruzados (the 
Brazilian currency unit) in 1988 cost in 1989? 

(b) What was Brazil’s monthly inflation rate during this 
period? 
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C SPREADSHEET PROJECTS 

The following projects require the use of a spreadsheet. They can all be done using only the ideas 
in Chapter 1. In addition, Project 9 (Verhulst: The Logistic Model) and Project 10 (The Spread of 
Information) give another perspective on material in Chapters 4 and 10. Project 4 (Comparing Home 
Mortgages) uses a geometric series but can be done before Chapter 11. 

1. MALTHUS: POPULATION OUTSTRIPS FOOD SUPPLY 

In this project, we compare exponential and linear growth. We see the eventual dominance of expo¬ 
nential functions over linear functions. 

One of the most famous models of population growth was made by Thomas Malthus in the early 
19 th century. Malthus believed that while human population increased exponentially, its means of 
subsistence increased linearly. The gloomy conclusion that Malthus drew from this observation 
was that the population of the earth would inevitably outstrip its means of subsistence, resulting 
in an inadequate supply of food. (Malthus went on to note that this state of affairs could only be 
averted by war, famine, epidemic disease, wide-scale sexual restraint, or other such drastic checks 
on population growth.) 

The following table shows part of a spreadsheet showing such as a scenario. 16 The starting 
population is 1 million, while the available food feeds 2 million people. The population grows at an 
annual rate of 3% per year and the food production increases by 100,000 per year. These population 
and food growth rates are in cells on the right of the spreadsheet. The fourth column contains the 
ratio of available food per person in the population. The spreadsheet includes a safety ratio — so long 
as the food-to-population ratio is above this figure of 1.5, the fifth column displays “Yes ”； whenever 
the ratio drops below this figure the fifth column displays “No” (as it does by the end of the 21 st 
century). 

We see that at first there is plenty of food — the ratio of food to population is 2, which means 
that there is twice as much food as is necessary to feed the population. For the first few years the 
ratio increases, but at a certain point it starts to decrease, and eventually the ratio drops below one. 


Year 

Population 

Food supply 

Ratio 

Above safety ratio? 


1999 

1000000 

2000000 

2.00 

Yes 

Annual pop growth rate 3.00% 

2000 

1030000 

2100000 

2.04 

Yes 


2001 

1060900 

2200000 

2.07 

Yes 


2002 

1092727 

2300000 

2.10 

Yes 

Annual food growth rate 100,000 

2003 

1125509 

2400000 

2.13 

Yes 


2004 

1159274 

2500000 

2.16 

Yes 


2005 

1194052 

2600000 

2.18 

Yes 

Safety ratio 1.5 

2006 

1229874 

2700000 

2.20 

Yes 


2007 

1266770 

2800000 

2.21 

Yes 


2008 

1304773 

2900000 

2.22 

Yes 








2098 

18658866 

11900000 

0.64 

No 


2099 

19218632 

12000000 

0.62 

No 


2100 

19795191 

12100000 

0.61 

No 



16 From Graeme Bird. 
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1. Set up your spreadsheet to look like the one shown in the table, extending it to the year 2100. 
Virtually every cell must contain a formula — the exceptions being the six cells containing 
“1999,” “1,000,000，” “2,000,000 ，，， “3.00%，” “100,000，，， and “1.5.” 

2. (a) About what year is the food-to-population ratio the highest? 

(b) In which year does this ratio reach 1? 

3. There are at least two ways to improve upon the current situation: we can lower the population 
growth rate, or we can increase the food supply. 

(a) What would the population growth rate have to be lowered to, in order to have the food- 
to-population ratio not reach 1 until the year 2100? (Keep the food supply increasing at 
100,000 per year.) 

(b) What would the food supply rate have to be increased to, in order to achieve this same 
goal, of the ratio not reaching 1 until the year 2100? (Keep the population growth rate at its 
original 3%.) 

4. Using the original scenario, create each of the following charts (both line and column). Extend 
the charts to the year 2100, so that the point where the population outstrips the food supply is 
clearly evident. 

(a) Showing population and food, with the years on the horizontal axis. 

(b) Showing only the ratio, with the years on the horizontal axis. 

2. CREDIT CARD DEBT 

You have a credit card on which you owe $2000. Your credit card company charges a monthly 
interest rate of 1.5% and requires a minimum monthly payment of 2.5% of your current balance. 
(This payment scheme is similar to ones used by many credit card companies, but see Question 8.) 
[Note: For Questions 1-2, you will not need a spreadsheet, although you will need a calculator.] 

1. If the monthly interest rate is 1.5%, what is the effective annual interest rate? 

2. As a rule, the minimum monthly payment required exceeds the interest accrued in a month. (For 
example, here the minimum monthly payment of 2.5% exceeds the monthly interest charges of 
1.5%.) Explain why this should be the case. What would happen to the card balance if the 
minimum required payment was less than the accrued interest? 

Suppose that you decide to pay off your $2000 credit card debt by making only the minimum 
required payment every month. Assume that you make no further charges to the card, since you’re 
trying to pay it off. 

3. Since 2.5% of $2000 is $50, your first monthly payment is $50. Before you do any spreadsheet 
calculations, guess how long it will take to bring your total balance down from $2000 to less 
than $50, assuming that you make only the minimum required payment every month. A rough 
guess is fine; use common sense and explain your reasoning. 

4. Over time, your monthly payments, which start at $50, will decrease. Explain why this happens. 
Does the fact that your monthly payments decrease affect the answer you gave to Question 3? 

5. Although you only owe the credit card company $2000, you will end up paying quite a bit 
more than $2000, due to interest charges. Make your best guess (before making any specific 
calculations) as to how much, roughly, you will endup having paid the credit card company for 
your initial $2000 debt. 

Set up a spreadsheet showing the number of months since you began paying off your debt, your 
current balance, the interest due that month, and the payment you make, each in a separate column. 
Each quantity should be calculated by a formula. 

Example: To figure out what formulas you need, recall that your initial balance is $2000, the 
monthly interest charged is 1.5%, and the minimum required payment is 2.5%. Thus, at the begin- 


Appendix C 487 


ning of Month 1, your balance is $2000, since you have paid off nothing yet. Therefore, at the end of 
Month 1, the interest that you owe is 1.5% of the $2000 balance, or $30. Your minimum payment is 
2.5% of the $2000 balance, or $50. Thus, at the beginning of Month 2, your new balance is the old 
balance of $2000 plus the $30 in interest minus the $50 payment, or $1980. Notice that the figures 
for Month 2 depend on the figures for Month 1; similarly, the figures for Month 3 depend on Month 
2 figures, and so on. Follow this procedure to figure out what formulas you need in each column of 
your spreadsheet. 

Once you have set up a working spreadsheet, answer the following questions. 

6. How good was your guess in Question 3? Using your spreadsheet, find out how many months it 
takes to bring your balance down to less than $50. Was your guess close, or were you surprised 
by how long it really takes? 

7. How good was your guess in Question 5? Using your spreadsheet, figure out exactly how much 
you pay the credit card company to bring your balance down to less than $50. How does this 
figure compare to the original debt of $2000? 

8. Use your spreadsheet to find out how long it takes to bring your balance down to $0. Or can’t 
you tell? Does there ever come a point when you have exactly paid off your debt? [Hint: Even¬ 
tually, the minimum monthly payments and the interest charges become unrealistic. In what 
way are they unrealistic? How do real credit card companies avoid this problem?] 

9. Now let’s try experimenting with the numbers and see what happens. In each of the following 
cases, make the appropriate changes to your spreadsheet. Assume that as soon as your balance 
is under $50, you pay it off in a lump sum. 

(a) If every month you pay $1 more than the minimum required payment, how long does it 
take to bring your debt down to less than $50? How much do you end up paying to your 
creditors in total? How much money do you save by using this payment scheme instead of 
the one in Question 5? 

(b) Your first monthly payment is $50. If you paid $50 every month, instead of the minimum 
required payment, how long does it take to bring your debt down to less than $50? How 
much money do you save by using this payment scheme instead of the one in Question 5? 

(c) Recently, many credit card companies have made offers similar to the following: if you 
transfer your debt from a competitor’s card to their card, they will charge you a lower 
interest rate. Suppose you find a credit card company willing to make this transaction, and 
that their monthly interest rate is 1%, not 1.5%. Leaving all the other original assumptions 
unchanged, how long does it take to bring your debt down to less than $50, and how much 
do you pay your creditors in total? How much money do you save compared to what you 
would have paid your original card company? 

10. Comparing the scheme used in Questions 3-5 with each of the schemes in Question 9, what 
conclusions can you reach about paying off a credit card debt? 


3. CHOOSING A BANK LOAN 

A local bank offers the following loan packages. Use a spreadsheet to decide which option is the 
best. The packages are as follows: 

• A loan of $2000, at an annual rate of 9%, payable in 24 monthly installments. 

• A loan of $2000, at an annual rate of 10%, payable in 36 monthly installments. 

• A loan of $2000, at an annual rate of 9.25%, payable in 52 biweekly installments. 

Interest is compounded with the same frequency as payments are made. Notice that the first and last 
loans have two-year payoff periods; the middle loan is for three years. 

1. Use a spreadsheet to decide which loan is cheapest in terms of total payoff to the bank. (See the 
following hint.) 
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2. Use a spreadsheet to decide which loan is easiest to afford in terms of lowest monthly payment. 

(See the following hint.) 

Hint: The difficult part of Questions 1 and 2 is figuring out your monthly (or biweekly) payments. 
There are formulas that give the payment based on the period and amount of the loan and the 
interest charged, but instead of using them, we will use a spreadsheet. The idea is that you can 
make an educated guess as to what the payment ought to be, and then use a spreadsheet to check 
your answer. By looking at the spreadsheet, you can decide whether your guess was too high or too 
low, and thus improve upon your original guess. It’s surprising how quickly you can zero in on the 
required monthly payment, down to the nearest penny, by this guess-and-check method. 

For example, consider the first loan, the two-year $2000 loan at 9%. Set up a spreadsheet with 
the initial balance of $2000, the interest for the first month, which is (9%/12) - $2000 = $15, 
and a guess at the monthly payment. There are lots of ways to make a guess at the monthly pay¬ 
ment. One way is to say that if you were to borrow $2000 for 2 years at 9%, you would owe about 
$2000(1.09) 2 = $2376. (Never mind the monthly compounding — this is just a rough approxima¬ 
tion.) To pay off this amount in 24 equal monthly payments would require $2376/24 = $99. So, we 
guess a monthly payment of $100. Using this guess, the second month’s balance will be 

($2000) + ($15 in interest for month 1) — (Payment of $100) = $1915. 

Thus, the next month’s interest will be (9%/12) - $1915, and the next month’s payment should be 
the same as the first month’s payment, or $100. Continue this process until 24 months’ (two years ’） 
worth of payments have been made. You will see that the final balance is negative, meaning you paid 
the bank more than you really owed. This means that $100 is too high a monthly payment to pay off 
your $2000 loan. (We could have predicted that this was the case when we made our estimate above. 
Do you see why?) So, since $100 is too high, you might guess that an $80 monthly payment would 
be right. If you do, you’ll see that you’d still owe the bank some money after 24 months had passed. 
This tells you that $80 is too low a monthly payment, and that the actual payment is somewhere 
between $80 and $100. This procedure can be repeated until the exact monthly payment is reached. 

4. COMPARING HOME MORTGAGES 


To do this project, first go to any bank and ask for a fact sheet of their most recent mortgage loan 
rates. Banks are happy to provide them. 

Obtain rates for a thirty-year loan, a fifteen-year loan, a thirty-year biweekly loan, and a twenty- 
year loan (if available) for $100,000 with zero points. (Note: Some loans include points. A point 
is an additional fee paid to the lender at the time of the loan equal to 1% of the amount borrowed. 
Typically, you get lower interest rates by paying a point or two. We will only consider loans with 
zero points.) 

The following formula can be used to determine your payment, x\ 

Pr n {r - 1) 

X= r n -l , 

where P is the amount of the loan — in this case $100,000 — and n is the number of payments. For a 
thirty-year loan with monthly payments, n = 360; for a thirty-year biweekly loan, n = 780 (there 
are 26 payments every year). Finally, r is the interest rate per period plus 1. (For example, if the 
interest rate is 2%, then r = 1.02.) In Question 4, you will derive this formula for x using the 
following formula for the sum of a geometric series: 17 

1 + r + r 2 H - h r n ^ 2 + r® -1 = i——* 

1 — r 


17 Geometric series are discussed in detail in Chapter 11. 
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1. Using the information given, as well as the fact sheet you got from the bank, determine which 
loan (30-year, 30-year biweekly, 20-year or 15-year) is best if you intend to live in your house 
for the full term of the loan. Assume the best mortgage is the one that ends up costing you 
the least overall. (The situation in real life can be more complicated when points and taxes are 
considered.) Although it’s possible to work this problem without a spreadsheet, you might want 
to set one up anyway. 

2. Banks usually require that the monthly payments not exceed some stated fraction of the appli¬ 
cant^ monthly income. For this reason, it is generally easier to qualify for loans with smaller 
monthly payments. Thus, it may be that the “best loan” 一 the one you found in Question 1 _ 
is not the “easiest” loan to qualify for. Which of the loans on your fact sheet has the lowest 
monthly payment? The highest? 

3. Suppose that you expect to sell your house for $145,000 in five years. In this case, which loan 
should you take? [Hint: The goal here is to maximize profit. Figure out how much money 
you have paid to the bank after five years, and your remaining debt at that time. When you 
sell your house, the remaining debt is paid to the bank immediately, so your total profit is 
(Selling price of house)—(Loan payoff to bank) — (Amount paid to bank during first five years).] 

4. Derive the formula for the monthly payment, x. [Hint: Set up a geometric series in terms of 
x and r to give your loan balance after n months. The loan balance equals 0 when you have 
paid off your loan; use this fact to solve for x. Simplify the resulting expression (by summing a 
geometric series) to get the formula given for x.] 

5. PRESENT VALUE OF LOTTERY WINNINGS 

On Thursday, February 24th, 1993, Bruce Hegarty of Dennis Port, MA, received the first installment 
of the $26,680,940 prize he won in the Mass Millions state lottery. Mr. Hegarty was scheduled to 
receive 19 more such installments on a yearly basis. Each check written by the Lottery Commission 
is for one twentieth of the total prize, or $1,334,047. Why doesn’t the Lottery Commission pay all 
of Mr. Hegarty’s prize up front, instead of making him wait for twenty years? 

1. Compute the present value of the money paid out by the Lottery Commission, assuming annual 
discount rates (interest rates) of 5%, 10% and 15%. In each case, what percent does the present 
value represent of the face value of the prize, $26,680,940? 

2. What discount rate would result in a present value of the payments worth only half the face 
value of the prize? 

3. Graph the present value of the payments against the discount rate, ranging from a rate of 0% up 
to 15%. Describe the graph. What does it tell you about why the Lottery Commission does not 
pay the prize money up front? 


6. COMPARING INVESTMENTS 

Consider two investment projects. Project A is built in one year at an initial cost of $10,000. It then 
yields the following decreasing stream of benefits over a five-year period: $5000, $4000, $3000, 
$2000, $1000. Project B is built in two years. Initial costs are $10,000 in the first year and $5000 
in the second year. It then yields yearly profits of $6000 for the next four years. Which of these 
investment projects is preferable? 

1. Compute the present values of both projects assuming an annual discount rate (interest rate) 
of 4%. Which project seems preferable? [Hint: Treat expenditures as negative and income as 
positive.] 

2. Compute the present values of both projects assuming an annual discount rate of 16%. Which 
project seems preferable now? 
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3. Describe in complete sentences why one of the investment projects is favored by a low discount 
rate, whereas the other is favored by a high discount rate. 

4. The discount rate at which the present value of a project becomes zero is known as the internal 
rate of return. What is the internal rate of return of project A1 Of project B1 [Hint: Guess 
different discount rates until you find the one that brings the present value down to $0.] 

5. Make a chart of the present value of the two investments against discount rates ranging from 
0% to 30%. What features of this chart correspond to the internal rates of return of the two 
projects? 

7. INVESTING FOR THE FUTURE: TUITION PAYMENTS 

Parents of two teenagers, ages 13 and 17, deposit a sum of money into an account earning interest at 
the rate of 7% per year compounded annually. The deposit will be used for a series of eight annual 
college tuition payments of $10,000 each. Payments out of the account will begin one year after the 
initial deposit. 

1. Use a spreadsheet to model the savings account that the parents opened. At the end of every 
year, the account earns 7% interest, and then there is a $10,000 withdrawal. Determine what 
initial deposit provides just enough money to make the eight yearly payments of $10,000. Do 
this by guessing different values, and seeing which value leaves you with nothing exactly nine 
years later. 

2. Having answered Question 1, use a spreadsheet to compute the present value of eight yearly 
payments of $10,000 each, beginning one year in the future, at a discount rate of 7%. 

3. Compare your answer to Question 1 with your answer to Question 2. Is this a coincidence? 
Discuss. 

4. Suppose the parents have only $50,000 to deposit into the savings account. What annual interest 
rate must the account earn if the eight payments of $10,000 are to be made? [Hint: Compute 
the present value of the payments for various discount rates.] 

8. NEW OR USED? 


You are deciding whether to buy a new or used car (of the same make) and how many years to keep 
the car. You want to minimize your total costs, which consist of two parts: the loss in value of the 
car and the repairs. A new car costs $20,000 and loses 20% of its value each year. Repairs are $400 
the first year and increase by 25% each subsequent year. 

1. Set up a spreadsheet that gives, for each year, the value of the car, its loss in value, its repair 
costs, and the total cost for that year. The first two lines look like this, rounded to the nearest 
dollar: 


Year 

Value 

Loss 

Repair 

Cost 

1 

20,000 

4000 

400 

4400 

2 

16,000 

3200 

500 

3700 


2. Which year has the lowest cost? 

3. You intend to keep your car 5 years. Compare your total costs for a new car and for a two-year- 
old car. 

4. How old a car should you buy if you plan to keep it for 5 years? 
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5. Add two columns to your spreadsheet showing the average yearly cost for second-hand cars of 
different ages kept for 4 years and 5 years. Which is the best buy? 

6. A new car costs $30,000 and loses 25% of its value each year; repairs start at $500 and increase 
at 10% per year. If you buy a seven-year-old car, should you keep it for 4 or 5 years? What is 
the average yearly cost in each case? 

7. A car costs $30,000 when new. You buy a four-year-old car and keep it for 5 years; repairs are 
as in Problem 6. Find the rate at which it loses value if the average yearly cost is $2300. 


9. VERHULST: THE LOGISTIC MODEL 

The relative growth rate of a population, P, over a time interval, At, is given by 

1 AP 

Relative growth rate = — - 

In exponential growth, the relative growth rate is a constant. Although exponential growth is often 
used to model populations, this model predicts that a population will increase without limit, which 
is unrealistic. In the 1830s, a Belgian mathematician, P. F. Verhulst, suggested the logistic model, 
in which the relative growth rate of a population decreases to 0 linearly as the population increases. 
Verhulsfs model predicts that the population size eventually levels off to a value known as the 
carrying capacity. 

To see how Verhulsfs logistic model works, assume that a pair of breeding rabbits is introduced 
onto a small island with no rabbits. At the outset the rabbit population doubles every month. This 
means that initially the relative growth rate is 100% per month. Eventually, though, as the population 
grows, the relative growth rate drops down to 0% per month. Suppose that the growth rate reaches 
0 when the population reaches 10,000 rabbits. (Thus, 10,000 is the carrying capacity of the island.) 
Using spreadsheets, we will model the rabbit population over time. 

1. Let P be the population and r be the relative growth rate per month. Verhulst assumed that 
the relative growth rate decreases linearly as population increases. This means that r goes from 
100% to 0% as P goes from 0 to 10,000 rabbits. Explain why the following formula for r 
corresponds to Verhulst 1 2 3 4 5 s assumptions: r = 0.0001(10,000 — P). 

2. Use a spreadsheet to model the monthly rabbit population on the island for the first two years (24 
months). Graph the rabbit population over time. Describe the behavior of the rabbit population. 
[Hint: Start with two rabbits, and compute the growth rate using the formula in Question 1. 
Then, for each month, update the rabbit population as well as the relative growth rate.] 

3. Draw a graph comparing your logistic model of the rabbit population to a population grow¬ 
ing exponentially at a constant relative growth rate of 100% per month. Both models should 
start out with two rabbits. Describe the similarities and the differences between the two charts. 
What advantages does the logistic model have over the exponential model? (You’ll have to be 
careful when setting the chart parameters; otherwise, all you’ll be able to see is the exponential 
population, which climbs so quickly that the logistic one will not be visible at all.) 

4. The key to the logistic model is that the relative growth rate is decreasing linearly as the popu¬ 
lation increases. However, this does not mean that the relative growth rate is decreasing linearly 
over time. Make a chart of the relative growth rate against time for the first two years. Describe 
the behavior of the relative growth rate over time. 

5. (a) Different assumptions about the growing rabbit population lead to different logistic curves. 

In Question 1, we assumed that the relative growth rate was 100% initially, dropping to 
0% when the population reached 10,000. This led to the formula r = 0.0001(10000 — P). 
Now assume that the initial relative growth rate is 10% (instead of 100%). What is the new 
formula relating r and PI (The carrying capacity is still 10,000, so r = 10% when P = 0, 
and r decreases to 0% as P increases to 10,000.) 


492 


Appendix C 


(b) Using your new formula for the relative growth rate, r, let’s see how different initial pop¬ 
ulations of rabbits lead to different logistic curves. Model the following scenarios, over a 
5-year (60-month) period: a population starting at 100 rabbits, a population starting at 5,000 
rabbits, a population starting at 12,500 rabbits, and a population starting at 17,500 rabbits. 
Place all of your data on the same chart. What happens to the rabbit population when it 
starts out above the island’s rabbit carrying capacity? Why does this make sense? 


10. THE SPREAD OF INFORMATION: A COMPARISON OF TWO MODELS 

The spread of information through a population is important to policy makers. For example, agricul¬ 
tural ministries use mathematical models to understand the spread of technical innovations or new 
seed types through their countries. 

In this project, you will compare two different models ― one of them logistic — for the spread 
of information. In both cases, assume that the population is 10,000 and that initially only 100 people 
have the information. Let N be the number of people who have the information at time t. 

Model 1: If the information is spread by mass media (TV, radio, newspapers), the absolute rate, 
AN/At, at which the information is spread is assumed to be proportional to the number of people 
not having the information at that time. If t is in days, the constant of proportionality is 10%. For 
example, on the first day, the number of people not having the information is 10,000 — 100 = 9900. 
Since 10% of 9900 is 990, the rate of spread of information is 990 people per day on the first day. 
This means that on the second day, the number of people not having the information is 8910 and 
that the rate of spread is 10% of 8910, or 891 people per day, and so on. 

Model 2: If instead the information is spread by word of mouth, the absolute rate at which 
information is spread is assumed to be proportional to the product of the number of people who 
know and the number of people who do not know. If t is in days, the constant of proportionality 
is 0.002%. For example, on the first day, the product of the number of people who know and the 
number of people who do not know is 100 • 9900 = 990,000. Since 0.002% of 990,000 is about 
20, the rate of spread of information is 20 people per day on the first day. This means that on the 
second day, the product of the number of people who know and the number who do not know is 
120.9880 = 1,188,600, giving a rate of spread of 0.002% of 1,188,600 or about 24 people per day, 
and so on. 

1. Using spreadsheets, compare the spread of information throughout the population using both 
models. Make a chart comparing both models’ predictions of the number of people over time 
who have the information. Describe the similarities and differences between the two models. 
Why is Model 1 used when mass media are present? Why is Model 2 used when mass media 
are absent? 

2. Which of the two models is logistic? How can you tell? What type of growth does the other 
model exhibit? How can you tell? 

3. By definition, a population exhibits logistic growth if its relative rate of change is a decreasing 
linear function of the current population. Explain why Model 2 leads to logistic growth although 
it was defined in terms of absolute growth rates. 

4. The solutions from our spreadsheets are only approximations. Discuss why this is the case. 
[Hint: There’s more going on here than rounding error.] 

11. THE FLU IN WORLD WAR I 

During World War I, a particularly lethal form of flu killed about 40 million people around the 
world. 18 The epidemic started in an army camp of 45,000 soldiers outside of Boston, where the first 
soldier fell sick on September 7, 1918. In this problem you will make a spreadsheet for the SIR 

18 “Capturing a Killer Flu Virus,” J. Taukenberger, A. Reid, T. Fanning, in Scientific American, Vol. 292, No. 1, Jan. 2005. 
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model of the 1918 flu outbreak. Starting from the initial values So and /q, for any increment in time 
At, the changes in the number of susceptibles and infecteds are approximated by 

AS ^ -aSIAt 

aSIAt - blAt. 

1. Choosing At = 0.1, a = 0.0003, b = 10, make a spreadsheet whose first few lines look like 
this: 


t 

S 

I 

AS 

AI 

0 

44999 

1 

-1.3500 

0.3500 

0.1 

44997.65 

1.3500 

-1.82240 

0.4724 

0.2 

44995.828 

1.8224 




2. How many soldiers got sick on the fifth day? How many were susceptible on this day? 

3. Alter the spreadsheet so that it accepts any values of At, a, b input by the user. 

4. Using the values a = 0.000267, b = 9.865 for the 1918 epidemic, decrease the value of At 
until a stable estimate is reached for the number of soldiers sick on September 16 th . How many 
soldiers had been infected by this date? 

5. Approximately how long did it take for the 1918 epidemic to run its course? 
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(c) For distances less than 200 miles, 
cheaper. 

For distances more than 200 miles, 
cheaper. 

15 (a) 1.8 billion dollars/year 

(b) 19.1 billion dollars 

(c) 28.1 billion dollars 

(d) 2011 
17 (a) Linear 

(b) Linear 

(c) Not linear 

19 ⑻ q = _(i/3) p + 8 
(b) p = -3q + 24 


(c) 1.4% 

23(b) P = 100 - 0.5d 

(c) -0.5%/ft 

(d) 100%; 200 ft 

25 ⑻ C = 3.68+ 0.12^ 

(b) 0.12$/gal 

(c) $3.68 

27(a) Aw /Ah constant 

(b) w = 5h — 174; 5 lbs/in 

(c) h = 0.2w + 34.8; 0.2 in/lb 


29 (c) 

31 ⑻ 60, 40 years 

⑻⑼ 

(c) 6.375 beats/minute 
mula 

33 No 

Section 1.3 

1 Concave down 
3 Concave up 
5 Increases by 12.5% 

7 Decreases by 6% 


m 


0.10m ⑻ 115,000 people/year 

(miles) 19 ⑻ $18,280 million 

(b) $3656 million per year 
21 1 meter/sec 

Ci is 23 72/7= 10.286 cm/sec 

C 2 is 25 ⑻ Ne g ati ve 

(b) Positive 

(c) Negative 

(d) Negative 
⑹ Positive 

27 1490 thousand people/year 
912.9 thousand people/year 
1879 thousand people/year 
29 ⑻ 一 $35 billion dollars 


31 ⑻ Negative 

(b) —0.087 mg/hour 
33 15.468, 57.654,135.899, 
146.353,158.549 people/min 
35 ⑻ 一 11 cm/sec 
(b) —5.5 (cm/sec)/kg 


39 Decreasing, concave down 


41 ⑻ s (ft) 


’(8， s ⑻） 



23456789 


(b) Between t = 3 and t = 6 

(c) Negative 

43 The change in 1800-1810 

45 The increase from $100,000 to $500,0 

47 Decrease 12.8% 

49- 


Year 


2005 2006 2007 2008 


4.0% 2.1% 4.3% 0.0% 


Section 1.1 

1 ⑻ （ IV) 

⑻ （ n ) 

(C) (HI) 


20 40 60 80 100 — 

7 /(5) = 13 
9 / ⑹ = 3 
11 /(5) = 4.1 

13 (b) CFC consumption in 1987 
(c) Year CFC consumption is zero 


heart 

rate 


administration 
of drug 


19 concentration 

Peak 
con。：」： 
tration 



Time of 
peak concentr; 

expected 

return 


r\ 


Section 1.2 



3 Slope: 2 


13 -3 
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Section 1.4 

1 (a) When more than roughly 335 items are pro¬ 
duced and sold 

(b) About $650 

3 ⑻ $75; $7.50 per unit 

(b) $150 

5 ⑻ Price $12, sell 60 
(b) Decreasing 

7 Vertical intercept: p = 4 dollars 
Horizontal intercept: q = 6 units 

9 ⑻ C{q) = 5000 + SOq 
R(q) = 50q 
⑻ $30/unit, $50/unit 



100 300 500 


(d) 250 chairs and $12,500 


11 ⑻ $4000 

(b) $2 

(c) $10 



qo = 500 


(e) 500 

13 (a) When there are are more than 1000 customers 

⑻ $ 



1000 2000 


15 ⑻ C(q) = 650, 000 + 20q 
R(q) = 70q 
7r(g) = 50g — 650, 000 

(b) $20/pair, $70/pair, $ 50/pair 

(c) More than 13,000 pairs 
17 ⑻ Between 20 and 60 units 

(b) About 40 units 
19 ⑻ V(t) = -1500t + 15,000 
(b) V(3) = $10,500 
21 ⑻ V(t) = _2000t + 50,000 



(c) (0 years, $50,000) and (25 years, $0) 
23 ⑻ p = $10; q = 3000 

(b) Suppliers produce 3500 units; 
Consumers buy 2500 

(c) Suppliers produce 2500 units; 
Consumers buy 3500 

25 ⑻ C = 5q-\- 7000 
R = 12q 

(b) q = 1520, tt(12) = $3640 

(c) C= 17,000 - 200p 
R = 2000p - 40p 2 

7r(p) = —40p 2 + 2200p — 17,000 
⑹ At $27.50 per shirt the profit is $13,250 


(b) New equilibrium price p « $30.93 

New equilibrium quantity q « 38.14 units 
⑹ Consumer pays $0.93 
Producer pays $0.62 
Total $1.55 

(d) $59.12 

Section 1.5 

Ha) ⑴，12% 

(b) (ii), 1000 

(c) Yes, (iv) 

3 ⑻ n 

(b) I 
⑹ III 

(d) V 

5 ⑻ G = 310(1.03)* 

(b) G = 310 + 8t 
7 ⑻ Q = 30 - 2t 

Q (grams) 




(b) Q = 30(0.88)* 

Q (grams) 


: 30(0.88)* 


31 (a) 40b + 10s = 1000 


25 50 75 100 


9 (a) A = 50(0.94)* 
(b) 11.33 mg 
^ A (mg) 

50 k: 


(c) The intercepts are (0, 25) and (100, 0) 
33 ⑻ p 

Supply 



(d) About 37 hours 
11 CPI = 211(1.028)* 
13 ⑻- 


2.72 7.39 20.09 


(b) Equilibrium price will increase; 
equilibrium quantity will decrease 

(c) Equilibrium price and quantity will decrease 


35 q = 4p-28 
37 ⑻ p = 100, q = 501 

(b) p = 102, q = 461 

(c) Consumer pays $2 
Producer pays $4 

⑹ $2760 



0.37 0.14 0.05 
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(c) t = 4.077 hours 


$20 

15(a) 47.6% 

(b) 23.7% 

17 8.45% 

19 ⑻ P(t) = (0.975)* 


(b) 


100 % 



23 About 173 hours 
25 96.34 years 
27 0.0345; 191 million tons 
29 ⑻ ⑴ About 4.07 billion dollars 

(ii) About 7.98 trillion dollars 
(b) 1803 
31 It is a fake 
33 $35,365.34 
35 $14,522.98 
37 ⑻ Option 1 

(b) $2102.54, $2051.27, $2000 

(c) $2000, $1951.23, $1902.46 

39 ⑻ _ 

ii: $10.929million; 
l 2: $10.530 milHon 

41 Loan 
43 No 

Section 1.8 

1 (a) h 2 -\-6h-\- 11 

(b) 11 

(c) h 2 + 6h 
3 ⑻ 4 


41 2009 

Section 1.7 

1 ⑻ W = 18000e° ,27t 
(b) About 2010 
3 $14,918.25 
5 About 11.6 years 
7 About 10.24 years 


⑻ 2 

(c) (x + l) 2 

(d) x 2 + l 

(e) t 2 (t + 1) 

5 ⑻ e 

(b) e 2 
⑹ e- 2 
(d) e 2 " 

⑹ eh 2 
7 ⑻ 9 
(b) 20 
⑹ 25 
⑹ 11 

9 ⑻ 10x 2 + 3 

(b) 20x 2 + 60a; + 45 

(c) 4a; + 9 
11 ⑻ 3 

(b) 4 
⑹ 11 
⑻ 8 
⑹ 12 

13 ⑻ y = 2 u ,u = 3x-l 

(b) P = y^T, u = 5t 2 + 

(c) = 2 In it, u = 3r - 
15 2z +t 

17 2zh - h 2 
19 0.4 
21 -0.9 

23 2(y - l) 3 - {y - l) 2 
25 18 

27 Can’t be done 

29 ⑻ y 





15 /(x) = 4.30(1.4) x 
17 y = 500(1.59)* 

19 About 6.97 billion; close 

21 22.6% per year 

23 ⑻ VF = 40,300 + 16,178* 

(b) W = 40,300(1.25)* = 40,300e O 22t 
⑹ W(Mw) 1^ = 40, 300(1.25 产 
200,000 



25 ⑻ Neither 

(b) Exponential: 

s{t) = 30.12(0.6)* 

(c) Linear: 

g{u) = —1.5u + 27 
27 Min. wage grew 4.69% per year 
29(a) 125% 

(b) 9 times 

31 d = 670(1.096) h/loo ° 

Section 1.6 

1 t = (In7)/(ln5) « 1.209 
3 t= (In2)/(In 1.02) « 35.003 
5 t = (In5)/(ln3) « 1.465 
7 t = In 10 « 2.3026 
9 t = (In 100)/3 « 1.535 
:- 30.54 

: =(InB-In P)/r 
15 t = In 8 - In 5 « 0.47 
17 5; 7% 

19 15; —6% (continuous) 

21 (a) D 
⑻ C 

(c) B 

23 P= 15(1.2840)*; growth 
25 P = P 0 (1.2214)*; growth 
27 P = l5e°- 4055t 
29 P= i74 e -° 1054t 
31 P = 6.4e 0 01252t 
33 ⑻ $5 million; $3.704 million dollars 
(b) 4.108 years 
35(a) 12% 

(b) i 3 = 25e - 0128t , 12.8% 

37(a) P = 5.4(1.034)* 

(b) P = 5.4e 0 0334 * 

(c) Annual = 3.4% 

Continuous = 3.3% 



39 9.53% 
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SeCtJOn 1.9 I Amplitude = 4; Period = tt 

\ y — 5a; 1/2 
3 Not a power function. 

5 y = 9x 10 
7 Not a power function 
9 y = 8x _1 
11 Not a power function 
13 5 = kh 2 
15 v = d/t 

n N = kA 1/4 , with k> 0, 9 Amplitude = 1; Period = tt 

Increasing, concave down 




19 ⑻ y = (x - 2) 3 + 1 

(b) y = -(x-\-3) 2 -2 
21 Yes; k « 0.0087 
23 iV = fc/L 2 ; small 
25 (a) 7 1 = feB 1/4 

(b) k = 17.4 

(c) 50.3 seconds 
27(a) N = kP 0 . 77 

(b) A has 5.888 times more than B 

(c) Town 
29(a) 0.5125 

(b) 0.3162 

(c) 201,583 dynes/cm 2 

31 ⑻ C = 115,000 - 700p 
R = 3000p - 20p 2 
⑻ $ 


120,000 

80,000 

40,000 



50 100 150 


V 


(d) When it charges between $40 and $145 

(e) About $92 



11 ⑻ 5 

(b) 8 

(c) f(x) — 5cos((7t/4)x) 

13 H= -16cos((7r/6)t) + 10 
15 0.35 cos(27rt/5.4) +4 

17 y = 7 sin(7rt/5) 

19 f(x) = 5 cos(aj/3) 

21 f(x) — —4sin(2a;) 

23 f(x) = —8cos(a;/10) 

25 f(x) = 5 sin ((7r/3)a;) 

27 f(x) = 3 + 3sin(( tt/4)x) 
29 Depth = 7 + 1.5 sin(7rt/3) 
31 (a) Period is 12; amplitude is 4 
(b) ff (34) = 11; g(60) = 14 


Chapter 1 Review 



sunrise noon sunset 


Section 1.10 

1 (b) Max at 7 pm; min at 9 am 
(c) Period = one day; amplitude « 2°C 
3 sunscreen sales 



12 24 36 

5 Amplitude = 3; Period = 7r 


y 



5(b) 200 bushels 

(c) 80 lbs 

(d) 0 < r < 550 

(e) Decreasing 

(f) Concave down 


155 - 

- ▽ - L Til 

start in arrive in arrive in 
Chicago Kalamazoo Detroit 


9 y = 8/3 - x/S 
11 x = -1 
13 y = 14x - 45 
15 ⑻ $0.025/cubic foot 


(b) c = 15 + 0.025扣 
c = cost of water 
w = cubic feet of water 
⑹ 3400 cubic feet 
17 (In 3)/2 = 0.549 mm/sec 
19 0 mm/sec 
21 0 mm/sec 
23 (a) revenue 



(b) temperature 


time 


25 ⑻ 


customers 



time 


(b) Concave down 
27 ⑻ (i) Positive 

(ii) Positive 

(iii) Negative 

(iv) Positive 

(b) (i) 0 < t < 5 

⑼ 0 < * < 20 
⑹ 25 m 3 /week 
29 ⑻ $1000;$15 

(b) It costs the company $2500 to produce 100 
items 

31 y =-(950/7)2：+ 950 
33 ⑻ p = $250; q = 750 

(b) Suppliers produce 875 units; 

Consumers buy 625 

(c) Suppliers produce 625 units; 

Consumers would buy 875 

35 y = (S/7)x + 3 
37 y = 3e 0 2197t 
or 2 / = 3(1.2457)* 

39 z = 1 — cos 6 
41 /(x) is neither, 

g(x) = 30.8 — 3.2jt is linear, 
h\x) = 15,000(0.6)* is exponential 
43 (log(2/5))/(log 1.04) =-23.4 
45 ln(0.4)/3 = -0.305 
47 ⑻ 15% 

(b) P = 10(1.162)* 

(c) 16.2% 
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⑹（ /( 2 )-/( 1))/(2 — 1 ) 

⑹/，⑴ 

23 300 million people; 

2.867 million people / yr 

Section 2.2 

1 1.0, 0.3, -0.5,-1 


5 


10 


49(a) 15,678.7 years 

(b) 5728.489, or about 5730 years 
51 7.925 hours 
53 Yes 

55(a) ln(2a ； + 3) 

(b) 2 In x + 3 

(c) 4a; + 9 

57 y 


4- 


|」 4 ' ^ 

-4- 

59 4 - 

- 4 6 


1,1 1 J 1 1 1 



-4^2 2 


63 (a) A, B positive; C negative 

(b) A-\-B 

(c) A 

65 y = (x-2) 2 -5 
67 ⑻ P = k/R 

(b) 300,000; 150,000; 100,000 

(c) 6 million; 3 million, 2 million 

(d) k is population of largest city 
69 8 tt;3 

71 ⑻ Period =12 months; 

Amplitude = 4,500 cases 
(b) About 2000 cases and 2000 cases 
73 f(x) = 2 sin(tc/4) + 2 

Ch. 1 Understanding 

1 False 
3 True 
5 True 
7 True 
9 False 
11 False 


29 True 
31 True 
33 False 
35 Possible £ 


f(x )= ' 


x<2 
、 x > 2 
37 Possible answer f(x) = %/(x + 7n) 
39 Possible answer: 

/(x) = (x- l)/(x - 2) 

41 f(x)= x,g(x) = —2x 
43 f(x) = e x ,g(x) = e~ 2x 
45 False; f(x) = x/{x 2 + 1) 

47 False; y = x + 1 at points 
(1,2) and (2, 3) 

49 False; 2 / = 4x + 1 starting at x = 1 
51 False 

53 True; f(x) = 0 
55 True 
57 True 
59 False 
61 True 
63 False 
65 False 


67 ⑻ Follows 

(b) Does not follow (although true) 

(c) Follows 

⑹ Does not follow 


Section 2.1 


1 (a) Positive 
(b) Negative 


3(a) (i) 6.3 m/sec 

(ii) 6.03 m/sec 

(iii) 6.003 m/sec 
(b) 6 m/sec 


5(a) 8 ft/sec 
(b) 6 ft/sec 


7 (a) 63 cubic millimeters 

(b) 10.5 cubic millimeters/month 

(c) 44.4 cubic millimeters/month 
9 f(2) « 40.268 


11 ⑻ Positive at C and G 

Negative at A and E. Zero at B, D, and F 
(b) Largest at G 

Most negative at A 


13 


尸 ⑷ = 0, f(b) = 0.5, fie) ^ % 
/'(a) = -0.5, //(e) = —2 


15 ⑻ The slopes of the two tangent lines dXx = a 
are equal for all a 

(b) A vertical shift does not change the slope 
17 _P ， (0) = 10 
19(a) g{2) = 5 
(b) p’(2) = -0.4 


21 ⑻ / ⑷ 

0 » /( 2 ) — /( 1 ) 




x 



-6, -3, 


— 1.8, —1.2, —1.2 


尸 ㈤ 


13 



/，㈤ 
X 


15 



^ X 
3 
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尸 ⑻ 


2i vm 

23 n 


Other answers possible 
27 ⑻ Graph II 

(b) Graph I 

(c) Graph IH 
29 / 7 (2) = 4 

/，⑶ = 9 

尸 ⑷ =16 

The pattern seems to be: 
f(x) = x 2 . 

31(a) t = S 

(b) t = 9 

(c) t = 14 

(d) lh , _ y V'(t) 15 lg 


3 6 


_2 k 


Section 2.3 

1 dC/ dW\ dollars per pound 
3 dP/dH\ dollars per hour 
5 (a) 12 pounds, 5 dollars 

(b) Positive 

(c) 12 pounds, 0.4 dollars/pound, extra pound 
costs about 40 cents 


11 (a) Liters per centimeter 

(b) About 0.042 liters per centimeter 

(c) Cannot expand much more 
13 ⑻ Investing the $1000 at 5% 

would yield about $1649 after 10 years 
(b) Extra percentage point would yield an 
crease of about $165; dollars/% 

15 (a) Consuming 1800 Calories per day 
results in a weight of 155 pounds; 
Consuming 2000 Calories per day causes 
neither 


9 ⑻ 


(b) 


r weight gain nor lc 
is/(Calories/day) 


17 (a) Positive 

(b) Child weighs 45 pounds at 8 years 

(c) lbs/year 

(d) The child is growing at a rate of 4 lbs/year at 
8 years of age 

(e) Decrease 

19 f’ (t) « 6 where t is retirement age in years, 
/ ⑴ is age of onset in weeks 
21 (a) kg/week 

(b) Growing at 96 gm/wk at week 24 
23 (a) Less 
(b) Greater 

25 About 3.4, about 2.6 
27 (a) In 2008: Net sales 5.1 bn dollars; rate 
crease 0.22 bn dollars/yr 
(b) About 5.98 billion doilars 
29 (a) Dose for 140 lbs is 120 mg 
Dose increases by 3mg/lb 
(b) About 135 mg 
31 (a) /(0) = 80;/’(0) = 0.50 
(b) /(10) « 85 
33 (a) 1.7 (liters/minute)/hour 

(b) About 0.028 liter/minute 

(c) g\2) = 1.7 
35 ⑻ 



f (a) is always positi> 
/’(l6o) = 2: more 
/ ^lOO) = 0.5: less 


37 ⑻ Fat 
(b) Protein 
39(a) 2.0 kg/week 

(b) 0.6 kg/week 

(c) 0.3 kg/week 
41 I-fat, II-protein 

43 /(4) = 200 million users; 

/ / (4) 12.5 million users/month; 

Increasing at about 6.25%/month 
45 0.50 


Section 2.4 

1 ⑻ Negative 

(b) Negative 

(c) Positive 


A negative second derivative indicates 
an unsuccessful campaign 
15 (a) Positive; positive 

(b) Number of cars increasing at 

3.24 million cars per year in 1975 
17 Derivative: 

Pos. -2.3 <t < -0.5 
Neg. —0.5 < t < 4 
Second derivative: 

Pos. 0.5 < t < 4 
Neg. -2.3 < t < 0.5 


19 


Point 

f 

f ， 

r 

A 

一 

0 

+ 

B 

+ 

0 

— 

C 

+ 

— 

— 

D 

— 

+ 

+ 


21 (e) 

23 22 only possible value 

25 ( a ) N(t) 


PS 


> o 


5 f{x) < 0 
/" ⑷ = 0 
7 f{x) > 0 
/" ⑷ <0 


dN/dt is positive. 
d 2 N/dt 2 is negativ 
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Section 2.5 

1 ⑻ Dollars/barrel 

(b) 101 barrels cost about $3 more than 100 bar¬ 
rels 

3 At q = 5; 

At g = 40 

5 About $16.67 (answers may vary) 

7 (2000) a $0.37/ton 

The marginal cost is smallest on the interval 
2500 < g < 3000. 

9 ⑻ About $2408 
(b) About $2192 
11(a) About $4348 

(b) $11 profit 

(c) No, company will lose money 
13 ⑻ $1850 profit 

(b) About $0.40 increase; increase production 

(c) About $0.45 decrease; decrease production 
15 (a) Fixed costs 

(b) Decreases slowly, then increases 

Chapter 2 Review 

1 ⑻ (i) 8.4 m/sec 

(ii) 8.04 m/sec 

(iii) 8.004 m/sec 
(b) 8 m/sec 

3 (a) Negative 
(b) ^(l) = -3 


5 Positive: A and D 



Most negative: F 


7 ⑻ (i) -1.00801 m/sec 

(ii) -0.8504 m/sec 

(iii) —0.834 m/sec 
(b) —0.83 m/sec 


9 


— f - 尸⑷ 

-3 3 X 



15 ⑻ xi < a; < a；3 

(b) 0<x<xi,x 3 <x<x 5 
21 /(21) « 65 
/(19) « 71 
f(25) « 53 


: 15 km 


25 About 1.338 billion people in 2009; growing at 
8 million people per year 
27 ⑻ //(t) > 0: depth increasing 
f^t) < 0: depth decreasing 

(b) Depth increasing 20 cm/min 

(c) 12 meters/hr 


33 Dollars/year; negative 
35 ⑻ 


Ch. 2 Understanding 

1 False 
3 True 
5 True 
7 True 
9 False 
11 False 
13 True 
15 False 
17 False 
19 False 
21 False 
23 False 
25 True 
27 True 
29 True 
31 True 



37 ⑻ Minutes/kilometer 
(b) Minutes/kilometer 2 
39 (a) x 4 ,x 5 

(b) x 3 , x 4 

(c) x 3 , x 4 

(d) x 2 ,x 3 

(e) xi,x 2 ,x 5 

(f) aJi, a；4j xq 

41 ⑻ *3, *4, *5 

(b) t 2 ,t 3 

(c) t!,t 2 ,t 5 
⑹ t!,t 2 ,t 4 
(e) t 3 ,t 4 


33 False 


35 Possible answer: 

x<2 
^ x>2 

37 Possible answer f(x) = l/(x + 7tt) 


/ ㈤ ： 


39 Possible answer: 

f(x) = (x-l)/(x-2) 
41 f(x) = x,g(x) = -2x 
43 f{x) = e x ,g(x) = e~ 2x 
45 False; f{x) = x/(x 2 + 1) 


49 False; y = Ax 1 starting at x - 


51 False 


53 True; f{x) = 0 
55 True 


57 True 


59 False 


61 True 
63 False 
65 False 
67 ⑻ Follows 

(b) Does not follow (although true) 

⑹ Follows 

(d) Does not follow 


Theory: Limits, Derivatives 



1 2 3 4 5 6 


(b) Student C’s 

(c) + 

2h 3 1 

5 27 
7 2.7 
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53 ⑻ dA/dr = 27rr 

(b) Circumference of a circle 
55 $100 

57 (a) 770 bushels per acre 

(b) 40 bushels per acre per pound o: 

(c) Use more fertilizer 

59 ⑻ dC/dq = 0.24g 2 + 75 
(b) C(50) = $14,750; C’(50) 
item 


Section 3.3 

1 56x(4x 2 + l) 6 
3 Sq(q 2 + l) 3 

.5 300t 2 (t 3 + 1)" 
ertilizer 

7 3s 2 /(2Vs 3 + 1) 
9 216g(3q 2 - 5) 2 
$675 per n 25e 5t+i 

13 (e^)/(2^) 


9 Yes 

11 No; yes 
13 Yes 
15 Yes 
17 No 

19 Not continuous 
21 Not continuous 
23 Not continuous 

Section 3.1 

10 

3 12a; 11 
5 fx 1 / 3 
7 12t 3 - 4t 
9 -4a: - 5 
11 2®+ 5 
13 6x + 7 
15 8Aq - 0.5 
17 -5t -6 
19 -(7/2)r - 9/2 
21 一 (1/3)0- 4 〆 3 
23 15t 4 - ft -1 / 2 - 7t~ 2 
25 Qt - 6/t 3/2 +2/t 3 
27 (3/2)x 1/2 + (l/2)a：- 1/2 
29 2kx 

31 2aP + SbP 2 
33 6/(2Vt) 

35 3a6 2 

37 ⑻ _P’(1) : Positive; 

P'(3): Zero; 

P 7 (4): Negative 


61 f (x) = 3x 2 - 12x - 15, 
x = —1 and a; = 5 
63 (a) R(q) = bq + mq 2 
(b) R 1 (g) = 6 + 2mq 

Section 3.2 

1 2e x + 2x 
3 10* + 4e* 

5 (In 2)2® - 6a : 一 4 
7 (^2)2* +2(ln3)3* 

9 3 - 2(ln4)4* 

11 3e 3t 
13 -4e~ 4t 
15 -30e-° 6t 
17 3000(11x1.02)(1.02)* 

19 Ce* 

21 Ae x - 2Bx 
23 3/q 
25 2t + 5/t 
27 2x-h4 - S/x 
29 /’( 一 l) w-0.736 
/ 穴 0) = —2 
/’(l) « -5.437 


y 


15 l/(x - 1) 

17 e - "7(1-e 
19 25/(5* + 1) 

21 3/(3t + 2) 

23 5 + l/(x + 2) 

25 0.5/(x(l + lna;) 0 - 5 ) 

27 —x/y/l — x 2 
29 10/(10* + 5) 

31 5 
33 2/t 
35 1.5 
37 2/t 

39 y = 3x — 5 
41 v(t) = lOe 丢 
43 /(10) = 31.640 feet; 

/’ ⑽ = 4.741 ft/sec; 

Relative rate = 15% per second 
45 0 
47 1/2 
49 Approx 1 
51 Approx 1.9 



(b) _P’(1) = 4, P’(3) = 0, P’(4) = -2 
39(a) 2t - 4 

(b) /’(1) = 一 2 ， /’(2) = 0 
41 Height = 625 cm. 

Changing (eroding) at —30 cm/year 
43 /(10) = 400 tons; 

/ 7 (10) = 60 tons per year; 

Relative rate = 15% per year 
45 /’(t) = 6t 2 - 8t + 3 
/" ⑴ =12t - 8 
47 ⑻ /(100) = 11.11 seconds 

(b) /’(lo6) = 0.05555 seconds per foot 
49 y = 2x — I 
51 y = -2t + 16 



1 2 3 4 5 6 


31 y = -2t + 1 
33 (a) 13,394 fish 
(b) 8037 fish/month 
35 /(2) = 6065, /’(2) = -1516 
37 /(5) = $563.30; 

/ 7 (5) = $70 per week; 

Relative rate = 12.4% per week 
39 —444.3 people/year 
41 es ： -l/ln2 

43 0(50) w 1365, C7’(50) « 18.27 
45 (a) 0.021 micrograms / year 
(b) 779.4 years old in 1998 
47(a) P = 1.166(1.015)* 

(b) = 1-166(1.015)*(1111.015) 

| t=0 = 0.017 billion people per year 
|t=25 = 0.025 billion people per year 
49 ⑻ y = x-l 

(b) 0.1; 1 

(c) Yes 


Section 3.4 

1 f'{x) = 12x-l 
3 e x {x + l) 

5 5e x2 + 10x 2 e x2 
7 lnx + 1 
9 SOt + 11 
11 t + 2t lnt 
13 -(5/t 2 ) - (12/i 3 ) 

15 e- t2 (l-2t 2 ) 

17 2p/(2p + 1) + ln(2p + 1) 

19 2we w2 (5w 2 + 8) 

21 (3t 2 + 5)(t 2 - 7t + 2) + (t 3 + 5t)(2t - 7) 
23 (l-oO/e* 

25 -2/(1 + t) 2 
27 (15 + 102/ + ^ 2 )/(5 + 2/) 2 
29 (afc — bc)/(cx + fc) 2 
31 ae~ bx - abxe~ bx 
33 (l-2a)e- 2oi e ae ~ 2(X 
35 y = 0 

37 60.65 mg, 30.33 mg/hr, 

41.04 mg, —12.31 mg/hr 
39 (fec)/(fe + r) 2 ; 

Approx change in P per unit increase in r 
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41 Revenue R(10) « 22,466. 

丑 ’(10) » $449/dollar. 

43 1/t 

45 (fgY/(fg) = (f/f) + (g^g) 

Section 3.5 

1 5 cos x 
3 2i — 5 sin t 
5 2q-\- 2 sin q 
7 3 cos (3a;) 

9 -8isin(i 2 ) 

11 2x cos (a; 2 ) 

13 -4sin(40) 

15 2x cos x — x 2 sin x 
17 3d 2 cos 0 - 0 3 sine 
19(2* cos t + t 2 sin t) / (cos i) 2 
21 y = -x-\-7T 


y 


3 

2 

1 

0 

—1 
-2 
-3 



23 Decreasing, concave up 

25 ⑻ max $2600; min $1400; April 1 



3 6 9 12 


(b) 5(2) « 2519.62; 5'(2) « 157.08 
27 ⑻ Falling, 0.38 m/hr 

(b) Rising, 3.76 m/hr 

(c) Rising, 0.75 m/hr 

(d) Falling, 1.12 m/hr 

29(a) H\t) = ( 一 IOtt/ 3) sin((7r/15)*) 

(b) t = 0,15, 30 days; the percentage illumi¬ 
nated is not changing 

⑹ H' (t) negative for 0 < t < 15 and positive 
for 15 < t < 30 

Chapter 3 Review 

1 24t 3 
3 2e 2t 
5 0.08e° ° 89 
7 e 3a: (l + 3a:) 

9 6(1 + 3*)e( 1+3t ) 2 
11 5 + 3.6e 12t 
13 90(5x - l) 2 
15 10e x (l + e x ) 9 


17 x(21nx + 1) 

19 8i + 7cost 

21 (- e -*-l)/( e -*-*) 
23 (50a: - 25x 2 )/(e x ) 

25 2x cos x — x 2 sinx 
27 e 


(b) 25 mpg; 16.67 mpg 
(d) 1.4 gallons 
⑹ 2.8 gal/hour; 1.8 gal/hour 
87 331.3 + 0.606T m/sec 


Ch. 3 Understanding 


29 (e x -2- e ~ x )/(l- e~ x ) 2 
31 xe x + e x 
33 -3a; 2 sin(x 3 ) 

35 (t 2 +6t + 13)/(t + 3) 2 
37 ((ln3)3 a! )/3 - (SSx~ 3/2 )/2 

39 6y 2 e^e 2e(v3) 

41 f(Q) - 0, f'(l) = 2, /'(2) 
/'(— 

43 y = —4 — x 
45 30% per year 
47 49. 7% per year 
49 73.7 m/yr 
51 ⑻ h(t) 

15 
10 


1 2 3 

(b) v(t) = 32 - 32t 

(c) v(l) = 0 ft/sec; h(l) = 16 ft 
53 ⑻ / 入 0) = -1 

(b) y = -x 
55 $596.73/yr 
57 ⑻ 7r/y/9^! 

(b) Deer 

59 ⑻ dH/dt = — 60e 一 2 * 

(b) dH/dt < 0 

(c) Ati = 0 



1 True 
3 True 
5 True 
7 False 


9 True 
11 False 
13 False 

4， 15 False; f(x) = |x| 

17 False; cos t + * 2 
19 False; f(x) = 6, g(x) = 10 
21 False;/(x) = 5x + 7, g{x) = a; + 2 
23 False; /(a;) = x 2 ,g(x) — x 2 — 

25 False; f(x) = e - *, p(jc) = x 2 
27 (a) Not a counterexample 

(b) Not a counterexample 

(c) Not a counterexample 

(d) Counterexample 


29 False 
31 False 

33 Possible answer 



ifO < ar < 2 
ifee = 2 


Practice: Differentiation 

1 2t + 4t 3 
3 15a; 2 + 14a; - 3 
5 -2/x 3 + 5/(2v^) 

7 10e 2 * - 2 - 3* (In 3) 

9 2pe p2 4 - lOp 


61 ⑻ $13X)50 

(b) y /J (t) = -4.063(0.85)^ 
thousands of dollars/year 

(c) V f (4) = - $2121 per year 

63 ⑻ P(d) = 4.07264.10 一 10 d 3/2 

(b) Approximately 88 days 

(c) P\d) = 6.10896 • 10 _ 10 d x/2 days/mile. 
Farther from the sun, time increases 

65 n = 4, a = 3/32 
67 ⑻ H{A) = 1 

(b) ^(4) = 30 

(c) if (4) = 4 
⑹丑 '( 4 ) = 56 

(e) 矿 ⑷ =-1 
69 b = 1/40 and a = 169.36 
71 Approx 0.4 
73 Approx 0.7 
75 Approx —21.2 
77 ⑻ a: < 1/2 

(b) x> 1/4 

(c) a: < 0 or a; > 0 

79 ⑻ dy/dt = — (4.47r/6) sin (7rt/6) ft/hr 
(b) Occurs at t = 0, 6,12,18, and 24 hrs 
81 (c) B^IO) « -3776.63 
83 If a ^ e, two solutions 
If a = e, one solution 
85 (a) 0.04 gal/mile; 0.06 gal/mile 


11 2xy/x 2 + 1 + x 3 /y/x 2 + 1 
13 16/(2*+ 1) 

15 2* (In 2) + 2x 
17 6(2q + l) 2 
19 bke kt 

21 2:r In (2x + 1) + 2x 2 /(2x + 1) 
23 10 cos (2a;) 

25 15 cos (5*) 

27 2e* + 3 cos a; 

29 17+12x - 1/2 
31 20x 3 - 2/x 3 
33 l,x # -1 
35 —3cos(2 - 3a;) 

37 6/(5r + 2) 2 
39 ae ax /[e ax +b) 

41 5( 切 4 一 2 切 ) 4 (4 切 3 — 2) 

43 (cos x — sin x) / (sin a; + cos x) 
45 6/-U； 4 + 3/(2-vAw) 

47 (2t - ct 2 )e~ ct 
49 (cos6>)e sine 
51 3a: 2 /a + 2ax/b — a 
53 2r(r+l)/(2r + l) 2 
55 2e* + 2te* + l/(2t 3/2 ) 
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(b) 2 / = 0 



































Section 4.7 

“a) 40bilUon 
(in billions) 
40 
30 
20 
10 


20 40 60 80 

(c) 2020; 2095 

3 ⑻ total sales 
(thousands) 



(b) 60,000 

7 (a) 36 thousand; total number infected 

(b) t « 16, n 18 thousand 

(c) Virus spreading fastest 

(d) Number infected half total 

(a»(b) L 




(b) $1 

(c) q = 30, a (30) = 4 

(d) Marginal cost is 4 

11 ⑻ number of bees^^) = 100 + 20a: 
2100 ^ 


100 ^ - 1 - L x (acres) 

50 100 


⑻⑴ N f (x) = 20 

(ii) N{x)/x = (100/x) + 20 


C ⑷ 


Section 4.6 

1 (a) 1.5% decrease 
(b) 1.5% increase 
5 Elastic 
7 High 
9 Low 


11(b) April 12, 2003 

(d) t = 19; 1600 cases 

(e) 1760 cases 

15 ⑻ 100 



(b) About 46.05 

(c) Between 32.12 and 54.52 mg 
17(b) f(10) < 11 

<11 

19 10 mg to 18 mg 


Section 4.8 

l( a ) C(ng/ml) 



(b) 5 hrs, 22.8 ng/ml 

(c) 1 to 14.4 hrs 

(d) At least 20.8 hrs 

9 a = 49.3; b = 0.769 


Chapter 4 Review 


Global and local max 



3 (a) /(l) local minimum; 

/(0), /(2) local maxima 
(b) f(l) global minimum 
f(2) global maximum 
5 Global min = 3 at 2 ： = 1 /2 
No global max 

7 Global max = 1/2 at a; = 1 
No global min 
11 (a) Increasing for all x 
(b) No maxima or minima 


15 (a) cm/week 


Section 4.4 


1 5.5 < q < 12.5 positive; 

0 < q < 5.5 and q > 12.5 negative; 

Maximum atq ^ 9.5 
3 ⑻ q = 2500 

(b) $3 per unit 

(c) $3000 
5 ⑻ $9 

⑻一 $3 

(c) C7’(78) = _R’(78) 

7 (a) Increase production 

(b) q = 8000 
9 $0.20/item 
1 q = 0 or q = 3000 
3 One; between 40 and 50 


7 Global maximum of $6875 at g = 75 


21 (a) $10; $30,000; $50,000 

(b) R(q) = 70q- 0.02q 2 

(c) 1750 

(d) $35 

⑹ $61,250 
23 $14. 

25 (a) 10,000 + 2q 

⑻ q = 37,820 - 5544p 
(c) 7T = -0.00018g 2 + 4.822q - 10, 
⑹ 13, 394 items, $22,294 
27 Maximum revenue = $27,225 
Minimum = $0 
29 ⑻ q/r months 

(b) (ra/q) + rb dollars 
⑹ = (ra/q) + rb + kq/2 dollars 

⑹ g = sj2ra/k 

3：1' h m [3pcK a /讀爲 d 


Section 4.5 


L ⑻ No 
(b) Yes 

I ⑻ a(1000) « $1.60 per unit 

⑻ $ 

20,000 




C(q) 


(c) 18,000 units 
5 MC = $20; a(q) = $25 
7(a) q = 6 


^ C(q) 



(b) g = 6 
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(b) Growing at 1.6 cm/wk in week 24 
17 ⑻ Week 14 

(b) Point of fastest growth 
19 a = 3e,b = -3 
21 ⑻ 5x 4 + 1; positive 
(b) One 

25 (a) Polynomial; negative leading coefficient; de¬ 
gree 2 

(b) Exponential. 

(c) Logistic 

(d) Logarithmic. 

(e) Polynomial; positive leading coefficient; de¬ 
gree 2 

(f) Exponential. 

(g) Surge 
27(a) $0 

(b) $96.56 

(c) Raise the price by $5 
29 (a) 7r(g) max when 

R(q) > G(q) and R and Q are farthest 
apart 


( 2 — cos0\ 

— —— + 2000e 
sm6 J 

(arctan < 6 < 7r/2) 

(b) 6> = tt/3 

(c) Independent of e, but dependent 
on AB / AL 

49 ⑻ fe(l - 2P/L) - dP/dt 
51 Intercepts: (0, 0), (1.77, 0), 

(2.51,0) 

Critical Points: (0,0), (1.25,1), 

(2.17,-1), (2.80,1) 

Inflection Points: (0.81, 0.61), 
(1.81,-0.13),(2.52,0.07) 



Section 5.1 


1 ⑻ velocity 
(miles/hour) 


50 

40 

30 

20 

10 



1234567 


⑻ velocity 
(miles/hour) 




31 


Cost 


375,000 



15,000 


Quantity 


33 C , (2) 

35 (C(75) - C(50))/25 
37 C(3)/3 

39 E = 0.05, demand is inelastic. 
43 50mby50 m 
45 ⑻ 1/5,1 

(b) Local max: p = 1/5 
Local min: p — 1 

(c) Max: 256/3125 
Min: 0 


5 False 
7 False 



11 ⑻ True 

(b) False 

(c) True 

(d) False 

(e) True 


13 False 


15 True 


17 True 


19 True 


21 False 
23 False 

25 f(x) = x 2 + 1 
27 f(x) = -x 2 — 1 
29 Impossible 


(b) 125 feet 

(c) 4 times as far 
15 (a) Car A 

(b) Car^ 

(c) Car B 

17 60 m (Other answers possible.) 
19(b) $6151 

Section 5.2 

1 27 
3 1692.5 
5 About 543 
7 ⑻ 224 
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⑻ 96 


(b) 46; underestimate 


32 

24 

16 

8 



(c) 200 


32 

24 

16 

8 



2 4 6 


(d) 136 


32 

24 

16 

8 



2 4 6 8 


9 350 
11 About 20 
13(a) 3.6 


2 

1.73 



0 12 3 


(b) 3.4641 
15 ⑻ 2 



(b) 2.05045 
17(a) 78 


y 


40 


20 



3 6 


x 



19 93.47 
21 448.0 
23 2.350 
25 2.9 
27 1.30 

29 1.728,1.816,1.772, n = 140 
31 (a) 4; 0,4, 8,12,16; 25, 23,22, 20,17 

(b) 360; 328 

(c) 8; 0, 8,16; 25, 22,17 

(d) 376; 312 

Section 5.3 

18 


y 

10 h 



- L x 

1 2 

3 J* q 2 ((x + 5) — (2x + 1)) dx = 6 
5 ⑻ 13 
(b) 1 
7 Positive 
9 Positive 
11 -40 
13(a) -4 

(b) 0 

(c) 8 
15 n 
17 III 

19 v<iv<n<m<i 



21 ⑻ 一2 
(b) -A/2 
23 About 3.34 
25 0.80 
27 14,052.5 
29 14.688 
31 13.457 
33 2.762 

Section 5.4 

1 ⑻ Emissions 1970-2000, m. metric tons 
(b) 772.8 million metric tons 
3 Change in position; meters 
5 Change in world pop; bn people 
7 Total amount = f(t) dt. 

9 1417 antibodies 
11 29,089.813 megawatts 
13 3.4ft 
15 (a) Concave up 
(b) 3.1kg 

17 (a) 2023, at crossing of curves 
(b) 2023, at highest point of curve 
19 2627 acres 

21 Tree B is taller after 5 years. 

Tree A is taller after 10 years. 

23 (a) Boys: black curve; girls: colored curve 

(b) About 43 cm 

(c) Boys: about 23 cm; girls: about 18 cm 

(d) About 13 cm taller 
25 More fat 

27 ⑻ About 750 liters 
(b) J o 3 60 9 (i) dt 
⑹ About 150 liters 


Return to normal 




39 About $13,800 
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41 (a) J: 49(1 一 （ 0.8187)*) d* 

(meters) 

(b) T « 107 seconds 

Section 5.5 

1 Dollars; cost of increasing production from 800 
tons to 900 tons 



(b) $22,775 

(c) C ， (150) = 18.5 

(d) 0(151) w $22,793.50 
5 7.65 million people 

7 ⑻ $18,650 
(b) C\40CO = 28 

9 ⑻ 200 



- 1 - l q 

50 100 150 


33 (a) / (10 + 8i - t 2 ) dt 

Jo 

(b) 100 

(c) 108.33 

35 ⑻ Forward for i < 3, backward for t > 3 
(b) Farthest forward: t = 3 
Farthest backward: 
no upper bound. 

37 $300,000 
39 ⑻ y 



(b) /i is largest. 

74 is smallest. 

I\ is the only positive value. 
41 9 years 


rate (kg/yr) 



(b) $12,000 

(c) Marginal revenue is $80/unit 
Total revenue is $12,080 

11 (a) 7.54 inches after 8 hours 
(b) 1.41 inches/hour 

Chapter 5 Review 

1 (a) 408 
(b) 390 
3 1096 



7 Foot-pounds 


9 1.44 
11 1.15 
13 -0.083 
15 84 
17 0.0833 
19 About 0.1667 
21 (a) 430 ft 
⑻⑼ 

23 ⑻ 96 


-96 


(b) 3 sec, 144 feet 

(c) 80 feet 

25 ⑻ Species B for both 
(b) Species A 
27 (a) Inflection point 
(b) About 50 cm 
29 ⑻ Negative 

(b) Positive 

(c) Negative 
⑹ Positive 




Ch. 5 Understanding 

1 False 
3 True 
5 False 
7 False 
9 True 
11 True 
13 False 
15 False 
17 False 
19 True 
21 True 
23 False 
25 False 



0.4 10 


Theory: Second Fund. Thm. 

lx 3 
3 xe 35 
5 ⑻ 0 

(b) F increases 

⑹ F(l) w 1.4, F(2) « 4.3, F(3) « 10.1 
9 9 
11 8c 

Section 6.1 

1 1.7 
3 2 
5-3 

7 About 8.5 
9 ⑻ $26,667 per year 
(b) Less 25-65; more 65-85 
11 $6080 
13 ⑻ 120 mm Hg 
6>) 80 mmHg 
⑹ 100 mm Hg 

(d) Less 

15 ⑻ 0.375 thousand/hour 
(b) 1.75 thousands 
17 (a) 9.9 hours 
(b) 14.4 hours 
⑹ 12.0 hours 
19 ⑻ Second half 



(b) $1531.20, $1963.20 

(c) $3494.40 

(d) $291.20/month 
21 ( C )< ⑷ <(&) 

Section 6.2 

1 (a) p* = $30, q* = 6000 
(b) Consumer surplus = $210, 000; 
Producer surplus « $70, 000 


p ($/unit) 



p ($/unit) 
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200 400 600 800 


(c) $1907 
⑹ $1600 
11 (a) Less 

(b) Can’t tell 

(c) Less 
13 ⑻ No, yes 



Section 6.3 

1 Future value = $72,980.16 
Present value = $29,671.52 
3 (a) P = $47,216.32 
F = $77,846.55 
(b) $60,000; $17,846.55 
5 (a) (i) $18,846.59 

(ii) $16,484.00 
(b) (i) $21,249.47 

(ii) $24,591.24 
7 ⑻ $65,022 
(b) « 2.27 years 
9(a) $417,635.11 
(b) $228,174.64 
11 $41,508 

13 ⑻ $4.6 billion; $8.6 billion 

(b) $54.7 billion 

(c) $77_6 billion 
15 About 1.75 years 
17 In 10 years 

Section 6.4 

3 11% 

5 Absolute: 

2003-2004: 3.1m 
2006-2007: 2.0m 
Relative: 

2003-2004: 10.3% 
2006-2007: 5.3% 

7 (a) P = 4000 - 100* 


(b) P = 4000(0.95)* 

Case (a) 

9 22% increase 
11 No change 
13 Increasing 0 < t < 10 
15 Decreasing: 0 < t < 5 
Increasing: 5 < t < 10 
17 ⑻ _P = 5.78(1.018)* 

(b) 0.10404 mil/yr 
0.10591 mil/yr 
⑹ 1.8%, 1.8% 

19 Decreases by about 9.52% 

Chapter 6 Review 

1 ⑻ 20 
(b) 10/3 
3 ⑻ 0.79 
5 ⑻ Q(10) « 2.7, 

Q(20) « 1.8 

(b) 2.21 

(c) 2.18 
7 About 17 

9 ⑻ （ 1/5) J Q 5 f{x) dx 
(b) (1/5)(/ Q 2 f(x) dx - J 2 5 f(x) dx) 
11 ⑻ price 



13 ⑻ 

(b) 

⑹ 


Supplie 

Down 


rs: 100 units 


p* = $48 
q* = 91 units 
Consumer surplus: $2096 
Producer surplus: $1143 


15 ⑻ $5820 per year 
(b) $36,787.94 


17 $635.37 per year 
19 ⑻ 0 g t $ 10, 10.5% 

(b) 10 < t < 15, 2.5% 

(c) 7.8% increase 


21 In 45 years; 2035 


Ch. 6 Understanding 

1 False 
3 True 
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5 False 
7 False 
9 True 
11 True 
13 False 
15 False 
17 False 
19 True 
21 True 
23 False 
25 False 



0.4 10 


Section 7.1 


1 5x 

3 t 3 /3 + t 2 /2 
5 a: 6 /5 
7 3x 4 /2 + 4x 
9 y 3 - y 4 /4 
11 x 3 + 5a: 

13 (a: 3 /3) - 3x 2 + 17x 
15 5x 2 /2 - 2x 3/2 /3 
17 In |^| 

19 一1/2之 2 

21 F(x) = x 7 /7 + a：- 5 /35 + C 
23 -e _3t /3 

25 G(t) = 5t + sin t + C 


27 



29 F(x) 
(only poss 


2a; 4 - 2x 2 - 
ibility) 


(5/3)/ 


31 F{x) = (2/3)a; 3/2 

(only possibility) 

33 (5/2)a: 2 + Ta: + C 
35 2x 3 + C 


37 (a: + l) 3 /3 + C 
39 t 3 /3 + 5t 2 /2 + i + C 
41 t 4 /4 + 2t 3 + C 


43 2^ 3 / 2 + C 
45 31n|t| + . + C 

47 : e 2 /2 + 2x 1/2 + C 
49 e* + 5x + C 
51 e 3r /3 + C 


53 — co ： 
55 25e 4 


57 3 sin x -\-7 cos x C 
59 ^ sin(a; 2 + 4) + C 
61 10® — 4cos(2a;) + C 
63 F(x) = 3x 2 — 5cc + 5 


65 F(x) = —4cos(2x) + 9 


67 g 3 + 2g 2 + 6g + 200 

Section 7.2 

1 i(x 3 + l) 5 + C 
3 i(x + 10) 4 + a 
5 e« 2 + 1 +C 
7 (l/2)e t2 + C. 

9 (l/33)(t 3 -3) lx %ig 
11 (l/9)(a: 2 -4) 9 / 2 + C 
13 -2V4^ + C 
15 4sin(x 3 ) + C 
17 (l/5)x 5 + 2a; 3 + 9x + C 
19 cos(3 - t) + a 
21 -(2/9)(cos3t) 3/2 + C 
23 (1/7) sin 7 e + C 
25 (sinrc) 3 /3 + O 
27 — * cos(4a ： 2) + C7 

29 i e 3a;2 +a 

31 ^ ln(5g 2 +8) + (7 

33 (1/2) ln(2/ 2 +4) + C 

35 2eV^ + C 

37 2V^ + e* + C 

39 (1/2) ln(a; 2 + 2a; + 19) + C 

41 (a) Yes; -0.5cos(o: 2 ) + C 

(b) No 

(c) No 

(d) Yes;-l/(2(l + aj 2 )) + C 
⑹ No 

(f) Yes; 一 In |2 + cos 叫 + C 
43(a) x 4 + 2x 2 + C 

(b) (x 2 + l) 2 + C 

(c) Both correct but differ by a constant 

Section 7.3 

1 10 
3 6 
5 1/2 
7 125 
9 52 
11 38/3 

13 (In 2)/2 w 0.35 
15 5 - 5e-° 2 « 0.906 
17 sin 1 — sin(—1) — 2 sin 1 
19 20(e° 15 - 1) 

21 ⑻ （In 2)/2 
(b) (In2)/2 
23 In 10 
25 2 

27 J q 2 (6x 2 + 1) da; = 18 
29 2.32 


y 



3 


31 11 

33 (300) 1/3 = 6.694 
35 ⑻ 6.9 billion, 7.8 billion 
(b) 6.5 billion 
37 (1/x 2 ) dx 


y 



39 ⑻ 0.4988, 0.49998, 
0.4999996 ， 
0.499999998 

(b) (1 - e~ 2b )/2 

(c) Converges to 0.5 

41 ⑻ JJ 50 lOOOie -0 5 * dt 
(b) r 



43 1/30 
45 ⑻ No 
(b) Yes 
⑹ Yes 

Section 7.4 

1 lie^-ie^ + C 
3 (l/4)(2^ + l)e 2z +C 
5 (j; 4 /4) lna;- (x 4 /16) + a 
7 ( 2 / 3 ) 2 /( 2 / + 3) 3 / 2 

-(4/15)(2/ + 3) 5 / 2 + C 
9 -(z + l)e~ z +C 
11 -2y(5-y) 1 / 2 

-(4/3)(5-y) 3 / 2 + a 
13 —t cos t + sin t -\- C 
15 + C 

17 51n5 - 4 « 4.047 
19 (9/2) ln3 - 2 « 2.944 
21 (a) Substitution 

(b) Substitution 

(c) Substitution 

(d) Substitution 
⑹ Parts 

(f) Parts 
23 1 — 3e - 2 
25 41n4 - 3In3 - 1 
27 45.71 (ng/ml)-hours 

29 Integrate by parts choosing u = x n , v' = e x 

Section 7.5 

1 3.5, 2,1.5, 2,2.5 
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;for x < —2, x > 2 
-2 <x <2 
atx = —2 
Local minimum at x = 2 


0 


m 


,/w 



100 

L5 (a) (I) volume; (H) flow rate 
(b) (I) is an antiderivative of (II) 

17 Min: (1.5, -20), max: (4.67, 5) 

L9 Critical points: (0, 5), (2, 21), (4,13), (5,15) 


V ( 2 , 21 ) 



(5,15) 


21 ⑻ x ^ -l,x = l,x = 3 
(b) Local minata; = -1, a; = 3; 
local max at cc = 1 


23 / ⑶一 /(2 )， 

[/ ⑷一 / ⑶] A 

/ ⑷一 /(3) 




Chapter 7 Review 

1 2t 3 /3 + 3t 4 /4 + 4t 5 /5 
3 2x 3 - 4x 2 + 3x 
5 P(r) = 7rr 2 + C 
7 -1/t 

9 G(x) = (尤 + l) 4 /4 + C 
11 2t 2 + 7t + C 
13 (o; 4 /4) - (x 2 /2) + C 
15 -5/t - 3/t 2 + C 
17 4t 2 + 3t + C 
19 2a; 4 + ln|x| + C 
21 2 In |a;| — 7r cos x -\- C 
23 34 

25 1 — cos 1 « 0.460 
27 1/2 
29 F(x) = cc 2 
(only possibility) 

31 2y/x 2 + 1 + C 
33 -(l/2)e~ x2 + a 
35 -l/(3(3x + l)) + C 
37 ^(5x-7)^ + 0 
39 §(x 2 + l) 3/2 + C 
41 0.5sin(t 2 ) + C 
43 In 3 

45 ⑻ J q 5 462e 0 019t dt 

(b) About 2423 quadrillion BTUs 

47 Point of 

inflection 


1 

i, 

|^ 

^ 1 / 

/ X2 X3 X4 


/W 


49 F(l) = —1 ， F(3) = 7, F(4) = 5 
51 ⑻ I 

^f^ = xe~ x 


(b) 0.9596, 0.9995, 
0.99999996 

(c) Converges to 1 
53 250 mg 

55 —y cos y + sin y + C 


Ch. 7 Understanding 

1 False 
3 True 
5 False 
7 False 
9 True 
11 True 
13 False 
15 False 
17 False 
19 True 
21 True 
23 False 
25 False 
27 5 h 


/ ⑻ 


Practice: Integration 

1 g 3 /3 + 5g 2 /2 + 2g + C 
3 (x 3 /3) + x + C 
5 4ic 3/2 + C 
7 (x 4 /4) + 2® 2 + 8x + C 
9 仞 5 /5 — 3 忉 4 + 2w 3 — lOiu + C 
11 2Q 1 / 2 + C 
13 p 3 /3 + 51n|p| + C 
15 q 4 /4 + V + 15g + C 
17 —5 cos a; + 3 sin x -\- C 
19 5 In |io| + C 
21 q 2 /2-l/(2q 2 ) + C 
23 Sp 2 q 5 + C 
25 2.5e 29 + C 
27 Ax 4 /4 + Sx 2 /2 + C 
29 x 3 /3 + 8a: + e* + C 
31 t 3 /3 - 3t 2 + 5t + C 
33 Aq 2 /2 + Bq-\-C 
35 + 5t + C7 
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37 3sin(4a;) + C 
39 (l/18)(2/ 2 + 5) 9 + C 
41 ~(A/B)cos(Bt) + C 
43 ln(2 + e x )-\-C 
45 2Vl + sina: + C 
47 xe x -e x +C 

Section 8.1 



1 (a) 0.25 

(b) 0.7 

(c) 0.15 
3 ⑻ 0 

⑻ 0 
⑹ 0 
7(a) 0.19 

(b) Tenth; be 

(c) 0.02,0 ■: 
9 1/15 

11 1/5 
13 

1/100 


P(x) 


15 



Section 8.2 


9 ⑻ First: January 30 
Last: August 28 

(b) 65% 

(c) 25% 

⑹10% 

⑹ April 10 - April 30 
11 ⑻ 25% 

(b) 32.5% 

(c) 0 

13 Fraction dead at time t 
15 ⑻ 一 e 一 2 + 1 « 0.865 
(b) -(ln0.05)/2 « 1.5 km 

Section 8.3 

1 5.35 tons 
3(a) 0.2685 
(b) 0.067 
5 2.48 weeks 



1 ⑻ 


t 

0 

1 

2 

3 

4 


m 

0 

0.60 

0.975 

1 

1 



7 (a) 0.684 : 1 

(b) 1.6 hours 

(c) 1.682 hours 



9 ⑻ 17.6%; 6% 

(b) About $45,200 

(c) False 

Chapter 8 Review 

t (hours) i ⑻ _ (n) ， (b)-(l), (c)-(in) 



7 0.04 
9 0.008 
11 ⑻ Twelfth 

(b) 1/4 

(c) 7/16 
13(b) About 3/4 

15 ⑻ f(r) = 0.2 (0 < r < 5) 
f(r) = 0(5<r) 

(b) F(r) = 0.2r 

(0 < r < 5) 

F(r) = 1(5 < r) 

(c) G(v) = 0.124r 1/3 

(0 <v < 523.6) 

G(t ； y= 1(523.6 < v) 

⑹ g(v) = 0.0413幻一 2/3 (0 < 幻 < 523.6) 
g{v) = 1 (523.6 < v) 

17 ⑻ 22.1% 

(b) 33.0% 

(c) 30.1% 

⑹ C(h) = 1 - e-°- 4/l 
19 14.6 days 
21 False 
23 True 
25 True 

Ch. 8 Understanding 

1 True 
3 False 
5 False 
7 False 
9 True 
11 True 
13 False 
15 False 
17 False 
19 True 
21 False 
23 False 
25 False 
27 True 
29 False 

Section 9.1 

3 f(20,p): 2.65, 2.59,2.51 ， 2.43 
/(100,p): 5.79, 5.77, 5.60, 5.53 
/(/, 3.00): 2.65, 4.14, 5.11 ， 5.35, 5.79 
/(/, 4.00) 2.51, 3.94, 4.97, 5.19, 5.60 
7 P = 0m2pf(I,p)/I 
9 Decreasing function of p 
Increasing function of a 
11 ⑻ 81°F 



17 ⑻ 260 cal/m 3 
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) (gm/m 3 ) 


Section 9.2 


Heat coming in window 
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Section 9.4 

1 4x;6y 
3 f x =2x + 2y 
f y = 2x + Sy 2 
5 2u-\- 5v; 5n + 2v 
7 5a 2 - 9ap 2 
9 f x = 10xy 3 + 8y 2 - 6x, 
f y = 15x 2 y 2 + 16x2 / 

11 100te rt 
13 (1/2)v 2 
15 15; 5; 30 
17 Pre rt - Pte rt \ e rt 
19 80; 30; 313 tons 
2.9 tons per worker 
2.6 tons per $25,000 

21 f XX = 2, /a-y = 2, 
fyy = % Jyx = 2 

23 f xx =Q ， f xy = -2/y 2 , 
fyy = 4x/y 3 , f ya: = -2/y 2 
25 f xx = y 2 e xy , 

f xy = (xy + l)e x y, 

fyy= ^ 2 e^, 
fyx = [xy + l)e xy 

27 y rr = 2Trh, Vhh = 0, 

= 27rr 

29 = 0, B tt = 20a;e— 2t , 

= B ta; = -10e- 2t 
31 / rr = 100t 2 e rt ,f tt = 100r 2 e rt , 
ftr = frt = 100(rt + l)e rt 
35(a) -(c + l)B/(c + r) 2 
(b) Negative 

Section 9.5 


15(b) L = 40, K = 30 
17 ⑻ Reduce K by 1/2 unit, 
increase L by 1 unit. 

19(a) P(x,y)-, C(x,y) = 50,000 

(b) C(x, y y,P(x,y) = 2000 
21 ⑻ P(K, L) 

(b) C(K,L) = 600,000 

(c) Tons/dollar 

(d) Extra dollar produces approximately extra 
3.17 tons 

23 (a) Quantity of fuel, x\ + X2 

(b) Terminal velocity (as function of x\ and X2) 
^ vo 

(c) Liters per meter/ sec 

(d) 51 meters / sec requires about 8 more liters 
than 50 meters / sec 

25 1820.04; about 209 


Chapter 9 Review 

1 Decreasing function of x 
Increasing function of y 
3 Lines with slope 3/5, evenly spaced 



1 /(0, 0) « 12.5 is a local and global maximum 
/(13, 30) « 4.5 is a local minimum 
/(37,18) » 2.5 is a local and global minimum 
/(32, 34) ^ 10.5 is a local maximum 
3 Max: 11 at (5.1,4.9) 

Min: -1 at (1,3.9) 

5 Max: 1 at (7r/2, 0); ( 冗 /2, 27r) 

Min: —1 at (7r/2, 7r) 

7 (—3, 6), neither 
9 (4, 2), neither 
11 Saddle pts: (1,-1), (-1,1) 
local max (—1, —1) 
local min (1,1) 

13 Local maximum at (—1, 0), 

Saddle points at (1, 0) and (—1,4), 

Local minimum at (1,4) 

15 Local max: (1, 5) 

17 A = 10,S = 4,C = -2 
19 (b) pi = P2 = 25 

Max revenue is 4375 
21 q± = 300, Q2 = 225. 


5 windspeed, v, (mph) 
25 h / 


20 

15 

10 


- -30 / 

/ -20 / / 
/ -10 ^ / 

汐 2n . 

30 


參 _ I ’I I .’I I 丨 .-J. rj-i (Op) 
0 5 10 15 20 25 30 35 



Section 9.6 

1 /(66.7,33.3) = 13,333 
3 /(9.26,2.32) = 201.9 
5 Min = —y/2, max = y/2 
7 Min = -22, max = 22 
9 Min = -2, max = 2 
11 x = 6;y = 6', /(6,6) = 400 
13 ⑻ （7 = 127 Xl + 92x2 
(b) x?. 6 a^_ 4 = 500 


(b) 



(c) 




13 Table ⑻ matches (II) 
Table (b) matches (III) 
Table (c) matches (IV) 
Table ⑹ matches (I) 


15 Positive, Negative, 10, 2, —4 
17 /^(10,25) « -0.4°F/mph 
19 (5, 20) w-0.8 

21 ⑻ Both negative 
(b) Both negative 


23 (A) 0.06, -0.06 

(B) 0, -0.05 

(C) 0 , 0 

25 P a = 2a- 2b 2 , P b = -4a6 




29 f x = xlyjx 2 + y 2 
fy = y/\/x 2 -\-y 2 

31 ⑻ Qk = 18.75K _0 - 25 L 0 - 25 , 
Ql = 6.25iC°- 75 L-°* 75 
(b) Q = 1704.33 
Qk = 21.3 
Ql = 4.26 


33 ⑻ height(ft) 



2 4 6 8 10 12 14 16 


distance 


height(ft) 



2 4 6 8 10121416 


height(ft) 


8 

6 

4 

2 

0 



distance 


⑻ location 
16 - 

12 - ... 

8 - 

4 - . 

0 L -1-1- L- time 

5 10 15 

(c) The “wave” at a sports arena 
35 (1,0), (—1,0); /(l, 0) is a local minimum 
37 pi = 110, p 2 = 115 
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Slope = -4 ( C ) 2 / = 100 - 100e _t 


17 ⑻ dy/dt = -k(y - a) 

(b) y = (1 - a)e~ kt + a 

(c) a: fraction remembered in the long : 
k: rate material is forgotten 

19(a) 2 / = 500 

(b) y = 500 + Ce 0 5t 


3 dP/at = kP, k > 0 
5 dQ/dt = kQ, k < 0 
7 dP/dt = -0.08P - 30 
9 dA/dt = -1 
11(a) dA/dt = -0.17A 
0>) -17 mg 

13 (a) Increasing, decreasing 
⑻ W = 4 
15 dN/dt = B + kN 


Section 10.2 

1 y = t 2 + C 

5 F 


9 A 
11 D 

13 8, 8.5,9.5,11 
15 4,4,4,4 

17 74, 78.8, 84.56 milHon 


(f) V 

9 As x increases, y —*■ oo. 
11 As a; —> oo, y oscillates 
within a certain range 
13 y oo as x oo 


Section 10.4 



Section 10.3 



0 2 / = 12 11 Michigan: 72 years 

Ontario: 18 years 
13 ⑻ dQ/dt = -0.5365Q 
x = 0i y = 1 o q = g 0 e-°- 5365t 
(b) 4 mg 
15 ⑻ dy/dt = ky 
X = 0,y = 8 (b) 0.2486 grams 

17 (b) 2001 


(b) y = -x -1 
5 ⑻ Slopes = 2,0,-1,-4 


Section 10.5 


H = 75 - 75e 3t 
P = 1(^-4 
Q = 400 - 350e°- 31 
B = 25 + 75e 2_2t 


- 80,000 


11 ⑻ dV/dt = 0.02V - 
(b) y = $4,000,000 
⑹ V = 4,000,000 + Ce 0 02t 
(d) $2,728,751 

13 ⑻ dB/dt = 0.05S + 1200 


B = 24,000(e° 
$6816.61 




Slope = 0 


lOOOe 010 * 

1000e°° 5< 


Ch. 9 Understanding 

1 Could not be true 
3 Might be true 
5 True 
7 True 
9 False 
11 False 
13 True 
15 True 
17 False 
19 False 
21 True 
23 True 
25 False 
27 True 
29 True 
31 True 
33 False 
35 False 
37 True 
39 False 
41 False 
43 False 
45 True 
47 False 
49 True 
51 True 
53 True 
55 False 
57 True 
59 True 
61 True 
63 False 
65 False 

Theory: Least Squares 

1 y = 2/3 - (1/2)® 

3 2/= 2/3 - (1/2)® 

5 y = x — 1/3 
7 (a) (i) Power function 

(ii) Linear function 
(b) In AT = 1.20+ 0.32 In A 
Agrees with biological rule 

Section 10.1 

1 ⑻⑽ 

(b) (IV) 

⑹① 

⑹ （ II) 
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(d) Unstable 

21 (a) H = 200- 180e~ kt 
(b) fc « 0.027 (if t is in minutes) 


23 (a) dT/dt = -k(T - 68) 
(b) T = 68 + 22.3e _0 06t ; 
3:45 am. 


Section 10.6 

1 (a) x oo exponentially 
y 0 exponentially 
(b) Predator-prey 
3 (a) x oo exponentially 
2/ —> 0 exponentially 


(b) y is helped by the presence of x 



11 Symmetric about the line r = w, 
solutions closed curves 


13 Robins: 

Max « 2500 
Min » 500 

When robins are at a max, 
the worm population is about 1 million 
17 (a) dw/dt = 0 
dr/dt = 1.2 

(b) iz; « 2.2, r w 1.1 

(c) Att = 0.2: 

w « 2.2, r « 1.3 
Att = 0.3 
w « 2.1, r « 1.4 


19 ⑻ r (predator) 


3 

2 



12 3 4 


w (prey) 



Section 10.7 

5 ⑻ = 1, 5 0 = 349 

(b) Increases; spreads 
7 About 300 boys; 

t « 6 days 
9 5 

11 ⑻ b/a 


Chapter 10 Review 

1 ⑻⑽ 

(b) (V) 

(c) (I) 

⑹ （ D ) 

(e) (IV) 

3 Yes 


(c) l:y r = —1, unstable; 

H: None 

7 HI: y 1 = (l + y)(2-y) 

9 ⑻ dB/dt = 0.07B 
(b) B = B 0 e 0 07t 
⑹ B = 5000e° ° 7t 

(d) B(10) « $10,068.76 
11 P = (l/2)t 2 + C 

13 y = (5/2)i 2 + C 
15 A = Ce~ 0 07t 
17 P = Ce~ 2t + 5 
19 y = Ce 0 2x + 40 
21 dS/dt = —k(S — 65), fe > 0 
5 = 65 —25e_ fct 
23 ⑻ fc » 0.000121 
(b) 779.4 years 
25 ⑻ Q 



37 


(b) dQ/dt = 一 0.0187C? 

(c) 3 days 

27(b) dQ/dt = -0.347Q+2.5 
⑹ Q = 7.2mg 

29 ⑻ dW/dt = (1/3500)(/- 20W) 

(b) W = 1/20 + (Wo - 1/20) e -( 1 /i75)t 
⑹ W 


100 days 

31 ⑻ y = 1,2 / = 8,y = 16 
⑹ Stable: y = 1 

Unstable: y = 8, y = 16 
33 Initially x = 0\ y decreases, x increases. Then 
x increases, y increases. Finally y increases, x 
decreases 


(b) Down and left 

(c) r = 3.3, w = 1 
⑹ it; = 3.3, r = 1 

21 ⑻ y 



1 2 3 4 5 


5 ⑻ Us j / = 1 + y; 

H is y 7 = 1 + a; 

⑻丨 y 



'、上 2、.- 二: 


35 Populations oscillate 

Ch. 10 Understanding 

1 True 
3 True 
5 True 
7 False 
9 True 
11 False 
13 False 

15 False; /(x) = |x| 
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Section 11.2 

1 Balance = $48,377.01, 

$20,000. from deposits, 

$28,377.01 from interest 
3 $33,035.37 
5 $42, 567.82 
7 17.54 payments 
9 $44,407.33, $360,183.21 
11 0.12% 

13 $1081.11 
15 ⑻ $1250 

(b) 12.50 
17 ⑻ $400 billion 
(b) $900 billion 
19 ⑻ iV + (1 - r)N dollars 

(b) AT + (1 - r)N + (1 - r) 2 N dollars 

(c) N/r dollars 

Section 11.3 

1 230.159 billion barrels 
3 ⑻ 98 mg 

(b) 121.5 mg 

(c) 125 mg 
5 ⑻ 400 mg 

(b) 400(0.30) = 120 mg 
7 (a) 39.99 mg, 9.99 mg 
(b) 40 mg, 10 mg 
9(a) 4.10 mg 

(b) 7.54 mg 

(c) 14.46 mg 

(d) 35.24 mg 

(e) 69.87 mg 
11 24.5 years 
13 Until 2046 

15 About 34 years 
17 Lasts forever 

Chapter 11 Review 

1 2046 

3 Does not exist 
5 200 
7 1.9961 

9 ⑻ (i) $16.43 million 
(ii) $24.01 million 
(b) $16.87 million 
11 $27,979.34 
13 $400 million 
15(a) N(k/(1 - k)) 

(b) 5.667iV 
17 (a) 0.232323 ...= 

0.23 + 0.23(0.01) 


+ 0-23(0.01) 2 + … 

(b) 0.23/(l — 0.01) = (23)/(99) 
19 $25,503 

Ch. 11 Understanding 

1 False 
3 True 
5 False 
7 False 
9 False 
11 False 
13 False 
15 False 
17 True 
19 False 
21 False 
23 False 
25 False 
27 False 
29 True 
31 False 
33 False 
35 False 
37 False 
39 True 
41 True 
43 True 
45 True 

Appendix A 

1 ⑻ G 
50 
40 
30 
20 
10 


10 20 30 40 50 

(b) Increasing at a rate of $734 billion/year 
⑹ $43.9 trillion, $54.9 trillion. 

More confidence in the 2005 prediction 

3 ⑻ G (GNP) 

10,000 卜 • 

8000 - 

6000 - • 

4000 - 

2000 j • 

" —— 1 - 1 - L t (years since 1970) 

10 20 30 

Yes 

⑻ G( 

10000 
8000 
6000 
4000 
2000 


473.7 + 294.47i 



10 20 30 


t (years since 1970) 



cos t +1 

f(x) = 6, g(x) = 10 
f(x) = 5x + 7, g(x) = x + 2 
f(x) = x 2 ,g(x) = x 2 - 1 
f(x) = e~ x ,g(x) = x 2 


17 False 
19 False 
21 False 
23 False 
25 False 
27 ⑻ Notacounterexar 

(b) Notacounterexar 

(c) Notacounterexar 

(d) Counterexample 
29 False 

31 False 

33 Possible answer 




{: 9 


Theory: Separation of Vars 

1 P = e~ 2t 
3 P = ^ 

5 u = 

I R =： 

9 z = - 

II y : 


: V2t + 1 
1/(1 - ( 1 / 2 )*) 
0.9 e H 

: -ln(l -t 2 /2) 
-2/(t 2 + 2t - 4) 

13 (a) Yes (b) No 

(d) No (e) Yes 

(g) No (h) Yes 

(j) Yes (k) Yes 


15 Q = 
11 R = 


y = 
21 ⑻ 


6 - Ae-* 

—(6 / a) + Ae at 
-1/ (k(t + t 3 /S) + C) 


H H \ \ \ \ \、 

--///////(； 
〆/ / / 1 1 1 1 1 1 







I 1 / l f " / /〆 

^ \ \ \ \ \ \ \ \ \ 


(c) y(x) = Ae* 2/2 

Section 11.1 


1 21 

3 3,985,805 
5 555.10 
7 96.154 
9 39,375 




Yes$25$56 

75 , 87 :’ 75. ’ 78 ,^ 
l3739D37.67.mg496667mg,! 
ay.o .51.47$3$ 6 39414140; 
lu403039(a)g(a)(b)(c)(a)(b)(c) 
111315171921 


G = 294.47t + 473.7 
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W 


(c) For 1985: 4891 
For 2020: 15,197 
More confidence in 1985 



16 18 20 22 


Yes 

(c) At v = 18 ft/sec, S = 3.21 
At v = 10 ft/sec, S ― 2.57 
i? = 18 better 
7 (a) 0.0026 = 0.26% 

(b) For 1900, 272.27 
For 1980, 335.1 

9 ( a ) D (debt 
in $ bn) 

8000 h 

7000 ^ # # 

6000 ^ ❿ • • • 

5000 b 


3 4 


(b) Exponential 

⑹ D = 5309(1.048)*, answers may vary 



20 40 60 

(b) 2.6(1.0165)、answers may var 

(c) 1.65% 

(d) At year 2020, 8.175 billion 
At year 2050,13.357 billion 
2020 prediction more accurate 


years s 
1964 


Increasing 30%/yr 
(c) 21,141 megawatts 




21 (a) Linear 

(b) C = 320 + 1.5t 
Increasing at 1.5 ppm/yr 

(c) 387.5 ppm 


( d ) C 
400 
375 
350 
325 




10 20 30 40 


C (number of 
cars, thousands) 



丄 i (years 
7 since 1964) 


(mpg) 


Appendix B 


1 27% 

3 (a) $160,356.77 

(b) $165,510.22 

(c) $165,891.05 

(d) $165,989.48 
⑹ $166,005.85 

5 (a) 1.0408107 
1.0408108 
1.0408108 

4% compounded continuously 
« 4.08108% 

(b) e 0 . 04 » 1.048108 
7 4.88% 

9 ⑻ (i) 5.126978...% 


(ii) 5.127096. 


• % 


(iii) 5.127108. . 

(b) 5.127% 

^0.05 _ 1 n.^1 971 HQ 


t (years since 1975) 



⑹⑹⑻ (b)(c) ⑹ (e)(f)(a) 















PRETEST 


The pretest in this section covers skills that are 
used in this book. Doing it at the start of a 
course will help you identify areas in algebra 
where reviewing early on will help you succeed. 



522 


Pretest 


Problems for a Pretest 


1. What is the equation of the line in Figure P.l? 


Figure P.1 

2. What is the value of a in Figure P.2? 

(a, 54.5) 



Figure P.2 

3. Find ai and from Figure P.3. 



5. Solve for 凡： 

間 ( l+ £)' 

6. Solve for r: 

7. If / ⑷ = 4t+(t + 3) 2 , find / ⑼. 

8. If f(x) = 4a; + 28, solve f(x) = 0. 

9. Which of the following is equivalent to 16 — x 2 + 6x? 

(a) 7 + (3 —s) 2 

(b) 16 - (a - 3) 2 

(c) 25 - (a - 3) 2 

(d) 52 - (a; - 6) 2 

(e) 25 - (a; + 3) 2 

(f) None of the above 

10. What are the coordinates of the point Q in Figure P.5? 

11. What are the coordinates of the point P in Figure P.5? 



Figure P.3 


4. Match each of the four lines in Figure P.4 with one of the 
slopes 0, 1 ， 2, 一 1 ， 一 2. 


Figure P.5 

12. Find|-10|+ |10|. 

T 

13. Which of the following is equivalent to — + El 

..e 2 + t 

⑻ 

( b ) e^T 

(c) E + T 


(d) 


T + E 


⑻一 

uy 

(b) —-— 
u + y 

(O ^ 

uy 

(d) M 


⑻ 


Figure P.4 
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15. Which of the following is equivalent to x~ lr y + y _1 xl 



x + y 


(d) 


⑻ 


xy 

y-\-x 

x-\-y 


16. If -j- = t a , what is a? 

17. Simplify (rr 2 a: 5 ) 4 . 

18. Simplify W 2/3 W 3/2 . 

19. Expand and collect like terms: — 5tt (吾 _ 2v). 

20. Solve 3p + 4 = 9 for p. 

21. Solve 2x a = 5(1 — x) for x. 

22. Solve 2^/w — 3 = 9 for ty. 

2 5 

23. Solve - = — for n. 

o n 

24. Solve Cq + Dq = A for q. 

25. With m = 2,xo = 3, 2/o = 10, solve y — yo = 
m(x — a ： o) for x. 

26. Find the value of x when y = 0 if —2x + — 9 = 0. 

27. Find the value of s when t = 5 + 1 if 3s — 8t = 7 . 

28. Factor Vlx 2 — 6a 2 x. 

29. Factor C 2 a 3 b — Cab 3 . 

30. Which of the following is the factored form of 
x 2 -\-2x- 15? 

(a) (pc + l) 2 - 16 

(b) (x-3)(x + 5) 

(c) x(x + 2)-15 

(d) (re+ 2) (x — 15) 

(e) None of the above 


37. The graph of the equation a x = y passes through the 
point (—3, |). What is a? 

38. If s = 2 and t = 0 is a solution to as 5 = s 7 +1 ， what is 
a? 

39. Using Table P.1, what value of w gives q = 7? 

Table P.1 

10 
2 



40. Using Table P.2, what is the temperature at 6 pm? 


Table P.2 


Time (hours after midnight) 

0 

6 

12 

18 

Temperature (°F) 

36 

48 

65 

55 


41. For some constant k, let M = kN. If M = 0.84 when 
N = 12, what is M when AT = 6? 

42. What is the area of the shaded rectangle in Figure P.6? 


y(cm) 



31. What are the zeroes of (x — 2)(x 4 - l)(2x — 5)? 

32. What is the 2 / -intercept ofy= (x-2)(x-\-l)(2x — 5) ? 

33. If W 2 — 2W — 8 = 4(W — 2), find all possible values 
ofW. 

34. If s = d 2 + d + 1 and d = g-\-l express s in terms of g. 

35. If0 = x 2 — 1 express (0 + l) 2 in terms of x. 

36. If 6 = —2z express 6 2 — 26 in terms of 么 . 


43. What is the area of the shaded triangle in Figure P.6? 

44. A price increases by a factor of 1.042. By what percent 
has the price increased? 

45. A car, initially valued at $21,000 is now worth 32% less. 
What is the car’s current value? 

46. An item priced at $45 is on sale for 25% off. The cus¬ 
tomer pays the sale price plus 8% sales tax. How much 
does the customer pay? 
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Problems on Trigonometry (Optional) 


1. What is the vertical intercept oiy = cos xl 

2. What are the zeroes oi y = sin a; between a: = 0 and 
x = 2 tt (inclusive)? 

3. How many degrees is 3丌 radians? 

Figure P.7 

4. What are the coordinates of the highest point on the sine 
graph in Figure P.7? 







INDEX 


A, Delta, notation, 9 
/, 300 

i>3 

f> S 

A, Lagrange multiplier, 384 
Sigma notation, 242 
d/dx notation, 101 
dy/dt = ky, 418 
e, 43, 483 
f (pc) notation, 96 
dy/dt = k(y - A), 424 

acceleration, 104 
adult and child tickets, 396 
age distribution in US, 328 
AIDS, 292 
air pressure, 163 
ampicillin, 219, 463, 466 
amplitude, 70 
analytical solution, 449 
ancestors, 469 
annuity, 459 

present value, 460 
antiderivative, 300 

constant multiples, 301 

definite integral formula for, 319 

finding formula for, 300 

graphical, 316 

numerical, 316 

ofl/x, 302 

ofe fcx ,302 

of x'301 

of constant, 301 

of cos (kx), 303 

of cos x, 303 

of sin (kx), 303 

of sin x, 303 

properties of, 301 

sums, 301 

apple orchard yield, 297 
approximation, see estimation 
area 

and definite integral, 247 
between two curves, 250 
asymptote, 66 

of exponential decay function, 40 
average cost, 196, 198 
definition of, 196 
marginal cost and, 198 
minimizing, 198 
not marginal cost, 196 
visualizing, 196 


average rate of change, 16 
average value of function, 276 
visualizing on a graph, 276 


baby boom, 211 
Barbra Streisand, 467 
base 



of natural logarithm, 46 
Bay of Fundy, 158 
bell-shaped curve, 342 
best fit line, 474 
bicycles, 23 

bioavailability, 255, 316 
bladder, 320 
bonds, 462 

trading at a discount, 462 
trading at a premium, 462 
break-even point, 30 
budget constraint, 34, 381 
burglary, 295 

caffeine, 56, 407 
calculators 

degree vs. radian mode, 71 
windows for, 170 
cancer rates, 7, 79 
Captain Cook, 180 
carbon-14, 81, 160, 443 
cardiac output, 370 
carrying capacity, 111, 210, 406, 491 
cartel pricing, 283 
causation, 475 
cephalexin, antibiotic, 467 
chain rule, 146 

derivative formulas and, 166 
integration and, 304 
change, 16 

relative, 21 
total 

from rate of change, 253 
visualizing on a graph, 18 
Chernobyl, 57 

chlorofluorocarbons (CFCs), 52 
closed form for geometric series, 455 
C0 2 

in pond water, 269 
coal production in US, 256 
Cobb-Douglas production function, 
195,357 

and Lagrange multipliers, 387 
contour diagram of, 358 
Cobb-Douglas short-run cost curve, 201 


code-red computer virus, 214 
competition, 435 
compliance, 107 
composite function, 59 
composition of functions, 59 
compound interest, 53, 55, 84, 480 

continuous compounding, 53,419, 
482, 483 

concave up/down, 19, 110 
concavity, 19 

and inflection point, 176 
and second derivative, 110 
power functions and, 138 
consols, 468 

constant function, derivative of, 97 
constant of proportionality, 64, 417 
constrained optimization, 381 
Lagrangian function, 386 
constraint, 382 
consumer surplus, 281 

as definite integral, 282 
consumption smoothing, 279 
continuity, 129 

definition of, 130 
numerically, 130 
on an interval, 129, 130 
continuous dosage, 465 
continuous growth/decay rate, 49, 51 
continuous variable, 2, 8 
contour, 354, 355 
formula for, 359 
contour diagram 

of Cobb-Douglas function, 358 
partial derivative and, 367 
reading, 354 
contour line, 355 
convergence 

of geometric series, 457 
of improper integral, 311 
com production in US, 356, 370 
cornea, 361 

Coroner’s Rule of Thumb, 163 
correlation, 474 

causation and, 475 
coefficient of, 400, 474 
cosine function, 71 

antiderivative of, 303 
derivative of, 156 
graph of, 71 



average, 196, 198, 230 
definition of, 196 
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minimizing, 198 
visualizing, 196 
fixed ， 27, 115 

marginal, 103, 116, 189, 198, 230 
definition of, 117 
total, 27 

and definite integral, 261 
from marginal cost, 262 
variable, 27, 262 
cost function, 27, 115 
graph of, 115 
cough suppressant, 422 
coupon, 462 
credit card debt, 486 
credit multiplier, 462 
critical point, 171, 377 
critical value, 171 
how to find, 171, 377 


sums, 272 
underestimate, 245 
units of, 253 
degree of polynomial, 66 
Delta, A, notation, 9 
demand, 31, 280 



definition, 202 
demand curve, 31, 280 
density function, 328, 329 

cumulative distribution function 
and, 333 

probability and, 335 
properties of, 330 
dependent variable, 2, 350 
depreciation, 80 
depreciation function, 31 
derivative 


not always a maximum or mini¬ 
mum, 173 

second derivative test for, 379 
cross-section, 351 

cumulative distribution function, 332 
density function and, 333 
probability and, 335 
properties of, 333 

curve 

demand, 31, 280 
indifference, 388 
level, 355 
supply, 31, 280 

dairy industry, 283 
data 

exponential, 42 
linear, 11 



continuous, 49, 51 
decreasing, 10 
decreasing function, 4, 350 
derivative of, 97, 110 
definite integral, 240 

and average value, 276 
and consumer surplus, 282 
and producer surplus, 282 
and total cost, 261 
as area, 247, 249 
by substitution, 310 
changing limits of, 310 
definition of, 243 
estimate, 245 
from graph, 244 
from table of values, 244 
multiples, 272 
notation for, 253 
overestimate, 245 
properties, 272 


as a function 
formulas for, 98 
at a point, 90 
chain rule, 146 
critical point, 171 
definition of, 90, 127, 165 
estimating graphically, 91, 95 
estimating numerically, 91, 92, 97 
finding using definition, 130 
from table of values, 92 
function, 95 
definition of, 96 
graphical interpretation, 97 
Leibniz notation for, 101 
local maxima/minima 
test for, 172 
of a' 142, 166 
of e' 142,165 
of composite functions, 146 
of constant function, 134 
of constant multiple, 135 
of cosine function, 156 
of exponential function, 141, 166 
of linear function, 134 
of In x, 143,166 
of periodic function, 155 
of polynomial, 136 
of power function, 135, 137 
of product of functions, 152, 167 
of quotient of functions, 153, 167 
of sine function, 156 
of sums and differences of func¬ 
tions, 135 
of velocity, 104 
partial, see partial derivative 
product rule, 152 
quotient rule, 153 
second, see second derivative 
slope of curve, 90 


slope of tangent line, 90 
units of, 102 
visualizing, 90 
dialysis, 444 
difference quotient, 9 

instantaneous rate of change and, 
89 


partial derivative and, 364 
differentiable, 127 
differential equations, 408 
S-I-R model, 437 
SARS, 448 

analytical solution, 449 
and implicit functions, 414 
equilibrium solution, 423, 427 
existence of solutions, 415 
exponential, 418, 449 
family of solution curves, 413 
formula for solution, 409 
general solution, 410, 450 
graphical solution, 413 
initial conditions, 409 
initial-value problem, 410 
logistic, 406 

Newton’s Law of Cooling (Heat¬ 
ing), 427 

numerical solution, 408 
particular solution, 410 
predator-prey model, 432 
separation of variables, 449 
slope fields and, 412 
solution, 408 

uniqueness of solutions, 415 
discount rate, 55, 489 
discrete doses, 465 
discrete variable, 2, 8 
disease, 437 

and 5-J - 丑 model, 437 
spread of AIDS, 292 
distance 


from velocity, 234 
visualizing on velocity graph, 236 
distribution function 


cumulative, 332 
distribution of resources, 297 
divergence 

of geometric series, 457 
of improper integral, 311 
dollar bills, 462 
domain, 2, 350 
dose-response curve, 212 
doubling time, 52 

Rule of Seventy, 54 

drug 

repeated doses, 454 
drug concentration, 351 
drug concentration curve, 217, 255 


duality, production and cost, 396 
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Dubois formula, 69 

Ebbinghaus model, 431 
economy of scale, 115 
economy, expanding, 470 
effective annual rate, 481 
elasticity, 202 

cross-price, of demand, 207 
income, of demand, 207 
of cost, 207 
of demand, 202 
definition, 202 
revenue and, 203, 205 
elementary functions, 304 
endocrinologist, 258 
epidemic, 437, 448 

and S-I-R model, 437 
equilibrium point, 32 
equilibrium price/quantity, 32, 280 
equilibrium solution 

of differential equation, 423, 427 
stable, 427 
unstable, 427 
erythromycin, 220 
estimation 

of definite integral, 244 
of derivative at a point, 91, 92 
of derivative function, 95, 97 
of function values using linear ap¬ 
proximation, 104 

of function values using partial 
derivative, 366 
of partial derivative, 365, 367 
exponential data, 42 
exponential decay, 41, 418 
half-life, 52 

exponential function, 38, 41 

as solution to differential equation, 
412, 449 

derivative of, 141, 166 
domain, 41 
formula for, 41, 43 
two forms of, 49 

exponential growth, 39, 41, 418, 449 
doubling time, 52 
linear and, 485 
exponential regression, 475 
exponential rule, 142 
extrapolation, 8, 473 
danger of, 473 

family of functions, 12 

as solution of differential equation, 
412 

exponential, 43 
Gompertz growth, 228 
linear, 12 


finite geometric series, 455 
sum of, 456 
firebreaks, 230 
first derivative test, 172 
fiscal policy multiplier, 107 
fixed cost, 27, 115 
flu, 1918 epidemic, 440, 492 
fluoxetine, antidepressant, 466 
fog, 353 

fox density in England, 392 



average rate of change, 16 
change in, 16 

Cobb-Douglas, 195, see Cobb- 
Douglas production function 
composite, 59 
composition of, 59 
constant 

derivative of, 97 
continuous, 129, 130 
cosine 

graph of, 71 
cost, 27, 115 

critical point of, 171, 377 
cumulative distribution, see cumu¬ 
lative distribution function 
decreasing, 4, 350 
derivative of, 97, 110 
density, see density function 
depreciation, 31 
derivative at a point, 90 
differentiable, 127 
economic applications, 27 
elementary, 304 
exponential, 38, 41, 418 
exponential decay, 40 
graph of, 2 
implicit, 414 
increasing, 4, 8, 350 
derivative of, 97, 110 
input, 2 
inside, 59 
joint cost, 388 
Lagrangian, 386 
linear, 8,41 

local maxima/minima of, 171 
logistic, 207 
notation, 4 
of two variables, 350 
output, 2 
outside, 59 
periodic, 70 
power, 65 
graph of, 65 
profit, 30 
proportional, 64 
quadratic, 66 


representations of, 2 
revenue, 29, 115 
shifting, 60 


sine 

graph of, 71 
stretching, 60 



table of values of, 2, 350 
Fundamental Theorem of Calculus, 260, 
308 

Second, 272, 319 
future value, 55, 287 

continuous compounding, 55 
formula for, 55 
of income stream, 286 

gains from trade, 281 
GDP, 164 
genetics 

population, 447 
geometric series, 488 
finite, 455 
sum of, 456 
infinite, 456 
converge, 457 
diverge, 457 
sum of, 457 
partial sum, 457 
Gini’s index of inequality, 297 
global extrema, 376 
global maxima/minima, 376, 383 
gold, 122 

Gompertz equation, 417 
Gompertz growth, 228 
Grand Canyon flooding, 270 
graphing 

inappropriate window, 170 
Great Lakes, 420, 422 
growth curve 

logistic, 406 
growth factor, 39, 43 
growth model 

inhibited, 207 
growth of children, 258 
growth rate, 43 

continuous, 49, 51 
percent, 43 
relative, 43, 491, 492 

half-life, 52, 421 
Harley-Davidson, 289 
Harrod-Hicks model, 470 
harvesting and logistic growth, 446 
heat index, 353, 358,369 
heater in room, 396 
height velocity graph, 258 
hematocrit, 187 
histogram, 328 
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HIV, 57 

horizontal line, 10 
hyperinflation, 484 

implicit function, 414 

as solution to differential equation, 
414 

improper integral, 311 

convergence/divergence of, 311 
income stream, 286 
increasing, 10 

increasing function, 4, 8, 350 
derivative of, 97, 110 
indefinite integral, 300 

finding formula for, 300 
properties of, 301 
independent variable, 2, 350 
indifference curve, 388 
infinite geometric series, 456 
converge, 457 
diverge, 457 
partial sum, 457 
sum of, 457 
inflation, 27 
inflection point 

definition of, 176 



spread of, 492 

inhibited growth model, 207 
input into a function, 2 
inside function, 59 
instantaneous 

rate of change, 89, 364 
velocity, 88, 89 
integral 

as total change, 253, 261 
definite, see definite integral 
definite vs. indefinite, 300 
improper, see improper integral 
indefinite, see indefinite integral 
integrand, 243 
integration 

by substitution, 304, 305, 310 
limits of, 243 
reduction formula, 316 
techniques 
by parts, 313 



interest 

compound, 53, 55, 480 
formula for, 482 

continuously compounded, 53, 
419, 482, 483 
effective annual rate, 481 
nominal rate, 481 
the number e, 483 
internal rate of return, 490 
interpolation, 473 


interval notation, 2 
inversely proportional, 64 
investment comparisons, 489 
ion channel, 216 
island species, 401 
isotherms, 354 

joint cost function, 388 


kidney function and antibiotics, 363 
koalas, 57, 207 

Lagrange multiplier, 383 
meaning of, 385 
Lagrangian function, 386 
lambda, A, see Lagrange multiplier 
lapse rate, 107 
leading term, 66 
leaf decomposition, 443 
least-squares line, 397, 474 
left-hand sum, 242 

Leibniz, Gottfried Wilhelm (1646- 
1716) ， 101， 452 

level 

curve, 355 
set, 355 

limit 

definite integral as, 242 
intuitive notion of, 89 
meaning of, 128 
limits of integration, 243 
substitution and, 310 

line 

best fit, 474 
contour, 355 
equation of, 10 
in fitting formula to data, 472 
least-squares regression, 397, 474 
regression, 397, 474 
linear approximation, 105, 367 
linear data, 11 
linear function, 8, 10, 41 
derivative of, 134 
intercept of, 10 
slope of, 10 
linear regression, 472 
correlation, 474 
least-squares, 474 
loading curve, 227 
loan, 487 

local extrema, 376 
local linearity, 102, 105, 367 
local maxima/minima, 171 ， 376, 383 
partial derivative and, 377 
test for, 171 
logarithm 

base e, 46 

derivative of, 143, 166 


natural, 46 
properties of, 46 

logistic differential equation, 226, 406 
logistic function, 111, 207 
carrying capacity, 210 
definition of，209 
exponential and, 491 
point of diminishing returns, 210 
population growth and, 111 
logistic growth curve, 406 
logistic model, 491， 492 
harvesting, 446 
logistic regression, 209 
lot size, 195 

Lotka-Volterra equations, 432 
lottery winnings, 489 
lung, 107 

Madrid, Spain, 279 
malaria，454 

Malthus, Thomas (1766-1834), 485 
marginal 

analysis, 116, 189 
cost, 31, 103, 116, 189, 198, ^ 
cost, marginal 
profit, 31, 188 
revenue, 31, 116, 189 
marginal cost, 27 
marginal product of labor, 195 
marginal profit, 31 
marginal revenue, 31 
market stabilization, 461 
maxima/minima 

first derivative test, 172 
global, 182, 376 
on (a, 6), 182 
on [a, 6], 182 
local, 171, 376 

second derivative test, 172, 379 
mean, 340 

graphical interpretation of, 341 
of normal distribution, 342 
median, 339 

cumulative distribution function, 
340 

density function, 340 
meteorology, 107 

method of Lagrange multipliers, 383 
model, Harrod-Hicks, 470 
model, mathematical, 472 
money supply, 375 
Monod growth curve, 154 
monotonic, 175 
Montgolfier brothers, 260 
morphine, 407, 443, 466 
mortgage, 488 
multiplier effect, 461 
multiplier, fiscal policy, 107 
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multiplier, Lagrange, 383 
murder, 428, 431 



natural logarithm, 46 

derivative of, 143, 166 
graph of, 47 
properties of, 46 
solving equations and, 47 
new or used?, 490 
Newton, Isaac (1642-1727), 127 

Law of Cooling (Heating), 161, 
427 

nicotine, 56, 216, 220, 430, 459, 466 
nominal rate, 481 
normal distribution, 342 
standard, 343 
notation 

A, Delta, 9 
d/dx, 101 
/ ⑷， 96 

definite integral, 253 



interval, 2 

partial derivative, 365 
Sigma, J], 242 
number e, 43, 483 
numerical derivatives, 97 

objective function, 382 
oil consumption 

world, 239, 266, 466 
oil reserves, 464, 466 
Okun’s law, 13 
optimization 

constrained, 381 

functions of many variables, 376 
maximizing/minimizing averages, 
184 

optimization, 182 
output of a function, 2 
outside function, 59 
ozone, 422 

parameter, 12, 72 

and a of normal distribution, 
342 

of logistic function, 209 
of surge function, 217 
partial derivative, 364 

contour diagram and, 367 
definition of, 365 
difference quotient and, 364 
estimating function values with, 
366 

formula for, 371 
graphical, 367 
Leibniz notation for, 365 


local maxima/minima, 377 
mixed, 374 

rate of change and, 365 
second order, 373 
units of, 368 

partial sum of a geometric series, 457 
parts 

integration by, 313 
PCB pollution, 17 
pendulum, 160 
period of, 65 
penicillin, 221 
pennies, 461 
percent growth rate, 43 
period, 70 

period of pendulum, 65 
periodic function, 70 
amplitude, 70 
parameter, 72 
period, 70 
pH, 477 

phase plane, 432, 438 
trajectories, 433 

point of diminishing returns, 210 
point-slope form, 10 
polynomial, 66 
degree, 66 
derivative of, 136 
leading coefficient, 66 
leading term, 66 
quadratic, 66 
population 

of India, 146 
of McAllen, Texas, 277 
of Nevada, 39, 143 
of Nicaragua, 293 
of Tokyo, 263 
of US, 94, 401, 475, 477 
baby boom, 211 
exponential model 1790-1860, 
208 

logistic model 1790-1940, 209 
logistic model 1790-2000, 210 
of world, 25, 44, 45, 58, 145, 159, 
239, 256, 279, 312, 478 
outstrips food supply, 485 
population center of US, 85 
population genetics, 447 
population growth, 207 
exponential, 39, 419 
logistic model, 111 
Portland tides, 74 
power function, 65 
concavity of, 138 
derivative of, 135, 137 
graph of, 65 

zero or negative powers, 66 


power rule, 136 
predator-prey model, 432 
equilibrium values, 433 
present value, 55, 287, 468, 489 
annuity, 460 

continuously compounded, 55 
formula for, 55 
of income stream, 286 
pressure 

air, 163 

price control, 283 
principal, 462 
probability 

cumulative distribution function 
and, 335 

density function and, 335 
histogram, 328 
triangular distribution, 346 
producer surplus, 281 

as definite integral, 282 
product rule, 152 

derivative formulas and, 167 
production 

and price of raw materials, 231 
production function, 195 
Cobb-Douglas, 195 
profit, 30 

maximizing, 188, 189 
profit function, 30 
proportional, 64 
inversely, 64 
pulmonologist, 107 

Quabbin Reservoir, 325 
quadratic function, 66 
quarantine, 448 
quinine, 44, 454, 459 
quotient rule, 153 

derivative formulas and, 167 

range, 2 

rate of change, 9, 365 
average, 16 

average and instantaneous, 89 
instantaneous, 89, 364 
relative, 105, 289, 492 
rate, effective annual, 481 
rats and formaldehyde, 365, 370 
real wage, 195 
reduction formula, 316 
regression 

exponential, 475 
least-squares, 474 
line ， 397, 472 
correlation, 474 
slope of, 474 
linear, 472 
logarithmic, 475 
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logistic, 209 

quadratic, 475, 476 
relative change, 21 

relative growth rate, 43, 289, 491, 492 
for developed and developing 
countries, 290 
relative rate, 41 
relative rate of change, 105 
rent controls, 285 
repeating decimal, 468 
revenue 

elasticity and, 205 
marginal, 116, 189 
definition of, 117 
maximizing, 191, 203 
total, 29 

revenue function, 29, 115 
graph of, 116 
Ricker curve, 187 
Riemann sum, 243 

and consumer surplus, 282 
and producer surplus, 282 
right-hand sum, 242 
rise, 9 

robins and worms, 432 
roller blades, 369 
Rule of Four, 2 
rule of Seventy, 54 
run, 9 

S-I-R model, 437, 492 
SARS, 448 
threshold value, 448 
sales predictions, 211 
sales tax, 33 
SARS, 214, 448 
secant line, 18 
second derivative, 110 
and concavity, 110 
interpretation of, 111 
second derivative test, 172, 379 
Second Fundamental Theorem of Cal¬ 
culus, 272, 319 

second-order partial derivative, 373 
sensitivity of a drug, 185 
separation of variables, 449 

exponential differential equation, 
449 


justification, 451 
Sigma, ^2, notation, 242 
sine function, 71 

antiderivative, 303 
derivative of, 156 
graph of, 71 

Sioux Lakes and EPA, 267 
slope 

of graph at a point, 90 
of line, 9, 10 
units of, 9 
slope field, 412 
Solow model, 408 
Soviet-German pipeline, 295 
species density of birds, 362 
species interaction, 435 
species on islands, 401 
speed vs. velocity, 20 
stable equilibrium solution, 427 
standard deviation of normal distribu¬ 
tion, 342 

Streisand, Barbra, 467 
strontium-90, 57 



integration by, 304 

into definite integrals, 310 

into indefinite integrals, 305 


left-hand, 242 
Riemann, 243 
right-hand, 242 
summation notation, 242 
supply, 31, 280 
supply curve, 31, 280 
surge function, 216, 217 
surplus, consumer/producer, 281 
sustainable yield, 446 
symbiosis, 435 

tangent line, 90 

Tangent Line Approximation, 102, 105 
tax 

sales, 33 
specific, 33 
tax cut, 468 

temperature and illumination, 126 
theophylline and asthma, 430 
threshold value, 439, 448 
topographical maps, 355 



from rate of change, 237, 253 
total cost, 27 

and definite integral, 261 
from marginal cost, 262 
total revenue, 29 
total utility, 115 
trajectories, 433 
tuition payments, 490 

units 

of average value, 276 
of definite integral, 253 
of derivative, 102 
of partial derivative, 368 
of slope, 9 

unstable equilibrium solution, 427 
urologist, 320 

vaccination, 439 

valproic acid and epilepsy, 421, 464 
variable 

continuous, 2 
dependent, 2, 350 
discrete, 2 

discrete vs. continuous, 8 
independent, 2, 350 
variable cost, 27, 262 
variable cost per unit, 28 
velocity 

average, 20 
instantaneous, 88, 89 
vs. speed, 20 

Verhulst, Pierre-Frangois (1804-1849), 
491 

volcanic explosion, 353 


wage control, 283 
warfarin, anticoagulant, 423, 443 
weather map, 354 
Wikipedia, 56, 407 
Wilson’s lot size, 195 
wind-chill, 390, 392 
winning probability, 470 

Zebra mussels, 139 
zebra mussels, 45 
Zeno (5 th century, B.C.), 127 
zero, 4 







FORMULA SUMMARY: ALGEBRA 


Lines 

Slope of line through {x\,y\) and (的， 2 / 2 ): 


2/2 -2/i 

m= - 

X2 — Xi 

Point-slope equation of line through with slope m: 

y-yi =m(x-x 1 ) 

Slope-intercept equation of line with slope m and ^-intercept b: 

y = b + mx 

Definition of Zero, Negative, and Fractional Exponents 

a 0 = 1, a -1 = and, in general, a~ x - — 

a a x 

a" 2 = y/a, a" 3 = and, in general, a 1/n = \/a. 

Also, a m/n = 

Rules of Exponents 

1. a x • a 1 = a x+t For example, 2 4 • 2 3 = (2 • 2 • 2 • 2) • (2.2 • 2) = 2 7 . 

， x-t r , 2 4 2 2 2 2 ol 

2. —= a 1 For example, — = - = 2 丄. 

a* 2 3 2.2.2 

3. {a x Y = a xt For example, (2 3 ) 2 = 2 3 • 2 3 = 2 6 . 

Definition of Natural Log 

y = In x means e y = x\ for example: In 1 = 0, since e° = 1. 



Rules of Natural Logarithms 


ln(AB)=\nA-^lnB 

In (会 ) =In A —In B 


\nA p = pin A 


Identities 


\ne x = x 







